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This article presents the results of studies of inverse problems for a fourth-order parabolic
equation with a variable complex-valued coefficient. The existence and uniqueness of the solution
of inverse problems for a one-dimensional fourth-order equation is established

ut (x, t) +
∂4

∂x4
u (x, t) + q (x)u (x, t) = f (x) (1)

with Dirichlet boundary conditions

u (−1, t) = 0, u (1, t) = 0, uxx (−1, t) = 0, uxx (1, t) = 0, t ∈ [0, T ] . (2)

We have to find a pair of functions u (x, t) and f (x) satisfying equation (1) in the domain Ω
and conditions

u (x, 0) = φ (x) , u (x, T ) = ψ (x) , x ∈ [−1, 1] , (3)
where φ(x) and ψ(x) are given sufficiently smooth functions and q (x) = q1 (x) + iq2 (x). We will
useΩ = {−1 < x < 1, 0 < t < T} to denote an open domain, and Ω̄ = {−1 ≤ x ≤ 1, 0 ≤ t ≤ T}
to denote a closed domain.

Let us introduce a non-self-conjugate fourth-order differential operator Lq : D (Lq) ⊂
L2 (−1, 1) → L2 (−1, 1) by the formula

Lqy = yIV (x) + q (x) y (x) , −1 ≤ x ≤ 1,

with the domain of definition

D (Lq) =
{
y (x) ∈ C3 [−1, 1] : yIV (x) ∈ L2 (−1, 1)

}
.

Theorem. Let q (x) ∈ C4 [−1, 1], and functionsφ, ψ are such thatφ, ψ, Lqφ, Lqψ ∈ D (Lq).
Then inverse problem (1), (2), (3) has a unique solution, which can be represented as Fourier series

u(x, t) = φ (x) +
∞∑
k=0

φk − ψk
1− e−λkT

(
e−λkt − 1

)
Xk (x),

and

f (x) = Lqφ (x)−
∞∑
k=0

φk − ψk
1− e−λkT

λk·Xk (x) .
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Introduction. In the theory of degenerate hypergeometric functions of two variables, an
important place is occupied by the study of the properties of 20 degenerate hypergeometric
functions of two variables [1]. These were obtained from four Appell F1 − F4 functions [2] by
limiting transitions.

The Italianmathematician Lauricella (1890) constructed systems of n equations: (FA) , (FB) , (FC)
and (FD) and constructed their solutions FA, FB, FC and FD in the form of generalized power
series in n variables [3].

In this paper, the subject of our study is degenerate hypergeometric systems

zi (1− zi)
∂2W

∂z2i
+

n∑
j=1,j ̸=i

zj
∂2W

∂zi∂zj
+ [γ − (αi + βi + 1) zi]

∂W

∂zi
− αiβiW = 0,

(
i = 1, k

)
(1)

n∑
j=1

zj
∂2W

∂zj∂zi
+ (γ − zi)

∂W

∂zi
− α′

i−kW = 0, (i = k + 1, . . . , k + l) (2)

n∑
j=1

zj
∂2W

∂zj∂zi
+ γ

∂W

∂zi
−W = 0,

(
i = k + l + 1, n

)
(3)

obtained by passing to the limit from the Lauricella system (FB) .
Studying the degenerate hypergeometric system (1)-(3), V.I. Khudozhnikov introduced a new

function:

Φk,l
B,n

(
(αk) ,

(
α

′

l

)
, (βk)

γ

∣∣∣∣ (zn)) =
∑
i1,...,in

∏k
j=1 (αj)ij (βj)ij
(γ)∑n

j=1 ij

k+l∏
j=k+1

(
α

′

j−k

)
ij

n∏
j=1

(zj)
ij

ij!
(4)

where the following abbreviations and notations are used [4]:

(a)n = (a1, a2, . . . , an) ,
∏

(αk)in =
n∏
k=1

(αk)ik ,
∑
i1,...,in

=
∞∑
i1=0

∞∑
i2=0

· · ·
∞∑
in=0

(5)
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