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In this paper, we obtain some closed forms of hypergeometric summation theorems for Appe unetion o

ameters

and arguments in generalized form of first, second and third summation theorems o nd others.
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Introduction

A great interest in the theory of hypergeometric func 'owa s, hypergeometric functions of
several variables) is motivated essentially by the fact e solutions to many applied problems

functions (see, for details, [1; 47]; [2] and the references'é erein). For instance, the energy absorbed
an internal magnetic field can be calculated
through such functions [3, 4]. Hypergeometric fu of several variables are used in physical and
quantum chemical applications as well [5—

The extensive development of the theories of hypergeometric functions of a single variable has led
to a full-scale investigation of corregpe eories in two or more variables. In 1880, Appell [8-10]
considered the product of two Ga pergeometric functions o F3 to obtain four Appell’s functions

Fy, Fy, F3, and Fj in two variables in 1893, Lauricella [11] further generalized the four Appell
functions F; (i = 1,2,3,4 1ve, the functions Flgn), F én), én), and F' g”) in n-variables. It is noted
that F{) = F{) = £ oF, FO =Fy, FY =By, FP = Fyand FY = Fy,

Over eight undy [12|, Burchnall-Chaundy [13], and recently several others [14—
d a number of expansion and decomposition formulas for some double

No:=NU{0} , N:={1,2,3,...} =No\{0} ,
Zy :={0,-1,-2,...}=Z-U{0} , Z :={-1,-2,-3,...}

and Z = Zy; UN being the sets of integers.
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For definitions of Pochhammer symbol, generalized hypergeometric function ,F, with convergence
conditions and other useful results, we refer the monumental work of Abramowitz & Stegun [26],
Andrews et al. [27], Erdélyi et al. [28], Prudnikov et al. [29], Rainville [30], and Srivastava & Manocha
[31]. Appell’s Function of First Kind is defined as :

r,s=0

(A)H-S(B)T(C)s I_Ty_s
(D) s rl s’

Convergence conditions of Appell’s double series Fy
(a) Appell’s series F is convergent when |z| <1, |[y| <1; A,B,C,D € (C\Zg.‘
(b) Appell’s series F is absolutely convergent when |z| =1, |y|=1; A,B,C,D \Zi;
RA+B-D)<0,RA+C—-D)<0and R(A+B+C—-D) <0.

(c) Appell’s series F is conditionally convergent when |z| =1, |y| =1 ;
A, B,C,DeC\Zy; RA+B—-D)<1,RA+C—-D)<1land R

(d) Appell’s series F} is a polynomial if A is a negative integer;

(e) Appell’s series F} is a polynomial if B and C' are negativeyint
Nunction I, interested readers may
ultiple hypergeometric functions of

5, Equation 1.6(15)]:

For absolutely and conditionally convergence (b,c) of
consult the paper of Hai et al. [32] related to the
Kampé de Fériet.

A result of Appell and Kampé de Fériet|

(d—a—-b—c)

Bilas bes dg LU = o ra—p—0) ° @

(R(d— ¢)>0;deC\Z) .

Motivated by the work i u of Appell and Kampé de Fériet , we obtain some summation
theorems for Appell’s functi f imd F; having equal argument other than unity, in section 1,
by suitable adjustment of ammer and denominator parameters.

When the values of p $ etérs leading to the results which do not make sense are tacitly excluded,
then using seriesdterafiontechuique, the Appell’s function F; with equal argument can also be written
as [8; 23, Equatio

4; B, D;:E,J?]:2F1|:A’B+g; J,‘:|, (|l‘|<1; A,B,C,DEC\ZO> . (2)

1 Some new Summations using the function Fi[A; B,C; D;x, x|

Further by putting = 1 in equation (2) and applying Gauss classical summation theorem [31; 30,
Equation 1.2(7)], we get a known result (1) of Appell and Kampé de Fériet.

In equation (2), by putting A =a,B=bC =¢,D=14a—b—c—m and x = —1, using a
summation theorem [33; 1524, Equation (2.3)], we get

T(1+a—b—c—m) = m r(5%)
Fl[a;b,c;1-|—a—b—c—m;—1,—1] = QF(G,) Z{(T)F(r+a+2—2b—2c—2m) ’
r=0 2
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2 _
(R(b+c) < Tm iR(2b4+¢) <2—m,R(2c+b) <2—m,a,b,c,b+c,

l+a—-b—c—meC\Z; ; m e Np).

In equation (2), by putting A=a,B=b,C =¢,D=1+a—b—c+m and z = —1, using another
summation theorem [33; 1523, Equation (2.2)], we obtain

T(1+a—b—c+m) & 1)'r(He)
Fila;b,e;1+a—b—c+m;—1,-1] = 2T (@) (1 — b — ) Z{( ) r+a+2f2b2fc

2
(éR(b+c)<%,m(2b+c)<2+m,%(2c+b)<2+m a,b,c,b+c, %\ +m,
@andx = —1, using the

F( r+t21+1)
F(r+a—2b—220—2m+1) ’

(2¢+b) <1—m; a,b,c,b+c,

1-b—-ceC\Z, ; m e Ny).

In equation (2), by putting A = a,B =b, C =¢, D = a —
summation theorem [34; 14, Equation (3.1)], we find

Fila; b, c; a—b—c—m;

_F(a—b—c—

MS
—
/—\
\_/

r=0

(R(b+ ) < 1_m,§R(2b+c) <1

a—bescameC\Z; ; meNy) .

In equation (2), by putting A 3 =b,C=c¢, D=a—b—c+mand z = —1, using another
summation theorem [34; 14, ation (3.2)], we have

i byc;a—b—c+m;—1,-1]

S {(m) [(—1>TF<T;“> . <—1>’T<%)”
— r F(r+af22b72(:) F(r+a72372c+1) ’

1
bitc) < %,%(2()4—0) <14+ m,R(2c+b)<1l+m; abec,b+ec,

—b—c,a—b—c+meC\Z; ; meNy).

In equation (2), by putting A=n, B=C =5, D= —a—m and = —1, using the summation
theorem [34; 14, Equation (3.3)], we get

aa . _T(em—a) "R () (=m0 - 1), D55
Fi[mig i —mi—t -1 = =g 2 { rID(z=2=3e2m) }

(?R(a)<§(l—m—n); n, a, —m —a € C\Z; m-l—nENoU{—l}) :
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In equation (2), A=n, B=C =%, D= —a+m and z = —1, using another summation theorem
[34; 14, Equation (3.4)], we have

T'(1-a)T(m — a) ’”‘Z”:‘l { (14 n —m),T(=En) } |

a
F [n; -,
! 2 2I(n)I'(m — a —n) T!F(n—&-r-;2—2a)

;—a+m;—1,—1} =

N

r=0
(?R(a)<(1+mT_"); n,a, m—a—n, m—a¢c C\Zj; m—nEN) .

In equation (2), by putting A =a,B=0b,C =¢, D = HW’# and x = %, using the summation
theorem [29; 491, Entry (7.3.7.2)|, we obtain

I+a+b+c—m 11 2“ lf(w i
Fy |a;b,c
b e gEemm 53 ,
r=0
(a,b, ¢, Hatbte=m ¢ C\Z; ; m € Ny)
In equation (2), by putting A =a,B=0,C =¢, D = 1+a+b+0+ n %, using the summation
theorem [35; 827, Theorems (1)], we find ‘
l+a+b+c+m 11 - m 1)'T(52)
1 a3b, ¢ 5 i3g| = m ,
Jm ,:0 r) D(=g=)
(a,b,c, Ha“’%‘“", e C\Zg ; mENO) .
In the equation (2), by putting A = a, b,C=c, D= W’% and x = %, using the summation

theorem [36; 48, Equation (3.1)], we h

a+b+c—m 1 1]
b,c; ————;

2 '272
o f (my [T T(ztetl)
; { (T) [F(b-i—c—lzr—m) + F(b-i—c-l—rz—m-l-l)] } ’

(a,b,c,‘””% e C\Zg; mENO) .

)

tion (2), by putting A = a,B =b, C = ¢, D = “‘*‘b‘"Tc‘Fm and z = %, using another
summ orem [36 48, Equation (3. 3)] we get

b 11
F [a;b’c;m. ]

2 979

| eripqettietm) o [(S1)T() | (-T2
I S () [ - .

r=0

(a’ b, ¢, a+b—gc+m’ b+c—2a—m c C\Za, m e NO) )
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In equation (2), by putting A=a,B=0,C =1—a—b—m,D =dand x = %, using the summation
theorem [35; 828, Theorem (6)], we find

11 I'(d) [ (m) D(=E)
Filabl—a—-b—m:d;=, =| = —E —s
Hehmasbemidigg 20tmI(d — a) rzo{(r>F(d+“+’°) ’

(a,b,l—a—b—m,d, d—aecC\Zy ; meNo).

In equation (2), by putting A = a,B =b,C =1 —a—b+m,D = d and 2 = %, using'another
summation theorem [35; 828, Theorem (5)|, we have

. L1 _T@ra—m) <~f(m
Filosbd=abimidig 3] = s -a 2 s

r

(a,b,l—a—b—l—m,a—m, d—a, de C\Z;
L 2

11
Fila; b, _a_b_m;d;i’i]

(a,b,—a— , d—aeC\Zy,; mENO).

In equation (2), by putting, A =bC=-a—-b+m,D =dand z = %, using another
summation theorem [37; ion (3.5)], we obtain

11] 27t ()T (a — m)
X 5] - [(a)T(d — a)

o mY, [ T(EsE) T(dsegr)
@0 X ; { (T)(_l) [P(d+a+zr—2m) + F(d+a+r§|—1—2m)] } ’

(a,b,—a—b+m, d, a—m, d—aeC\Z; mGNO> .

—a—b+m;d

Remark

By the theory of analytic continuation some convergence conditions associated with each result can
be relaxed.
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Conclusion

We conclude our present analysis by observing that several interesting summation theorems for
Appell function of first kind can be derived in an analogous manner. Moreover, presented summation
theorems should be beneficial to those who are interested in the field of applied mathematics and
applied physics.
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*
L orcamun Musanua Heaamus (Opmanv, ynusepcumem), Horo-eru, YHdicma\
ICMaH

2 [Mlapda yrusepcumeminir, Ipzeai eviavimu oicone sepmmeyaep mexmebi, Yaxern Hoi

—1,% aprymeHTTepi 6ap F} Anennb pyHKIUACEIHA aJIraH
Keiibip KOHBEPreHTTI KOCBIHABLIIApP Te PbI

2Kywmpicra mapamerpiep men aprymentrepai Kymmepmin 6ipinmmi, exi
peMaJIapbIHbIH YKAJIbIJIAHFAH TYPiHJE COfiKec KeJTipy apxmm’—l L ap
Arnmesnb QyHKIUSCHI VIIH FUIEPreoMeTPHSIIBIK, KOCBIH/IBLIAP TeOpeMa.
aJILIHFaH.

i iHIT >KUBIHTBIK, TEO-
enTrepi 6bap Fy Gipinmi TekTi
TH KeHOip »KabbIK (bopMaapbl

Kiam cesdep: x)ajmbLiaHFaH IUIEPTEOMETPUSIIBIK, (D
OipiHII, eKiHII KoHe YIMHII KUBIHTBIK, TEOPEMAJIap

1, 6ipin ekTi Aniest dyukuuscer, Kymmepain,

M.U. Kyperu', M. aby?, A. Axmas!

Y Toicamus Munnus Heaa mpasvroli yrnusepcumem,), Horo-Zleau, Unous;
2 [ITkona PyrOaMERMANLHYUT HA, c anuti Yrnusepcumema Illapda, Boavwas Hotida, Unous
HeKOTOpr e I O CXodsdAmeMcdad CyMMHNPOBaHUNA
JJIs Anmens F1 C aprymeHnTamMm —1,%

bl€e 3aMKHYTbIe (bOpMI)I TUNIEPpreoMeTpuvIeCKux TeopeM CyMMUPOBaHUA JIJIA

ro poga F1 ¢ aprymentamu —1 1 ¢ nogxomsmmmu YCJIOBUSMH CXOAMMOCTHU ITyTeM

’2

Mathematics series. Ne3(107),/2022 123





