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Inner boundary value problem with displacement for
a second order mixed parabolic-hyperbolic equat'

This paper investigates inner boundary value problems with a shift for a second-order m1 erbolic
equation consisting of a wave operator in one part of the domain and a degenerate hyper 01
the first kind in the other part. We find sufficient conditions for the given functions to gnsur 1stence
of a unique regular solution to the problems under study. In some special cases, e obtained
explicitly.
Keywords: wave equation, degenerate hyperbolic equation of the first ki integral equation,
Fredholm integral equation, Tricomi method, method of integral equations of fractional calculus
theory.

Introduction. Notation. Formulatzo blem

In the Euclidean plane with independent vari @o sider the equation
Ugz — Uyy +

where A\, m are given numbers; m > 0, |
unknown function.

When y < 0 equation (1) is a ra perbolic equation of the first kind [1]
m—2
&h — Uy + A (-y) 7 uz =0, (2)
but when y < 0 commde@ omogeneous wave equation
vz — Uyy + f(z,y) = 0. 3)

% f = f(z,y) is a given function; u = u(z,y) is an

Equation (2 s to the class of the first kind degenerate hyperbolic equations [1; 21], that
is, at no poiat o egenerate line y = 0 the tangent line does coincide with the characteristic
directi f t ion (2). An important property of equation (2) is the fact that when |A\| < %
the oblem is correct for it in the usual formulation with data on the parabolic degeneracy

gspite that the Protter condition [2] is violated. When m = 2 equation (2) turns into
ykov equation [3; 37|, [4], [5; 234], and for A = 0 from equation (2) we come to the
Gellerstedt equation, which, as shown in the monograph [6; 234], finds application in the problem of
determining the shape of the dam slot. Apart from that as well the particular case for equation (2) is
the Tricomi equation, which presents the theoretical basis for transonic gas dynamics [7; 38|, [8; 280].

Equation (1) is considered in the domain Q = Q1 UQy U I, where €27 is the domain restricted by

m+2 m—+2

characteristics o7 = AC' : © — m—+2 (—y) 2 =0and oo =CB: miQ (—y) 2 = r of equation

*Corresponding author.
E-mail: GiraslanQyandex.Tu

Mathematics series. Ne 2(106) /2022 59



Zh.A. Balkizov, Z.Kh. Guchaeva, A.Kh. Kodzokov

2
(2) for y < 0, outgoing from the point C' = (r/2,y.), yo = — [W} m , passing through the points
A =(0,0) and B = (1,0), and the segment I = AB of the strait line y = 0; Q2 is the domain restricted
by characteristics 03 = AD : x—y =0, 04 = BD : x+y = r of equation (3), outgoing from the points
A and B intersecting at the point D = ( , i) and the segment I = AB.
Let us introduce the following notation:

o om—2A o om+2A _ _om
T Amry P 2ty T TR Ty
T (¢) T@2-¢)(2-2)""
M) Fl-e) ,\
oy — 2@ ENon) W) + (), \
az(r) —yiea(w)’ Y2B1(z) — B2(x)’
_a(x) / a ( B Sz <t
K(z,t) (t—x)l_a-l_x/(t—sl ds, L(z,t) { N < <7,
t)
Fi(z) = 2¢1(z) — a1 (1) - f(t+s,s)dsdt
_ p2()
Falw) = ba) 12e1(e) — on ot Y2b1(x) — B2()
m+2 — 5’ —(2—28) 1 a>’

o= (22) o= (122.752)

acteristics intersection points that leave the point (z,0) with characteristics AD and
n (3), correspondingly;

L(p)T ()

1 00
Bl = [ 0= 1) = [ e (=) 7 B(p) = Y

— Euler integrals of the first and second kind and their relationship;

T
pagn - | o «<b
cx c
sgnleIt1 (2 — )dd[([z]é]J;llD [a]_lg(t)a a>0
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— fractional integro-differentiation operator (in the Riemann-Liouville sense) of order || with starting
point ¢ [5], [6], [9]; the regularized fractional derivative (Caputo derivative) is defined using the equality
[10]

% g(t) = sgn” (x —¢) DS "™ (), n—1<a<n, neN;

and it is related to the Riemann-Liouville derivative by the relation [10]
n—1 (k
9
(67
0%,9(t) = Dg(t Zr —a+1

where n — 1 <a <n,n € N;

0o 00
n n
z

Ep(z)znzzjm, Ep(z’ﬂ):;wj—m) Q

— the Mittag-Leffler function and the function of Mittag-Leffler type [11].

Assume the function v = u(z,y) of class C' (Q) N C* (Q) N C* (U o in the
domain €2 is a regular solution, which by substitution transforms equation mto entlty
Problem 1. Find a regular solution of equation (1) in the domain the conditions
wlbr(z)] = 1(x), 0<z<r, (4)

ar(z) (r— )% D™ {ubro(t)]} + az(x) Dyzu t, 0) +

where aq(x), as(x), asz(z), ¥1(x), Yo(z) are given functi
a3 (x) +ad(x) +ad(z) #0 VY e[0,r].
Problem 2. Find a regular solution of equation

=o(x), O<zxz<mr, (H)

e line segment 0 <z < r, moreover

e domain () satisfying the conditions

u[for (x)] = <z <, (6)
Bu@) (r— )" € D LT =6 ulbro(t)]} +
+Ba(x) Dy tuy s(z) u(z,0) = pa(z), O<az<r, (7)
where (51(z), Ba(z), B3(z), ¢1(z), are given functions on the line segment 0 < x < r, moreover

Bi(x) + B3 (z) + B3(2) # 0
Earlier, the Goursat prob tHe first kind degenerate hyperbolic equations was investigated in
in for the Goursat problem for equation (2) is investigated in [12],
and the solution of the,Gows roblem for a model equation degenerating inside the domain is written
first boundary value problem for the hyperbolic equation degenerating
ed in [14]. Boundary value problems for degenerate hyperbolic equations
ngle with data on opposite characteristics were investigated in [15-17].
lue problems 1 and 2 considered in this paper belong to the class of boundary
a displacement of the Zhegalov-Nakhushev [18-20]| and are generalization of the

and problems with data on opposite characteristic lines for an equation of the type

were previously studied in [21-24]. The displacement problems for the first kind degenerate hyperbolic
equation of the type (2) were investigated in [25], presented as generalization of the first and second
Darboux problems. A rather complete bibliography of works devoted to the formulation and study of
the displacement problems for various types of partial differential equations is provided in [26-32|. In
this paper, sufficient conditions are found for the given functions a;(z), Bi(x), i = 1,3; ¢;(x), ¥j(x),
j = 1,2; f(z,y) that insure a unique regular solution of investigated problems 1 and 2. In particular
cases, when the relation a(x) = Z@Ez)f—%al(z) = a = const or b(x) = M = b = const the
) 3(z)—mo1(x) o 21 () —PB2(x)
regular solutions of problems 1 and 2 are written explicitly.
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Research task 1

The following Theorem holds.
Theorem 1. Let the given functions a;(x), aa(z), as(x), ¥1(x), ¥a2(z) and f(x,y) be such that

a1 (I), a2(‘7")a 0‘3($)7 ¢2(x) eC [07 T] N 02 (07 T) ) (8)
Y1(z) € CH[0, r]NC3(0, r), 9)
fla,y) € C* (), (10)

az(z) —ma(z) #0 Vae[0,r]. (11)
Then there is a unique regular solution of Problem 1 in the domain ). ¢ \
Proof. Assume there is a solution of problem (1), (4), (5) and assume that \

u(z,0) =7(x), 0<x<r, (12)

limuy (7,) = (1, 0) = v(z), 0< < (13)

Find the relations between the functions 7(z) and v(x) broug 1 and Q9 of the domain

2 onto the line I. The solution to problem (12), (13), whén for equation (2), is written out

according to one of the formulas [33]:

1
+B(1_€31’, 1_82)0/1/ e+ Ry @] e - A D< T (1)

+(1—5® +(1—e)(—y)%s(2t—1)} (1—t)=dt, A:%, (15)
& u(,y) =7 |z = (1-&) (-7 | +

—a)y/y_ o4 (=) ()™ 2] (1 -nFan A= -1 (16)
0

First,‘ednsider the case for |A\| < 7. In this instance, employing (14) we get
. 1
wlby0(2)] = u (T”, — (2 2¢)" <r—w>1‘€) = Bl ) [rlote-of et q-g7 -
0

1
1
- @-25)" (r =)' [vle+(r—a) ] £ (L-0) e
0/

B(1—€1,1—€2)
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Introducing a new variable z = x + (r — x) t we rewrite the last equality as

—)F [ r(2) (r =2 —2) ! [ () (r—2)"c
= E78 fr e e @,

z
B (g1, e2) (z — ) 72 B(l—¢1,1—¢g) (z — )t

T x
In terms of fractional (in the sense of Riemann-Liouville) integro-differentiation operator, the previous
equality can be rewritten as

ulBro(@)] = - (- 2" D2 (1) (- ] -

_F(Q_‘E) o 85—1 e1—1 v r— t)c2 L 3
e 22 DR ) (1)), ::E?' (1)

Further we use the following properties of the weighted composition of operators
and integration with the same origins [5], [6], [9]:

Dz Dip (s) = pla), (18)
Dg, |t — e Dl (s) = v — e’ D |14 (19)

where 0 < a <1, 8<0,a+ 3> —1; p(z) € L|a, b, and > 0 the function ¢(x) contains
the fractional derivative D% o(t).
Applying to both sides of equality (17) the oper
properties (18) and (19) we find
Dy ulbo(8)] = (r -

Substituting the value D!t u [0,0(¢)] from (20) in

T —“Wand using the above composition

() =2 (r—a) = v(x). (20)

we come to the ratio

)
[oa(2) + 7101 (2)] B “At) + [03(2) — M0 (2)] V(@) = o (). (21)

The obtained relation (21) is the amental relation between the functions 7(x) and v(z) taken
from the domain €27 onto the'li
Next, we find the fund
domain 5 onto the lin e
d’Alembert formula |

relationship between the functions 7(x) and v(z) taken from the
ution of problem (12), (13) for equation (3) is written by the

—_—

1 Tty 1 y zt+y—t

/ v(t)dt + 3 / / f(t, s) dsdt. (22)
T—y 0 z—y+t

1 r ) (r—z)/2 r—t

u[@rl(:n)]:u(r+x, T‘x) _ 1) +7@) by [rwdes s [ [ 10 dsit= ). @23)
2 2 2 2 2
T 0 T+t
Differentiating (23) we arrive at the relation
(r—x)

v(z) =7 (x) — 29 (2 / flx+t,t)d (24)
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Relation (24) is the second fundamental relation between the functions 7(z) and v(z) taken from
the domain €9 onto the line I.

Excluding the sought function v(z) from (21) and (24) in view of the matching condition 7 (r) =
11 (), with respect to 7(z), we arrive at the following problem for the first-order ordinary differential
equation with a fractional derivative in the lower terms

[as(x) — a1 (2)] 7'(2) + [a2(2) + y10a (2)] Dpg 7 (t) =

= 2[a3(z) — yroa (@) ¥1(2) — Y2(@) + [as(x) — non(z / flz+tt)d (25)

T(r) =41 (r).

If condition (11) of Theorem 1 is satisfied, then by dividing each term in e by as(x
1 a1(x) with the subsequent integration of the resulting equation over x ra to r we come

to the integral equation
1
D15 / K, t) r(t)dt = F ( @ 27)

which corresponds to problem (25), (26). *

It follows from properties (8), (9), (10) that equation 2& lterra integral equation of the
second kind with the kernel K(z,t) € Lo ([0, r] x [0 ith the right-hand side Fy(z) =
C110, r] N C3(0, 7). According to the general th Volterra integral equations the solution of
equation (27) exists, is unique and can be written ou formula:

T(z) = Fi(&) + R(x,t)Fy(t)dt, (28)
28]
where R(z,t) = > I'™"(e) Ku(x kernel resolvent K (x,t); Ko(x,t) = K(x,t), Knpii(x,t) =
n=0
t
[ K (z,s) K, (s,t)ds are iterat nels of the basic kernel K (x,t); moreover, the resolvent R(z,t),
T
as well as the basic kern z,1) of equation (27), will belong to the class R(z,t) € Lo ([0,7] x [0,7]),
and the solutiondg(z) of e n (27), as well as its right side Fi(x), will belong to the class 7(z) €
Cro, r]nC3(0,r
The solution @f,equation (27) for a(x) = a = const is written explicitly by the formula:
7(x) = Fi(z) +a / (t— :U)E_l Eyela(t - x)°;e] Fy(t)dt. (29)

T

The sought function 7(z) for A = £% is found again employing formulas (28) or (29), but €2 = 0,
e=a =7 n=171r= 2271 (1-e)'T(1—e)at A=—-Z ande; =0, = e = g 11 =0,
Yo=2"1(1—-e)fat A=12

Once the function 7(z) has been found, the second sought function v(z) is found employing formulas
(21) or (24). Then the solution of the studied problem 1 in the domain €; is written out according to
one of the (14), (15) or (16) formulas and in the domain 5 the problem (12), (13) for equation (3) is
solved by formula (22).
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Research task 2

Similarly as above, satisfying (14) to condition (7) we find the first fundamental relation between
the sought functions 7(z) and v(z) taken in the domain £ onto the line I:

[1B1(2) + Bs(@)] 7(x) = [v2B1(2) — Ba(@)] Dy w(t) + pa (). (30)

Employing (22) under condition (6), we find the second fundamental relation between 7(x) and
v(z) taken in the domain € onto the line I:

$/2Q; t
7(x) = 2¢1(x) — 7(0) — / t)dt — / / [ (s,t)dsdt. (31)
Excluding in (30) and (31) the sought function 7(z) in view of the matching co \x
with respect to v(z) we obtain the equation
[y2Bi(x) — Ba(a)] Dt w(t) + [yifi(x) + B3(x @&
. ! T/2x—t
’Yl

= 2[mpi(x) + B3(z)] [p1(z) — / /f s,t) dsdt.

T

Denoting v(z) = [v(t)dt provided that 2/ ( 75 0Vaz € [0,7] the recent equality is
0
rewritten as follows
DE M b(z)v O<z<m, (32)
while
v (0) =0. (33)
Once the operator D} ¢ has b ied to both sides of the equation (32) it could be represented
as follows
v (t)yv(t) = DRy (t), 0<xz < (34)
Integrating equation er = ranging from x to r taking into account (33) we arrive at the
equation of the form
i / b K (2, E)u(t)dt = —— / K () F(t)dt (35)
v =———
T (8) ) T (5) ) 2 )
0 0
(et —t—2), 0<t<u,
equiv oblem (32)-(33), where K(z,t) = { g1 <t <r

1[0,7] N C3(0,r) is a positive non-decreasing function, then there is a unique regular
solution of equation (35) [6; 133|. Then v(z) = v/(z) and 7(z) are found by one of the formulas (30)
or (31).

In the case, when b(z) = b = const the solution of equation (34) is written explicitly by the formula:

14+b [(t—2) " By [b(t—2);eldt
(@) = - DeFo(t) + b / VB, (b1 €) D Fy () dt | +
140 [t By (bt5; ) dt
0
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+D,  Fy(t) + b / (t — :U)Efl By b (t — x)%; €] D, F>(s)dt

x

provided that 140 [ ¢! E; Je (bt%5 €)dt # 0. If b > 0, then the fulfillment of this inequality is obvious.
0

Once the functions 7(x) and v(x) have been found similarly as for the previous problem 1, the
solution to problem 2 in the domain €2 is written employing one of the formulas (14), (15) or (16),
and in the domain €y the problem (12)-(13) for equation (3) is solved by the formula (22).
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2K.A. Banxmsos!, 3.X. I'yuaesa?, A.X. Konzokos?

LPFA KBFO Koidanbaiv, MamMemamura sHcone asmomammardopy unemumymor, Hasvwuk, Pecei;
2X.M. Bepbexos amuvindaev. Kabapoun-Baskap memaexemmir yrusepcumemi, Hasvuur, Pecet

Ekinmmi perrti apaJjiac-runep0oJiajblK, TeHJiey YITiH
BIFBICYBI Oap IIKI-MIETTIK ecernTep

MakaJrasia 06s1bICTBIH, Oip 66JIiriH/e TOJKBIHIBIK OllepaTop/JaH, ajl backachblHIa OipiHmm peTTi e3rerie ru-
repboITasIbIK, OIlepPaTOPAaH TYPATHIH €KIiHINI peTTi apasac-runepOosIaiblK, TeHIEY VIIH BIFBICYBI 6ap i
meTTiK ecenTep 3eprrenren. bepinren dyuknusiap OOMBIHINA 3ePTTENIETIH eCenTEPIiH, menriMini
JIYBIH, Oipereiririn KaMTaMachbl3 eTeTiH »KEeTKUTKTI maprrap aHbKTa bl Keiibip ;Lep6zc
3epTTeJIETIH ecenTep/iH MmemriMaepi alKbIH Typ/e »Ka3blIFaH.

Kiam ce3dep: TosKbIH TeHeyl, Gipinrm perTi e3rere runepbosiaiblk TeHey, Boabrepp u PAJIIBIK
TeHieyi, exinm Tunti PpeArosbM UHTErPAJIBIK, TeHaeyi, TpukomMu oici, MHTErpaIbIK, y. oici,
GeJIIIIeK ecenTey TEOPUSICHIHBIH OIICI.

7K. A. Bankusos!, 3.X. I'yuaesa?, A.X. KO

AH, Haavvwur, Poccus;
epbekxosa, Harvwux, Poccus

! Huemumym npukaadnot mamemamusy u aemomamus@ U
2 Kabapduro- Baakaperut 20cydapemeensidi yHueepcumen umerts X.

BrayTpenHe-kpaeBbie 3affadin,co EMeNieHneM IJIs
CMEIIaHHO-TUTIEPO0JIMIEeCKOTO yPaBHEeHNsI BTOPOTO ITOPsSIKa

B craTbe ncciemoBanbr BHyTpeHHE-KPAEBbIE 3a1a91 €HUEM JIJISI CMEITaHHO-TUIIePOOINIECKOTO YPaB-
HEHUs BTOPOTO MOPSIKA, COCTOSIIETO U3 BOAHOBOIO OIIEPATOPA B OJHON YaCTU 00JIACTH U BBIPOXK JAIONIET0Cs
runepOoJIMIecKOro oIepaTopa mepBoro pojaas— B Apyroit. HaiijgeHbl mocrarodnble ycjioBrsl Ha 3a/IaHHBIE
byHKINN, 06€CIIEINBAOIINE CYIECTB HCTBEHHOTO PETYJIAPHOTO PEIIeHNs UCCIeIyeMbIX 3a1a4. B

HEKOTOPBIX YaCTHBIX CJIy4YasX pe €MBbIX 33J1a9 BBIIIUCAHBI B sIBHOM BHJIE.
Karoueswie cao6a: BOTHOBO IPOZK/1AI0Ieecs ruiepboIMiecKoe ypaBHEHNE [IePBOro pojia, WH-
TerpaJjibHOe ypaBHeHne Bosr pasibHOe ypaBHenne Openrosbma BTOporo poja, meror Tpukomu,

MEeTO/ MHTEr'paJIbHbIX Y H TO/Ibl TEOPpUN ,ZLpO6H01"O HNCYUCJICHUA.
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