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1. Introduction

: 0/<'x < kt, t > 0} it is considered the boundary value problem

u(x.t)

axz _g(xvt)’ {X,t} € G; (1)
%Iho = Uo(t), baug;’ D) e+ dL;(tt) =u(t); (2)

where 1i(t) = u(kt,t), b= const > 0, k= const > 0.
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We note that problem (1)-(2), is studied in [3] for a finite time interval, where it was noted that the case of a non-
homogeneous boundary value problem “turns out to be useful in the study of certain problems with free boundaries”. For
example, for a single-phase Stefan problem “under the following assumptions: liquid phase with a positive temperature
u(x, t) occupies a segment 0 < x < s(t), at x =0 a positive flux of heat is given, and the free boundary x = s(t) begins at
the solid wall x =0, i.e. the condition s(0) =0 is satisfied”. In the work [3] a theorem on the unique solvability of the
considered boundary value problem in weight Holder spaces is established.

Previously, under the conditions b=1, k=1 in [1,2] we have studied the homogeneous and nonhomogeneous integral
equations, to which the homogeneous and inhomogeneous boundary value problems (1)-(2) are reduced. For a homoge-
neous problem it was established that, along with the trivial solution in the class of essentially bounded functions with
a given weight, there exist nontrivial solutions up to a constant factor. In [2] the general solution of the inhomogeneous
integral equation was found. We also mention the works [4-7], that are close to our subject, in which the boundary value
problems are studied for a parabolic equation in domains, that are linearly and nonlinearly degenerate at the iditial moment
of time. However, in contrast to our work, they study boundary value problems under the condition of a limitedjtime inter-
val. In works [4-7] theorems on unique solvability in anisotropic Sobolev spaces are established. It should bémoted that the
need to study mathematical problems from the works [1,2,4-10] arises in the questions of describing’témperature regimes
in high-precision electro-contact devices, the spread of pollutants in liquid and gas areas, etc.

2. Discussion of BVP (1)-(2)

Our approach of research was initially tested on a simple case, as it seemed to us, whereyb = 1,%'= 1 [1,2]. However, our
further study showed that the feature of the problem (related to its reduction to a singulanjinteégral equation) was preserved.

However, the more general case where the coefficients b and k are only required tebefstrictly positive, in our view, is
important for at least the following two reasons:

(i) When considering a problem with a nonlinear law of motion x =s(t) of a meving part of the boundary, we can apply
our results from this paper if we require additionally from the function s(t), fofiexample, the following properties:

(i.1) The function s(t) is differentiable on the interval (0, co) and there isha sufficiently small t* > 0 such that,

sSt)=pm>0 at t e (0,t*); s'(t)>0 at t>t*

(i.2) The motion of the boundary obeys the linear law: s(t)= (th0 <t < t*. We have the following boundary value
problem

dui(x,t) 2 0%uq (x, t)

o ) =gx,t), {0 <x < ut, 0 <tistih: (1a)
auy (x,t dup(x,t dil; (t
WD o =uo), 2D AR o) (2a)

where 1 (t) = uj(ut,t).

In this case, the equality u = 1 will be @\very restrictive and undesirable fact. Continuing obtained boundary value prob-
lem (1a)-(2a) to an infinite angle, we“@btain¥afboundary value problem of type (1)-(2), where k = . We can apply our
results from present paper to solve®it, Further, taking from the obtained solution its restriction on the interval (0, t*), we
obtain a required solution to boundafy walue problem (1a)-(2a) in the domain {x,t: 0 <x < ut, 0 <t < t*}.

(i.3) s’(t) >0 on the intervalf(t*,o¢) and s(t*) = ut*. We have the following boundary value problem in a non-
degenerating domain

(.t 9%u, (%, t)

o e =gx,t), {0<x<s(), t>t}; (1b)
aug(x,t duy(x,t dil, (t .
—%lbho =g(t). b%h:s([) + ;t( ) =uq(t), t >t*; (2b)
Uy (x, Y = ug (%, t%), 0 < x < ut™; (3b)

where 1l (t) = up(s(t), t) and uq(x, t) is a solution to boundary value problem (1a)-(2a).
We introduce a new unknown function v, (x,t) = %. Formally, by differentiating equation (1 b) with respect to the
variable x, we get:

v (x,t) 2 ?va(x.t)

at 2 =8k D). 0<x<s(D). t>1% o
oy (x,t) .
Do =i (28(x) T t)> lx=sey = V1 (1), t> 1", (2¢c)
duq (x, t*) .
Va (X, )= = “ax 0 <x < uts o
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where g(x. t) = %Xy (t) = up(t), vi () =P d= 5. c=b+5(1).
Using thermal potentials, boundary problem (1c)-(3c) reduces to solving the classical (regular) Volterra integral equation
of the second kind, which is uniquely solvable ([11], part 6, 4.1-4.2). By a solution to problem (1c)-(3c), using the inverse

X
transformation uy (x,t) = [v,(&,t)d§ + C;, we will have a solution to problem (1b)-(3b) up to a constant C;. Note that this
0

does not contradict the formulation of boundary value problem (1)-(2), the solution of which is found up to a constant
term.

Further, by gluing together solutions to boundary value problems (1a)-(2a) and (1b)-(3b), we obtain a solution to the
original boundary value problem with the nonlinear law of motion x = s(t) of the part of the boundary, where that law
satisfies the aforesaid conditions from (i.1)-(i.3).

However, we would like to note the following. For the general nonlinear law of motion x = s(t) of a part of the boundary,
our approach is not applicable, since in our work we reduce the obtained singular integral equation to an intégral equation
with a difference kernel. This is the key point of our research.

(ii) there are some difficulties in applying our approach to the study of boundary problems of hea¢ conduction in de-
generating domains with degeneration at the initial moment of time at b > 0 and k > 0 in comparison with the case when
b=1 and k = 1. Namely,

(ii.1) in this paper, the weighted space of essentially bounded functions (14) for the solutigft of integral Eq. (10) differs
from the class of solutions (11) for integral Eq. (9) in [2]. Although in these works, at small_valuesfofithe time variable, the
singularity t=1/2 of the solution is preserved, however, in the present work, from the solution of Eg#(10) it is additionally
required that it decreases at infinity no more slowly than the given exponent, which dependsyon the parameter k. Moreover,
the solution of Eq. (10) should decrease faster as the parameter k increases, whichgeorresponds to the increasement of an
angle of the domain of independent variables. The latter is not required in [2].

At the same time, it should be noted that in the presented paper the exponentialyerder of decrease is precisely deter-
mined depending on the parameter k.

(ii.2) In this paper, it has been clarified: how does the value of the angle in the domain of independent variables affect
the class of solutions of a singular integral equation? From the increasementjef value of the parameter k, that corresponds
to the increasement of an angle in the domain of independent variables;ithe ‘decrease rate of the solution of the singular
integral equation at t — oo should increase. At the same time, ifishould be noted that in the presented paper the exponential
order of decrease is precisely determined depending on the parameter &

(ii.3) We also note that in the present paper, at finding the reselvent, series (27) arises, which is associated with the
expansion of the fractional Newton binomial (1 + o)21-1 ¢, = (b#& k)/k (with binomial coefficients CZC] 1) which causes
certain difficulties in further calculations. Whereas in our previeus work [2]| we dealt with a finite sum (21) over the index
m, which in [2] greatly simplified the study.

3. Transformation of problem (1)-(2) and reduction,of it to an integral equation

We introduce the function v(x, t)is éu—g’;"t). Formally by differentiating Eq. (1) with respect to the variable x, we get:

. t) 2821/(x t)
at 0x2

V(X ) |xeo = Vo @), (

= g@my, Oxx<kt, t > 0; (3)
AV (X,L)

LA V(x, r)) lxeke = V1 (D), (4)

where g(x, 1) = 850 Quo (s uo (1), v1 (1) = "4 d= 5. c=b+k.
The solution ofsproblem, (3)=(4) we are looking for as a sum of thermal potentials ([11], part 6, 4.1-4.2):

Rl o 1 x-£8) |.
VX, t) = zaﬁof()/ 1) EXp{zlaZ(t—t)}g(g’T)dédtJr

1 X X2
+4a3ﬁ/(t—r)3/2 eXp{ eI )}V(r)dwr
0
1 (x — k)2
+2a¢77/(t—r)1/2 exp{_4a2(t—z)}‘p(’)df’ (5)
0

where the functions v(t) and ¢(t) are unknown and must be defined.
Satisfying solution (5) to the first condition in (4), we have:

k272

a 1
v(t) = ﬁO/Q—‘WeXp{ 4a2(t 7) }‘P(T)df - (6)
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t o 2
G | [ mmen| g [ a2 ©
00

Using representation (5) and equality (6), we obtain the following expression for the solution of problem (3)-(4):

t
1 1 (x+kt)?
v(x,t) = zaﬁo/ (t-1)172 [_EXP{_4a2(t—‘L’)}+

+exp{ ixz(tkti)}]w(r)dr +Fix, t; & vol, (7)

where

t
. 1 X x2
Rlx.t; & vo] = Zaﬁ[ 1) eXP{ A T)}VO(T)dT“‘ Q
0

t oo
(x+§)?
"2 no/of(t f)l/z[ eXp{_4az(t—r)}
(x

(x-8)

+exp{ W) }]g(‘;‘ T)dédt. (8)

Taking into account (7), according to the second boundary condition from
v(x, t) v x.t) _ ¢
x @ | -
x=kt

() 1 [ k(t+7) SESI Q
=22 T 43y ) (t—1)3/2 ex T 4a(t -t
0

1 k K2(t — r)
_4a3ﬁ/(t—r)1/z EXP{ 2 T)dT -
0
k
203f[(t o2 & %fp(f)dw
203f/(t—r)1/2 t) ¢ (T)dT = Bkt t: & vo; 11], 9)
where
X, t; & vol

~ C ~
Blx.t: & vo ] = - @Fl[x,t;g; Vol + v1 (t).

ox
20— (t—1), (t+71)%=(t—1)%+4tt, from (9) we have the following integral equation for the

(t, e(r)dT = f(t), t >0, (10)
where
k2(t — 1)
K(t,r):k(t,t)exp{—%}, (11)
Kt T) — 1 2kt k2tt
CO = ml o™ @i~
2c+k ktt 2c—k
‘me""{‘aza—r)}+<t—r>m]’ (12)

4
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f(t) =2a®B[x, t; & vo: 1] (13)
Note that kernel K(t, t) (11) has the following property:

t
lim /K(t, Dyt = 1.
t—0+
0

This means that the method of successive approximations is not applicable to integral Eq. (10). Therefore, in the paper
integral Eq. (10) is called a singular equation.
The solution of integral Eq. (10) will be sought in the class

Ve exp {I2t/(40%) } (1) € Lo (R,

ie. @(t) € Lo(Ry: v exp {KPt/(4a%)}). TS (14)

Remark 1. The notation Lo (R, ; t1/2 exp{k?t/(4a%)}) means that we are dealing with the space o ially#bourided func-
tions on the semi-axis R = (0, co) with weight t1/2 exp{k3t/(4a?)}. Functions of this class for of t can admit a
singularity of order t~1/2, and at infinity they must decrease no slower than the exponenti p{=k%t/(4a?)).

We note that similar Volterra integral equations of the second kind were studied in pa [1,2,8-10].

4. Reducing integral equation (10) to a differential equation in Laplace imag
If we introduce new functions: A

¢1(t)—<p(t)e><p{ } f1(t)—f(t)eXp{4 2} \
then from (10)-(13) we get: Q

() - /k(t Dei(T)dT = fi(t), t > 0. (15)
In integral Eq. (15) we make a replacement of th ndependent variable and introduce a new unknown function
1
t=a, <P2(t1)— o1 (1/¢ f1(1/f1)

as a result from (13) and (

@a(t1) + ﬁt/ r@ 2(1 (02(1’1)d7:1

2c+k)ex }
Zaff ) p 2(r1—t1)
3}
‘ — @ (t1)dT = fo(th). (16)
We no J the solution of integral Eq. (16), returning to the initial independent variable and the initial unknown
function, welean @btain the solution of the initial integral Eq. (10).

integral Eq. (16) we will use the Laplace transformation. We have:

o] 2l

1
" 2ay=p

Here we have used the following formulas of the Laplace transformation ([12], p.472; and [13], p.158):

[(2c+k) exp —%k«/—_p} - (ZC—k)]/¢z(q)dq=fz(p)- (17)
p

c[ / Tkt - Tesm)dn | = k(=p) @2(p). E[%@z(ﬁ)] - ,,/ ¢2(q)dg.

5}
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We pass from integral Eq. (17) to a differential equation, introducing a new unknown function-image:

7 [ s dy (p)
v(p) = p/ P2(q)dg, ie.  ¢a(p)=——7F =, (18)
di(p)  @erbep|-Fypl-Cclo, 0 h®) o)

dp 2ay=p[1 +exp {-%/=p}] 1+exp{-Z/=p}

Remark 2. Proceeding analogously to the results of work [1,2], we obtain a solution of the homogeneous equation (when
f2(p) =0), corresponding to (19) in the form:

exp {22 /=]

V(p)=C - (20)
(1+exp{-Z/=p})"
and correspondingly, ’
o« 2c—k 2c+k 2k
@2(p) =C| ———+ expl-=/=p! | x
2 2 a
x exp {27} (21)
T’
ay=p(1 +exp{-Z/=p})*
Further, as in works [1,2] from (19) and (21) we find the original ¥, (¢1) and,¢5 and, following the correspond-
ing transformations given at the beginning of this section, we determi@th olution ¢y, (6)
LR S ) @
Phom ) = s—= Y BE [ 2c+ kpiV (t) - 2c - kP (¢ (22)
2am =
where
B+ _ (_1yn 2c1+1)2c1+2)...(2c1+n)
" n! ’
oV () = exp [_{[26+k(222—1)]2+k2}t }
(23)
oD (t) = {[2c+k@n—1)2]+k2}¢
(t) = exp [ l[zeck@n-12 )t
Solution (22)-(23) belongs to the\cla 3 Ve exp {k2t/(4a?)}) (14), this follows from relation ([12], p.486)
plim pﬁ(p) =tlim0h(t), where i C t) = ﬁ(phom(t). And for all t > & > 0 series (22)-(23) is absolutely con-
— 00 —
vergent.
5. Particular solution ogeneous equation (19). Image of the resolvent

We find its particular<geolution wpart(p) of equation (19). Using the solution (20) of homogeneous equation, we have:
Zc k

/f(q)exp{ kd—_q} «
1+exp{ ZkJ_

2c
%1

1+exp kJ—_q}) dq, (24)

where
fo@ = [ fa(m) explami}dra. Relq) <0.
0
We carry out the following transformation of equality (24):

A (p) = / fo(m)R (p. 1)dT. (25)
0



M. Amangaliyeva, M. Jenaliyev, S. Iskakov et al. Applied Mathematics and Computation 399 (2021) 126009

where R*(p, 71) is the image of the resolvent that is determined by the following formula

i exp {25 /=7} {2c—k

R(p.m) = / exp{71q} - exp
e (1+exp{-Z/=p})" a

«/—_CI} x
2k L
x<1+exp{—€\/—_q}) dq. (26)

Using the following representation:

2k s = _
eXP{ a \/_p} - =ZBﬁC1exp{_w\/__p}, C1=£7
(1+exp{-%y=p})* 0

where ¢ = b+ k, we write down resolvent R*(p, t1) (26) in the form

ad > 2c+k(2n—-1) *
R(p. 1) =Y G ' p(p.m.11) Y By exp {—f«/—p}, \ (27)
m=0 n=0

where

; k2m+1)-2c

Iz (p. m,n)=/eXp{nq—f«/—_q}dq, é (28)

—00

(2c1—1)2c1 —2)...(2¢c1 —m)
- m!

2c1—1
G

)

2c1(2c1+1)...2¢c;+n—-1)
n! '
To obtain the above series we have used the known decompo

1T _Sopgap ,_ 2%
m—gm Z", z=-exp —7J—_p,

Replacing the variable ,/=—q = n and introducing the notation o =

By = (=1)"

k@mED)=2¢ "we get for (28):

I (pm,71) =2 / nexp {-tn® -

V=p
Then integral (28) is represented as theyfol difference:
~ 1 )—2c
I (pm. ) = — exp{ : J—p} -
2m —2c] [k2m+1) — 2c]?
_ = 1/2 exp adr, X
k2m+1)-2c
xer V—T1p+ W) (29)
Usin, )-(29), we obtain the following expression for the image of the resolvent:
R (p, 1(p,T1) = Ra(p, 1), (30)
where
P 1 1 - 2¢1-1p2¢ 2k
Ri(p. 1) = —exp{nip} + - Y. GBS expimip—(m+m) V=P, (31)
m,n=0,
m-+nz0
N 1 V7T & 1k@m+1)—-2c. 0 N
Rotp. ) = LYy et MM D22, oy my Y B (i), (32)
1 m=0 n=0

- 1 [k@m+1) —2c]? |,
li(p, 71, m) = o7 exp {T Iy(p, 71, m), (33)
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N k2m+1) - 2c
I;(p,t1,m) =exp{—7 P}erfc<v —-Tip+ %),
2c+k(2n-1)

a

L(p, r1,n)=exp{r1p— J—_p}. (34)

6. Constructing the resolvent R(t, T)

For this purpose first we find the originals of the images ﬁ’{ (p, 71) and Ry(p, 7q). For the image ﬁ’{ (p, 71) we have:

N 1
Ri(p.71) = T—15(T1 —t1) + Ry (t1, T1), (35)
1 & 2c-1p2 (m+n)k (m+n)%k?
R [ Ga-lpear V7 0 77 7 U
1(t1’ tl) 7 Z Cm n aﬁ(tl — t1)3/2 exp az(f] — t]) ’ (36)
m,n=0,
m-+nz0 \
In deriving relations (35)-(36) from (31) we have used the following formulas from (|1 , P/525;[14], 2000, p.921,

formula 82, Appendix D):
exp{—-pt} =d8(t—-1), ex {—k\/_}*Lex —E

And to get the original of the image R,(p,T;) according to (3@—( it enough to find originals for images
L(p,ty,m), m=0,1,2,3,..., (33)and L(p.n),n=0,1,2,..., (34).

Lemma 1. The original of image [} (p, T;, m) (33) is calculated by the f; \

hi(p. -, m) = h(t, 1, m) = } (37)
Proof of Lemma 1.. We introduce the notation y = —2¢ For further calculations, it will be more convenient for us
to pass from the complex plane (p) to the plane (—p). As a f this, and also applying the Jordan lemma ([12], p.478,

81: XI), we have:

E(pri,m) =L, 1.m) = =

14
2—ﬁ)dx] =
1 7 _ y
=53 O/ exp{— (71 +t1)x} |:erfc(—1M+ ZJT_1>_
_erfc<im+ %)]dx:

VT Y2(ti +t1) iy
SN, A1 S— Y ) Larref -
4 (T 4+ t)VhH exp 41ty ere 26 +
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+ ! erfc Y +
4 i(T; +t1) 2T

VT _YA(mi+t) iy \_
+4—71(r1 +t1)ﬁexp{ }erfc( )

- ! erfe( =¥ =
47 (T + 1) Nzl
_ Vv { 2 1+f1} Y Y
CAn B (T +ty) PV an erfe 1«/5 erfe l«/ﬁ .

We note that in deriving the last relation we have used the formula from the book [15], p.BO,%
Finally, taking into account the equality erfc(—ii) + erfc(iL) =2, we obtain the assertion o
i NGl

O

Now, using the formula from ([14], p.921, formula 82, Appendix D), we find the original L(p, T1,1n) (34). Wi
have

k2n—-1) +2c
a

L(p. T,n)=eXp=r1p— \/—p} =hL(t,T,n) =

- Zaﬁ(ﬁ — t1)3/2 4(12(1'1 - tl) (38)

We find the convolution I; (t, T, m) = I;(t1, T, n) (37) and (38) for \ .and n=0,1,2,3,... We have
Li(t,Tt,m)xL(t, T,n) =

k(2n -1) +2c/
dam32 (m —m32/n -t rl[n +(n =

_ k@n-1)+2c ex {_[k(Zn—1)+2c]2}

[k2n—1) +2c]* [k2m +1) 2c]2
- exp{ 4a(t; — 1)) 4d

n-tp _ 2 _ 2\ 72 _ nuz+h
Ty =25 b @ )zw =gt

2
dn = (11 —t1) & dz. —f= (-t u-n=@m-t)z

k(2n—-1) +2c

[k2n — 1) 4+ 2c]? + [k2m + 1) — 2c]?
N 4a%(ty — 1) )

_[k@m+1) - 2c]> 1
4a2(t1 — 1) 22 }dz+

{_[k(Zn— 1)+ 2P +[k@m+1) —26]2}><

4a%(ty — t1)

k@n-1)+2cP ,  [k@m+D-2cP 1]
4q? (‘L'l — tl) 4q2 (‘L'l — t1) z2

B k(2n—1) +2c . [k2n —1) 4+ 2c? + [k2m + 1) — 2¢]?
=2 (4 )2t — 1) P~ 43 (t — 1)) x

N 20T — 6 exp {_2[k(2n — 1) +2c][k@m+1) —2c] }+

2 k@2n—1) + 2¢ 4a2 (T — t1)

9
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k(2n—1) +2c exn | [k@2n —1) 4+ 2c]> + [k2m + 1) — 2¢]?
2073221, — )2 42(t; — ) x

le“’ 1 op | K@ =D +2cP
2 ) VRt my) 4a2(t1 - t1)

[k@m+1) —2c]? 1 dx.
a 4(12(1'1 —t]) ;

We calculate the integral

1_1/‘” 1 exp _lk@n—1)+2c
_20 \/)—((X+2ﬁt—'_tl) 4a%(t1 — 1)

[k@m+1) —2c]? 1 d
T 4i2(t—-t) X

1721 -t {[k(Zn— 1) +2c]? 7
5 exp X

- V&) 4a2(ty — t1) 211 -t *
[k@2m +1) — 2c]? N 27— 4 .
4a2(Ty — ty) T

k(2n-1)+2c JT1 k@2m+1)-2c
xerfc X + X
H 2(1\/'[1 —t \/21—1 -t 2a./ T1— b4

Here the following relations are used ([16], p.337, formula

Li(t, T,m) xL(ty, T,n) =

—ex (m + n)2k? 1
=P\ T @@ o) | |2anvm oh@R -t

4 k(2n-1) +2c
4aym JT1 (2T — t1)3/?

exp | T1) Jerfc(yma (t:, rl))}; (39)

where
[k(2n — 1) k@m+1) —2c] /21 -t
Yma(t, T1) = NG .
From here
Ra(t1, 71) =

Crznﬁ 7IB%C1

k(2m+l)—2cex (m 4+ n)2k?
a Pl @@ - [

m,n=0

1 L ken-vr2 o
VAVT =0 2ay7,/2T - 4

Now we can write down the original ‘/fpart(tl) of the particular solution of Eq. (19):

{y,,z,yn}erfc(ym,n)}.

oo

Vpart (t1) =7 fo(t1) + /[Rl (t1, 71) = Ra(t1, T) | o (T)dT1. (40)

t
Next, we pass from the function ¥par¢(ty) to the particular solution @ par¢(t1) of Eq. (16):

oo

@apart(t1) = ti¥pare(t) = fo(t1) + / t1[Ry (t1, T1) — Ra(t1, T1) 1 o (T1)d Ty, (41)

3]

10
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and, using the following replacements:

@2 (t1) =t Pi (671 = 21 (1) = o (t71),

P1(t) =ty (7Y, folty) =672 i7" =2 fi(0),

> 2
() =p1(t) exp {—%}7 f(®) = fi(t)exp {_‘I:TZ}’

we define the particular solutions ¢’1part(t) of Eq. (15) and @par (t) as the particular solution of Eq. (10):

t
Pipart() = fi(©) +[t’3/2r’3/2[R1 ) =Rt T )Ifi(T)dr, (42)
0

t 20p
o) = FO + [ RE. D) exp {—%}ﬂr)dn \ (43)
0

R(t,T) =Ri(t,T) - Ry(t, 7), é (44)

where

~ 2 . > , (m+n)k &
Ri(t.7) =t 2R e = Y G 'R el RLW& (45)
m,n=0
Rimn(t,7) = ——ex —(m+n)2ﬂ (46)
L6 T = rya P Zt-1) [
Ro(t,t) =t 32¢32Ry (¢, 771) =
> i k(2m+1) — 2c
= > B = Romally T (47)
o 4am
_ T @) +2clVT T
RZ,m,n(tv T) = {m(zt — 2a X (Zt _ ‘[)3/2 X
x { t,7)erfc{y (m,n,t, )} t exp —(m+n)2k2i (48)
L, N, t, 20— [
k(m+n)t+ (t—1)[k2m+1) — 2c]
V2t—1 '
7. Estim
We shov following theorem holds.
Theorem 1. Resolvent R(t, T) (44)-(48) admits the estimate
T k2tt
|R(t,T)|§Cmexp{—m}, O0<7<t<+oo. (49)
The proof of Theorem 1 follows from the assertions of the following Lemmas 2 and 3.
Lemma 2. Resolvent Ry (t, T) (45)-(46) satisfies the estimate:
- T ktt
[Ri(t, T)| <G ORI exp {_aZ(t s } 0<7T<t<+o0. (50)

The assertion of Lemma 2 follows from the properties of alternating series.

n
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Lemma 3. Resolvent R, (t, T) (47)-(48) satisfies the estimate:

ktt
a’(t—1)

|I§2(15,‘L')|<C2(t_i)3/2 exp{— } 0<7<t<+oo. (51)

Proof of Lemma 3... We note that summands of resolvent R, p, (t, T) (48) have representations:

Romn(t.T) =RS) (6. T) + R, (£, ). (52)
where
k2m+1) —2c T k%t
(1) _ _ 2_ "
Ry mnt.T) = 4 x @) t_texp{ (m+n) a2(t—r)}’ (53)
@) _ [k@m+1) —2c][k2n - 1) 4 2¢] TJT
R2mn(t’r) - 8a x (21’—‘[)3/2 x ‘
) , Ktt
xexp{y?(m.n.t,7)}erfc{y (m,n,t, v)}exp { —(m+n) 20=1) t) (54)

O

Summands Rgr)n o(t.T) (53) are estimated by summands Ry mn(t. T) (46). This f@&lhe following inequality for

their coefficients:
T T

Q—)i—t  (t—1)32

To obtain an estimate of summand R(2) 2(€. T) (54) we represent jtgi

0<7<t<+oo.

[k2m+1) —2c][k(2n — 1) + 2c]
8a

2
x exp :-(m + n)Z% }D(m,

2
R, (67) =

where

D(m,n,t, T) = /T exp {[y(m, nt, )2

For any values of |y (m,n,t, T)|, it is obv
m,n,t and t is valid:

at for D(m, n, t, T) the following estimate that is uniform with respect to

ID(m,n,t, )| <C < +o0.
To complete the proof of Le , It remains to take into account the following inequality:
T
5 <
2t — )32 —

<T<t<+4o0.

As a result, w btain‘that the expressions R( ) (6, T) are also estimated, respectively, by summands Ry, (t, T).
assertion (49) of Theorem 1 follows from Lemmas 2 and 3.

e solvability of integral equation (10)

Thus, we have established the following main result on the solvability of integral Eq. (10).
Theorem 3. For any right-hand side f(t) LOO(R+; N/ exp{kzt/ (4a2)}) from class (14) integral Eq. (10) has the general

solution @(t) € Lo (Ry; /T exp {kzt/(4a2)}):

o(t) = f(t) + / R(t, T) f(T)dT +C gy (1), C = const, (55)
0

where @y (t) is defined in section 4, and for resolvent R(t, ) (44) the following estimate holds (49)

k*tt
|R(t T)|<C(t )3/2exp{—m}, 0<7<t<+oo.

12
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9. Solution of BVP (1)-(2). Main result

The solution v(x, t) of boundary value problem (3)-(4) is determined according to formulas (7)-(8), (22)-(23), (43)-(48)
and (55), and the solution of the initial boundary value problem (1)-(2) will have the form:

u(x, ) = G(x, £:C) + G, where (x,t; C)=/v(§,t; C)dk, (56)
0

since its solution is determined to an accuracy of constant term C;, where v(x,t) is defined according to formula (7)-(8)
and constant C is defined in (55).

To establish the boundedness of solution u(x,t) (56) of boundary value problem (1)-(2) we need to study the proper-
ties of solution v(x,t) (7)(8), (22)-(23) and (43)-(48) of problem (3)-(4). Since @(t) € Ly (Ry; +/f exp{k3t/(4d2)}), then its
necessary to evaluate and prove the boundedness of the integral I(x, t) for all {x,t} € G:

xp (-}, *

L/h(x,t,ﬂc)e— T, (57)
2a/7 | T \

L(x,t,T)=

; 1 (x1 + kt)? (x; —kt)? @
= / o7 [— exp {_—4a2(t ) } + exp {_4—a2(t ) }ld)q =
0
_ 3 x4+ kt X —kt \
= aﬁ[ erf(—zam) +erf(—2am>], (58)

I(x,t) =

where

1 X+ kt x—kt }
I(X, t) = i! [—erf(ﬁ> + el‘f(zm/—__l_ dr. (59)

Hence we obtain an estimate for integral (59):

kvE/(2a)
I(x,t) < 4a / exp{—£%}d
0

(60)

Thus, we have established uni ness of integral (57) with respect to {x, t} € G, i.e we have shown that solu-
tion fi(x,t; C) (56) of boundary blem (1)-(2) belongs to the class Ly, (G). Note that the solution i(x, t; C) is deter-
mined to an accuracy to a const erm Cq, i.e. formula

u(x, t) =1t t;

defines the general solution oundary value problem (1)-(2). Estimation (60) also allows us to get its order of smallness
for any {x,t} € G, the usion

i ¢ 2)

is true. This fi s from the asymptotic behavior of the function erf %E for small values of variable t, and for large values

et this fact follows from boundedness property of solution ii(x,t) on G and boundedness of the expression
t=12{i(x, t; C).

We formulate the main result of the work.

Theorem 4. Boundary value problem (1)-(2) has a nontrivial solution u(x,t)= ti(x,t;C)+Cy, where 1U(x,t;C) e
Loo(G; t71/2), C and C; are constants.

10. Conclusion

It follows from the results of this paper that the Stefan problem considered in [3] can have a nonunique solution in
some weight class of essentially bounded functions. However, if this class is restricted, the Stefan problem will have the
unique solution. The latter is consistent with the result of the work [3]. Apparently, this fact should be taken into account,
for example, for approximately solving the Stefan problem.
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