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Determining stress intensity factor in bending
reinforced Concrete beams

There has been analytically solved the problem of determining the stress state in the cros
reinforced concrete beams with a crack in a linear formulation. For this, the beam i

increasing the initial length of the crack. For this case, the length of th
The solution is valid for beams of arbitrary section shape. Determining th
based on the assumptions that the longitudinal forces at the tip)of the crac
taking into account stress concentration. The size of the streJ

condition that the local stress is equal to the nominal stress.
for determining the stress intensity factor in rectangular beam er analyzes the dependence of
the stress intensity factor on the crack length, the moment geometric and operational factors.
The obtained results allow estimating the bearing cap s with a crack, as well as their crack
resistance by a stress intensity factor.

ensity factor (SIF) is
equal with and without

Keywords: reinforced concrete, beam, bending, cd @ zone, crack, reinforcement, stress state, bearing
capacity, stress intensity factor, crack resista

A very common type of defects in for
manufacturing stage and at the operati
mean exhaustion of its bearing capai
reduces the strength of the element.

—3]. The appearance of cracks in bending elements does not
LIt s to increasing the efforts in the sections with a crack, which
the opening of the crack width corrosion of reinforcement increases
he calculation of the stress state of reinforced concrete structures

nsidered in works [15-17].
alt with in a series of experimental studies [8, 18, 19]. A lot of studies have been

Under cert
of fracture [1,23]. The stress intensity factor (SIF) is the main parameter of linear fracture mechanics.
Some wor g with determining the SIF in reinforced concrete beams have appeared only recently [24, 25].
d oted that these calculations were carried out in a linear formulation. However, the relationship
str d strain in concrete is not linear. In this paper an approximate analytical method is proposed

consider an I-section with the vertical axis of symmetry (Fig. 1, a). We will introduce the notations:

Agy, A is the area of the shelves overhang in the tension and compression zones;

h¢, he is the thickness of the shelves in the tension and compression zones;

a, a' is the thickness of the protective layer of concrete in the tension and compression zones;

As, A is the area of reinforcement in the tension and compression zones;

N,, N! are internal forces in the reinforcement in the tension and compression zones.

Let’s cut the beam by the section passing through the crack and show the curve of the stress distribution
in it (Fig. 1, b).
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Figure 1. Towards determining stresses and SIE
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The main unknown tasks will be tensile stress at the tip of the crackda,, @nd th ht of the compressed
zone z. Given the linearity of the stress profile, we will determine the m ressive stress in concrete

op = omE/zp, J (1)

where 2, is the height of the tensile zone.
In the zone of the crack the adhesion of the reinforcemen
are mainly perceived by the reinforcement. In sections

ncrete is broken, and the tensile forces
s tensile forces are also perceived by

account by introducing special coefficients that areie
between the cracks and the values in the secti

o the ratios of the average values in the section

2]

= Vb = Ebm /Ep-
Taking this into account, we will deter the deformations at the reinforcement level as:
Uy a
Eszsmw—- embps(h —a—1)/zp, € =emibps(x—a')/2p.
The stress in the rei ement will be

where « is the 00
of the compression,zone.
The ¢ ongitudinal forces equilibrium in the section

sticity modulus of the reinforcement and concrete; U;p is pre-stress in the reinforcement

ombzp/2 + 0sAs — opbx /2 + 0L Al — opAc(x — he/2)/z = 0.

e second equilibrium equation in the form of the sum of all the forces moments relative to the zero line
has form

ouba® /3 + ombzl /3 + 0 Ag(h — a — @) + 0 Ac(w — he/2)? Jx — oL Al(x — a) = My,

where the external moment M,, is equal to the bending moment in the section with a crack M for the
reinforcement without pre-stress. For the pre-stressed reinforcement of the tension zone the o s stress occurs
after the moment of external forces M exceeds the moment of pre-stress force. Then in the equation the external
moment will be

My, =M —0,As(h —a — x).
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The equilibrium equations are common for all reinforced concrete elements with and without pre-stress,
with different cross-sectional shapes: I-shaped, T-shaped, rectangular beams. For a T-section A, or A is
equal to zero. For a rectangular cross section, the area of both overhangs is zero. In order to obtain explicit
calculation ratios, we will perform a further solution for the most common case of a rectangular cross section
with reinforcement in the tension zone. In this case the equilibrium equations will take the form:

ombzp/2 4+ 0sAs — opbx /2 = 0;

opba’ /3 + ombzg/?) +o0sAs(h—a—x) = My,.
Let’s introduce the following dimensionless parameters:
E=x/h, z=1/h, A=2z/h=1—2—-¢& h=(h—-a)/h, pu=As/bh.

Taking into account the expressions for o, and o, the equilibrium equations will transfor to the form:
A2 — €+ appys(ho — €) = 0
Om [E N+ N + 3aphys (b — €)2/N] = 3M,,, /bh>.

From the first equation we will determine the height of the compression Zoéne,(an t of the tension

zone ) _
(1 - Z) + a/“pbsh

= , A=1-—2z-— 3

$T 2T 1 auths @

From the second equation of equilibrium we will determine y minal st at the crack tip
O = LMy, /W, (4)
where _
W =0bh?/6, L=0.5\/[ N Pus(h — €)?].

The A(§), L parameters do not depend on the g
expedient to build in advance the graph of these pa

such a graph for _
h=0907, v=a @ 00

nsions and the acting loads. Therefore, it is
dependence on the crack length. Figure 2 shows

-0.015(0.6/0.5) = 0.15.
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Figure 2. Stress state parameters dependence on the crack length

This solution is valid as long as the nominal stress is less than or equal to the concrete tensile strength Rp;.
Otherwise, the initial crack length will increase. The value of the moment at which this happens is equal to

M,, = Ry W/L.

Using the graph in Figure 2 and this formula, we can find the moment value for crack growth M,,. The
second line of Table 1 shows the values of this moment in kNm for the beam section (15 x 30) cm, where the
destructive moment M, = 53.6kNm.
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If the nominal stress at the crack tip o, exceeds the tensile strength of the concrete Ryt(Mp, > M,y,), then
the crack length will increase. To determine a new crack length in (4), we assume L = Ry W/M. Then, from
the system of nonlinear equations (3) and (4) we also determine £ and z. To solve this system, we can use the
graphs in Figure 2.

Let’s determine the SIF at the crack tip K;. The tip of the crack is a strong stress concentrator. According
to the linear theory of elasticity, the stress there is determined by the formula

o9 = K1/V2mr,

where r is the distance from the crack tip to the point considered.
Determining the SIF is based on the equality of the longitudinal forces at the crack tip wi
stress concentration. Local stresses are determined by formula (5), and nominal stresses by fo
Let us determine the length of the stress concentration zone "a" from the condition
nominal and local stresses at the end of this zone (Fig. 1, ¢). The rated stresses at the distanc
crack tip

» from the

On =0m(l —a/zp) =op(l—1t).

Equating the local stress to this value, we will obtain
a=K?/2m02.

The longitudinal forces per unit width of the beam in the z$ of concentration are

a

Ilz/aedr:Kn/Qa/ﬂ': 2 fao,,

0

The longitudinal forces in the same zone without idering concentration are equal
Iz=0m+gna In K% .
2 2mo2
Equating these forces, we will obtain
Om = 30,.

From here it follows that ¢ = 2/3!
Now we will determine the S

K =V2rao, = 0.6830.,/2p.
Substituting here wi ally obtain

K = 0.683LVARM,, /W. (6)

If the nominalstresstat the crack tip om exceeds the tensile strength of the concrete Ryt (M, > M,y ), then
it is nece a new operational crack length, and the SIF is calculated using the formula

K1 = 0.683V AhRy;.

et’s analyze the SIF changing dependent on the crack length. In third line of Table 1 there is shown the SIF
changing (N/m?3/2) in the beam of the (15 x 30) cm section at the acting moment M = 4.5kNm (M < M,,).

Table 1

SIF change depending on the crack length

Z 0.1 0.2 0.3 0.4 0.5 0.6 0.7
M, | 4.61 | 4.63 5.0 6.0 828 | 155 | > M,
Kr | 0378 | 0.347 | 0.293 | 0.217 | 0.131 | 0.051 0
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We see that with increasing the crack length, the SIF decreases to zero. This is explained by the fact that
in bending there necessarily exists a minimum zone of compressive stresses. With increasing the length of the
crack, this reduces the length of the zone of tensile stresses to zero. At z, = 0 tensile forces are perceived only
by the reinforcement, the crack does not develop. In this case, the SIF becomes equal to zero and the beam is
destroyed due to the achievement of the limit of the yield strength in the reinforcement or crushing the concrete
of the compression zone.

If, with a known crack length and a given moment, the SIF will be smaller than the maximum SIF value
1c¢ for this material, then there is a steady development of the crack. If K; > K¢, the crack is unstabl and a
rapid crack growth is possible with a slight increase of the moment. The growth of the crack length co
until the SIF drops to the ;¢ value. This SIF value corresponds to a certain value of the crack le which is

the graphs in Figure 2.
The assessment of the bearing capacity of the beam is made by the magnitude of

reinforcement (2) and the maximum compressive stress in the concrete (1). The paramete

through the initial (M < M,,) or operational (M > M,,) crack length are substituted into these
Let’s analyze the SIF changing dependent on the crack length at M = 6kHm. Fro %

that in this case M > M,, for zo = 0.1 -+ 0.3, M = M,, at zg = 0.4 and M < 0.5 and 0.6. At

20 S 0.4

stress in the
, Zp, found

L=16-10°-225-10"3/6 = 0.6.
From the graph in Figure 2 we will find A = 0,233 and then by the fo SIF we will obtain

Ky =0.683-1.6V/0.233- 0.3 = 2’ Jm3/2.

At 20 = 0.5
7M Pa.

64. Then by formula (6) we will obtain
6: K =0.069MN/m?3/2.
on the length of the initial crack. It depends
only on the length of the operational crack that de ] he acting moment.

Let’s analyze the SIF changing with the ah moement changing. To do this, we will calculate the SIF
at zo = 0.2 (M,, = 4.63kNm). The result in Tal
MN/m?/?.

o=M/W =6-10%/2.25-10

By the graph in Figure 2 we will find L = 04
K; = 0.175M N/m?/2. Similarly we determine the STE

Table 2
ging dependent on the moment
4.63 6 8 12 16 20
0.357 | 0.29 | 0.255 | 0.203 | 0.178 | 0.159
The Table sh < M,,, then the SIF increases in direct proportion to the moment, reaching its
maximum at i > M, the SIF decreases due to increasing the length of the operational crack.
The obtaine allow estimating the bearing capacity of beams with a crack, as well as their crack

resistance s intensity factor.
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0. Xabumosna, 2K.B. Bakupos, 2K.C. Hyryxunos, H.J1. Batun

Hinerin TemipbeTOHIbI apKAJIbIKTAPAAFbl KEPHEYIIH
KAPKBIHJIbLIBIK KO3(MMUIIMEeHTIH aHBIKTAaY

KepHey aHBIKTasapl. KepHeynin KajraH mapaMeTpiiepi OChl OJIIIeM1ep apKbLIbl KOPCeTiJi i
TAIKbl Y3bIH/IBIFBIHBIH, YIIFAIObIHA OAlIaHBICTHI Uiy MOMeHTI aHbIKTas el O yirin
Y3BIHABIFBI aHBIKTAJIFaH. Bysl KNMaHbIH epKiH hopMachIHAArbl aPKAJIBIKTAD YITI
KapPKBIHIBUIBIK KO3 UINEHTIH aHbIKTaY KEPHEY/IiH, IOFbIPJIaHybIH eJleMeit
JIBIK, KYIITEPAiH TeHJirine HerizpenreH. Kepreyniy moreipiany aiiMark
HOMUHAJIIBIK, KEPHEYJIErl TeHJIK IapTTapblHAH aHbIKTAJLIbl. Ocbl Heris
KMMaCBIHJIAFbl KEPHEYIiH KAPKBIHIBLIBIK KO3 hUINEHTIH aHBIKTANTBIH (hOpMyIa ayiblFaH. Makasaaia Kep-
HEY/IH KaPKBIH/IBLIBIK, KOI(MMOUIHMEHT] KaPBIKTHIH YBI)IH,[LLIFBIIyO eHTiHe, 6ACKA 18 T€OMETPHSIIBIK, YKOHE
naiianany bakTopapblHa TOYEJUIr Tajganral. AJbIHFAH HOT ep JKapbIFbl 6ap apKAJIbIKTap/IbIH
KeTeprim KabijleTiH, coHnai-aK KepHEYIiH KapKBIHIBLILIK KOhd i GOMBIHINIA OJIAD/IBIH, YKAPBIKKA
Te3imMaiiirin H6arasayra MyMKiHAiK Gepesi.

PJIBIH, TiKOYPBIIITHI

Kiam ce3dep: TeMipbeTOH, apKAJIBIK, UiTY, CHIFBLIFAH aif | Ka , ApMaTypa, KepHEYJIi Karaail, CAJIMaK,
KeTepy Kabieri, KepHeyIiH KapKbIHIbLIBIK KO3hd PBIKKA TO3IM/ILIK.
0. Xabumonma, 2K.B. B QC. Hyryxwunos, H.1. Batun
OHpeﬂeHeHHe KO3 NMEeHTa MHTEHCUBHOCTIU H&HPH}KGHI/Iﬁ
IX 2KeJIe300eTOHHBIX OaJiKax

B MU3r

Ananuruyecku penieHa mit pelieJIecHNN HAIIPAXKEHHOI'O COCTOAHUA B CEYCHUU U3ruOaAEMbIX YKeJIe30-

OETOHHBIX OAJIOK C TPEIH wHetHON mocTanoBKe. J[j1st 9Toro 6aska paspe3aercs MO JIMHUY TPEIIHHBI
U U3 YCJIOBUi paB CHs] HHO 9acTu H6AJIKM OIPEIeJISIIOTCS BBICOTA CXKATOW 30HBI U PACTATMBAIOIIEE
HaIpsi?KeHVEe Y B peruabl. OCTa/IbHBIE TAPAMETPHI HAIIPSIZKEHHOTO COCTOSIHUST BBIPAYKAIOTCSI Iepe3
9TH BeJINYN 0 3HAYEHNE M3TUOAIONIEr0 MOMEHTA, MPH IPEBBLIMEHUN KOTOPOTO MPOUCXOIUT

bHON JIJTUHBL TPpeuinuHbI. ,H.TIH 9TOT0 CJjyd4ad ollpeJe/IeHa JAJINHa SKCHﬂyaTaHHOHHOﬁ

TPEIIUHBI. MIpaBeTNBO st 60K MTPOU3BOIBLHON (hopmbl ceuenusi. Ompeesienne Ko duiimen-
Ta TH HAIPS?KEHUI OCHOBAHO HA IPEAIOJIOXKEHNN O PABEHCTBE MPOIOJIBHBIX CHUJI Y BEPIITHHBI
D 4€TOM U 0e3 ydera KOHIEHTDAIUU HAIPsiKeHUH. Pa3Mep 30HBI KOHIEHTPALUN HAIPs?KEHUIA
peliesisieTest u3 yCIOBUSI pABEHCTBA MECTHOT'O HAIPSIXKEHNST HOMUHAJIBHOMY HampsizkeHno. Ha 3Toit ocHOBe
JIy OpMYyJIa, JIJIsT OIIpeIeIeHUsT KOdMDMUITMEHTa HHTEHCUBHOCTY HAIIPSIKEHUN B OAJTKAX MPSIMOYTOJIb-

oro cedenusi. B pabore npoaHaJM3upOBaHa 3aBUCUMOCTD KO MUIIMEHTa NHTEHCUBHOCTHU HAIIPSIPKEHUH OT
JJTAHBI TPEIIUHBI, MOMEHTA U JPYTUX T€OMETPUIECKUX U IKCILUIYATAIMOHHBIX (bakTopoB. [lomyuenubie pe-

JIBTATHI TIO3BOJISIIOT OIEHUTh HECYIYIO0 CIOCOOHOCTH OAJIOK C TPEIIMHON, & TaKyKe X TPEIMHOCTONKOCTH
110 K03 PUIMEHTY NHTEHCUBHOCTU HAIPSI>KEHUSI.

Karoueswie caosa: xkene306eTon, basika, n3rub, cxkarasi 30Ha, TPEIINHA, apMaTypa, HAIPSXKEHHOE COCTOSTHIE,
HeCyIasi CIOCOOHOCTD, KOI(MMUITMEHT NHTEHCUBHOCTH HAIPSIKEHU, TPEINTUHOCTONKOCTD.
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