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V]IK 517.62
Approximated solution of differential equations with vertical asymptotes

Tik acumnroracsl 6ap nuddepeHunanabIK TeRAeyJAePAiH )KYbIKTAJFAH HIemiMi

Uxikbayev K.B.
Suleyman Demirel University, Almaty (E-mail: kanamath@gmail.com)

Makanazna Tik acumnrorackl 6oiaTeiH nuddepeHIranIs TeHaeyIepaiH KybIKTalFaH MenrMiH Taldy omici
Kapanassl. bipiami gopexeni auddepeHuanapK Teraeynep yurH Kommu ece6iHiH menriMiHiH MaKCHMAIIIbI
0osly HWHTEpBaIBIH Oarayay JKoHE ecKepy  YIINH. Oip KaJaMIbIK CaHIBIK OIICTEpAiH ©3repTUIreH Typi
ycoiabUFaH. COHBIMEH KaTap OJ1 9ICTiH KMHAKTBUIBFBI XKQHE ayBITKY IIIaMachl KapacThIPBUIFaH.

B crarbe paccmaTpuBaeTcs METO] HaXOXKACHUSL PHOIKEHHOT0 pelueHus auddepeHunanbHblX ypaBHEeHHI,
UMEIOIINX BEPTHKaJbHbIE acUMNTOTHL [lpemnaraercs Moau(UKaLys OJHOIIATOBBIX YHUCICHHBIX METOJOB,
MO3BOJIAIOIAs OLICHUBATh M YYHTBIBATh MAaKCHMAalbHBI HMHTEPBa CYIIECTBOBAHMS peleHus 3amaun Komm
JU1sL OOBIKHOBEHHBIX An(depeHInaNbHbIX YPaBHEHUIT ¢ TeM, YTOObI HE CTPOMTH JIMILIEHHBIC CMbICIA IIPHU-
OMmDKEHHBIE PElICHHsD» 3a TPAaHUIAMH 3TOTO INPOMEXKYTKA, €CIM OH KOHYEH. PaccMOTpeHBI CXOAMMOCTh
NIpeJIaracMoro MeToAa 1 MOrPEeIIHOCTb.

Application of step-by-step methods of the solution of a problem of Couchy for the ordinary differential
equation
y'=f(xy),x20; (1)
y(0)=a )
meets serious difficulties if the solution at y(x) is not continuous on all numerical axis.

Really, customary definition of the solution as x, value forces to choose argument functions as a step.
Calculations with such step do not allow to "notice", for example, a vertical asymptote of the solution.

In this study I offer modified version of the single-step methods which allows to estimate and consider
the maximum interval of existence of the solution of a problem of Couchy for the ordinary differential equa-
tions [1-6].

This modification is based on geometrical idea of consideration of the solution as a curve on a plane
Oxy. At such point of view as a step it is obvious to choose the distance between points(x,,,),(X,,;, V., )s
which approximates the solution.

Let's apply this idea to Euler's method described by formulasx,,, =x, +h, y,, =y, +hf(x,y,). As
here the integrated curve is replaced with a straight line as constant step H we will choose distance between

points (x,,3,),(X,,15 V1)
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HZ\/(‘XHI =)+ (Ve — ) =hl.\/1+f2(xi,yi).

From here, h, = L Thus, Euler's method can be written in such type:
I+ (6. 9)
Hf (x.,y,
oy M o )

s yi+1 _yi+ . (3)
JI+ £2(x,0) I+ 12 (x,0)

Let's result conditions of an extremity of the maximum interval of existence of the solution of a prob-
lem (1), (2) and we will find out behavior under these conditions of the approached solution constructed un-
der formulas (3). The interval [0, b) is considered as the maximum interval of existence of the solution y(x),

if b=ooor if there is no final limitlim _,  y(x). The corresponding solution y(x) defined on{0, b), is called

as full. Let's note that continuity of f* enough for existence of the full solution and continuity of any solu-

tion on the maximum interval.
THEOREM 1. Let >0 and there exist such positive numbers A4, 8, which Vx > 0, > o fulfill the ine-

quality:

fOx,)z A" (4)
Then: If there exist full solution y(x),x €[0,b), of problem (1), (2),

b<

ASO{B <% limx—>b’ y(x) =%,

For the approximated solution constructed under formulas (3),dimiting parities take placelim, ,  x, <oo,
lim, y, =oo.

Theorem 1 indicates the "high-quality affinity" between the approximate and exact solutions of (1), (2).
To study the convergence of the proposed method is convenient to replace the problem (1), (2), the Cauchy

problem for a system of two equations:

S(xp)

NEVECETY
%= B
ey
x(0)=0,(0) =o. (6)
Solution of this system are the functions x = x (¢), ¥ =y (¥), defining the parametric equations of the in-
tegral curve of (1), (2). Formula. (3) are the formulas of Euler's method solution to problem (5), (6) with the

step H of the parameter t. Require the following statement about the continuous dependence of solutions
(x (¥), y () to (5) of theuinitial conditions. Choose an arbitrary number 7> 0, 3, y. Denote by ((?), (¢)) is the

solution to (5), for which x(T) = x(T) + B, ¥(T)=w(T)+p.
THEOREM 2. Let forx >0,y >a >0, function f(x,y)satisfies the inequality (4) and has continuous
partial derivatives, and 38 > 0, such that

[i, )| S BFGey), |£1 ()| < Bf(x.9). (7)
Then there exist such decreasing function N(E), known for E €[a,), which for any x(7), y(T), B, v

from.inequalities x(7) >0, x(T) + >0, y(T) =E, y(T) +p=E implies inequality

sup|x(t) = x(6), y(1) = y(1)| < N(E)[B. ], ®)

Theorem 3 estimates the accuracy of solution taken from formulas (3).
THEOREM 3. Let function f'(x, ) satisfies the conditions of theorem 2. Then IM > 0, such for the so-

lution (x(¢), y(¢)) of problem (5), (6) and it’s approximation constructed by formulas (3), the inequality

)

e

Example: Let's consider a problem
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' 2
y'=y +h
{ 9
y(0)=0.
Here, f(x,y) =" +1, let H =0.1;x, =0,y, =0, ;, =0. Let's use formulas (3), so, we have step 1:
A A
X, =0+0—=0—z0.07,
Jis2 2
0.1-1
=0+ ~0.07;
Vi \/5
£, =1+0.07" ~1.0049;
step 2:
X —007+L~0 141;
o ikrooayr
0.1-1.0049
v, =0.07 + —————=~0.142;
’ J1+1.0049?
£, =1+0.142% 1.019;
step 3:
x, =0 141+L~0210'
o o
0.1-1.019
Y, =0.142 + ————=~0.212;
' J1+1.019°
f,=1+0.212° ~1.,044.
The further calculations are similar. All value x, y are shown in the table
Table
Steps Approximated x Approximated y ¥(x;) -exact solution
0 0 0 0
2 0,141 0,142 0,142
5 0,348 0,359 0,363
9 0,601 0,669 0,686
13 0,810 1,009 1,051
15 0,895 1,190 1,247
19 1,002 1,471 1,564
23 1,109 1,856 2,009
28 1,204 2,346 2,603
36 1,302 3,140 3,630
51 1,400 4,637 5,798
66 1,452 6,136 8,378
92 1,500 8,736 14,101
160 1,550 15,435 49,078
660 1,600 65,535 -
2095 1,610 209,035 -
2101 1,610 209,635 -
12965 1,614 1296,035 -
14905 1,614 1489,935 -
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This is the graph of the table shown above.
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The exact solution of a problem (9) is function y = tanx. Its vertical asymptote is x = N As we see, we

also have found an asymptote by the approximated calculation.
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