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TRIGONOMETRIC WIDTHS OF THE NIKOL’SKII–BESOV CLASSES
IN THE LEBESGUE SPACEWITH MIXED NORM

G. Akishev UDC 517.51

We establish exact-order estimates for the trigonometric widths of the Nikol’skii–Besov classes of peri-
odic functions of many variables in the Lebesgue space with mixed norm.

Introduction

Let x = (x1, . . . , xm) 2 Tm

= [0, 2⇡)m. By L
p̄

(Tm

), we denote a space of Lebesgue-measurable functions
f(x̄) defined on Rm, 2⇡ -periodic in each variable, and such that

kfk
p̄

=

2

6

6

4

2⇡
Z

0

2

6

4

. . .

2

4

2⇡
Z

0

�

�f(x̄)
�

�

p1dx1

3

5

p2/p1

. . .

3

7

5

pm/(pm−1)

dx
m

3

7

7

5

1/pm

< 1,

where p = (p1, . . . , pm), 1  p
j

< 1, j = 1, . . . ,m (see [1, p. 128]). In the case where p1 = p, . . . , p
m

= p,

instead of k · k
p̄

, L
p̄

(Tm

) and Br

p̄,✓

, we use the notation k · k
p

, L
p

(Tm

) and Br

p,✓

.

The function f 2 L1(Tm

) = L(Tm

) is expanded in the Fourier series

X

n2Zm

a
n

(f)eihn,xi,

where hn̄, x̄i =

X

m

j=1
n
j

x
j

, a
n

(f) are the Fourier coefficients of the function f 2 L1(Tm

) in the multiple

trigonometric system
�

eihn,xi
 

n̄2Zm , and Zm is a space of points from Rm with integer-valued coordinates.
For the function f 2 L(Tm

) and number s 2 Z+, we set

σ
s

(f, x) =
X

n2⇢(s)

a
n

(f)eihn,xi,

⇢(s) =

⇢

k = (k1, . . . , km) 2 Zm

:

⇥

2

s−1
⇤

 max

j=1,...,m
|k

j

| < 2

s

�

,

where [a] is the integer part of the number a.
We define the Nikol’skii–Besov classes [1, 2] as follows: Let 1 < p

j

< 1, j = 1, . . . ,m, 1  ✓  1,

and r > 0. Then,
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Br

p̄,✓

=

8

<

:

f 2 L
p

(Tm

) :

 

X

s2Z+

2

sr✓

�

�σ
s

(f)
�

�

✓

p̄

!1/✓

 1

9

=

;

,

Hr

p

=

n

f 2 L
p

(Tm

) : sup

s2Z+

2

sr

�

�σ
s

(f)
�

�

p̄

 1

o

.

It is known that, for 1 < ✓1 < ✓2 < 1, the following imbeddings are true:

Br

p̄,1 ⇢ Br

p̄,✓1
⇢ Br

p̄,✓2
⇢ Br

p̄,1 = Hr

p̄

. (1)

Consider a given class F ⇢ L
p̄

(Tm

) . A trigonometric n-width dT
n

(F,L
p̄

) of the class F in the space L
p̄

(Tm

)

is defined as

dT
n

(F,L
p̄

) = inf

⌦n

sup

f2F
inf

t(⌦n)

�

�f − t(⌦
n

)

�

�

p̄

, (2)

where

t(⌦
n

, x̄) =

n

X

j=1

c
j

eihk̄
(j)

,x̄i,

⌦

n

=

n

¯k(1), ¯k(2), . . . , ¯k(n)
o

is a family of vectors ¯k(j) =

⇣

k
(j)
1 , . . . , k

(j)
m

⌘

, j = 1, . . . , n, with integer-valued
coordinates, and c

j

are arbitrary numbers.
For the first time, the notion of a trigonometric width in the one-dimensional case was introduced by Nikol’skii

in [3] who established estimates for some classes in the space of continuous functions. For functions of many
variables, the trigonometric widths of the Sobolev classes W r̄

p

and the Nikol’skii classes H r̄

p

were investigated by
Bugrov [4], Belinskii [5, 6], Maiorov [7], Magaril-Il’yaev [8], and Temlyakov [9]. For the Besov classes Br̄

p,✓

,

these widths were studied by Romanyuk [10]. For the generalized Nikol’skii–Besov classes, the trigonometric
widths were investigated by Stasyuk [11, 12] and Bazarkhanov [13].

For the class Br

p,✓

, where r, p, and ✓ are certain numerical parameters, the following theorem is proved
in [14]:

Theorem [14]. Let 1  p < 2  q <
p

p− 1

, 1  ✓  1, and r > m. Then

dT
n

(Br

p,✓

, L
q

) ⇣ n
− r

m

+
1
p

−1
2 .

The aim of the present paper is to determine the exact order of the trigonometric width of the class Br

p̄,✓

in the
space L

q̄

(Tm

).

In the case where inequality B ≥ C1A (or B  C2A) is true, we often write B � A (or B ⌧ A,

respectively). The notation A ⇣ B means that A ⌧ B and B ⌧ A.

Auxiliary Statements

Let f 2 L
p̄

(Tm

) and let
�

¯k(j)
 

M

j=1
be a system of vectors ¯k(j) =

⇣

k
(j)
1 , . . . , k

(j)
m

⌘

with integer-valued
coordinates. Consider a quantity
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e
M

(f)
p̄

= inf

k̄

(j)
,bj

�

�

�

�

�

�

f −
M

X

j=1

b
j

eihk̄
(j)

,x̄i

�

�

�

�

�

�

p̄

,

where b
j

are arbitrary numbers. The quantity e
M

(f)
p̄

is called the best M -term trigonometric approximation of
the function f 2 L

p̄

(Tm

). For a given class F ⇢ L
p̄

(Tm

), we set

e
M

(F )

p̄

= sup

f2F
e
M

(f)
p̄

. (3)

According to definitions (2) and (3), the quantities dT
M

(F,L
p̄

) and e
M

(F )

p̄

are related by the inequality

e
M

(F )

p̄

 dT
M

(F )

p̄

. (4)

To get a lower bound for the trigonometric width of the class Br

p̄,✓

, we need the following assertion:

Theorem 1 [15]. Let p̄ = (p1, . . . , pm), q̄ = (q1, . . . , qm), 1 < p
j

 2 < q
j

< 1, j = 1, . . . ,m,

1  ✓  1. If

r >

m

X

j=1

1

p
j

,

then

e
M

�

Br

p̄,✓

�

q̄

⇣ M
− 1

m

�

r−
Pm

j=1

�

1
pj

−1
2

��

.

Proof. We restrict ourselves to finding the lower bound frequently is used in what follows. To do this, we need
the relation (see [16, p. 25])

e
M

(f)
q̄

= inf

⌦M

sup

P2L?
,kPkq̄01

�

�

�

�

�

�

Z

Tm

f(x̄) ¯P (x̄)dx̄

�

�

�

�

�

�

, (5)

where q̄0 = (q01, . . . , q
0
m

),
1

q
j

+

1

q0
j

= 1, j = 1, . . . ,m, L? is the set of functions orthogonal to a subspace of

trigonometric polynomials with numbers of harmonics from the set ⌦
M

.

Since the estimate for the quantity e
M

⇣

Br

p̄,✓

⌘

q̄

is independent of ✓, by virtue of (1), it suffices to establish

the lower bound for Br

p̄,1.

For a natural number M, we choose a number n 2 N such that M ⇣ 2

nm and 2M  ]⇢(n), where ]⇢(n) is
the number of elements of the set ⇢(n).

Consider a function

f1(x̄) = 2

−n

�

r+
Pm

j=1

�

1− 1
pj

��

X

k̄2⇢(n)

eihk̄,x̄i.

Then
�

�σ
s

(f1)
�

�

p̄

= 0 if s 6= n and

�

�σ
n

(f1)
�

�

p̄

= 2

−n

�

r+
Pm

j=1

�

1− 1
pj

��

m

Y

j=1

�

�

�

�

�

�

2n−1
X

kj=2n−1

eikjxj

�

�

�

�

�

�

pj

.
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By virtue of the estimate for the norm of the Dirichlet kernel (see [17, p. 181]), we obtain

�

�

�

�

�

�

2n−1
X

kj=2n−1

eikjxj

�

�

�

�

�

�

pj

⌧ 2

n

�

1− 1
pj

�

for p
j

2 (1,1), j = 1, . . . ,m. Hence,
�

�σ
n

(f1)
�

�

p̄

⌧ 2

−nr

and, therefore,

1
X

s=1

2

sr

�

�σ
s

(f1)
�

�

p̄

 C1,

i.e., the function C−1
1 f1 2 Br

p̄,1.

Further, we consider two functions

v1(x̄) =
X

k̄2⇢(n)

eihk̄,x̄i,

u1(x̄) =
X

k̄2⇢(n)\⌦M

eihk̄,x̄i

and set w1(x̄) = v1(x̄)− u1(x̄). By virtue of the Parseval equality, we obtain

ku1k2 = (⇡)m

0

@

X

k̄2⇢(n)\⌦M

1

1

A

1/2

⌧ M1/2,

kv1k2 = (⇡)m

0

@

X

k̄2⇢(n)

1

1

A

1/2

⌧ 2

nm/2.

According to the property of the norm, these relations yield the following inequality:

kw1k2  kv1k2 + ku1k2  C22
nm/2.

Hence, the function P1(x̄) = C−1
2 2

−nm/2w1(x̄) satisfies (5) for q
j

= 2, j = 1, . . . ,m. Since 2 < q
j

, j =

1, . . . ,m, we have e
M

(f1)2 ⌧ e
M

(f1)
q̄

. By using relation (5), we get

e
M

(f1)q̄ � e
M

(f1)2 � inf

⌦M

Z

Tm

f1(x̄) ¯P1(x̄)dx̄

= C−1
2 2

−nm/2
2

−n

�

r+
Pm

j=1

�

1− 1
pj

��

inf

⌦M

h

]⇢(n)− ](⇢(n) \ ⌦

M

)

i
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� 2

−nm/2
2

−n

�

r+
Pm

j=1

�

1− 1
pj

��

⇥

]⇢(n)−M
⇤

� 2

−nm/2
2

−n

�

r+
Pm

j=1

�

1− 1
pj

��



]⇢(n)− ]⇢(n)

2

�

� 2

−nm/2
2

−n

�

r−
Pm

j=1
1
pj

�

.

In view of relations (1), the last inequalities, and the fact that 2nm ⇣ M, we find

e
M

�

Br

p̄,✓

�

q̄

≥ e
M

�

Br

p̄,1

�

q̄

� e
M

(f1)
q̄

� M
− 1
m

�

r−
mP

j=1

�

1
pj

−1
2

��

.

Theorem 1 is proved.

Remark 1. In the case where p1 = . . . = p
m

= p and q1 = . . . = q
m

= q, Theorem 1 is proved in [18].
The estimates for the quantity e

M

⇣

Br

p,✓

⌘

q

in the case

m

p
− m

q
< r <

m

p

are established in [19]. In the one-dimensional case, Theorem 1 is proved in [6]. Moreover, Theorem 1 is presented
in [15] for the other relations between the parameters p

j

and q
j

, j = 1, . . . ,m.

Theorem B [20]. Let n̄ = (n1, . . . , nm

), n
j

2 N, j = 1, . . . ,m, and let

T
n̄

(x̄) =
X

|kj |nj ,j=1,...,m

c
k̄

eihk̄,x̄i.

Then, for 1  p
j

< q
j

 1, j = 1, . . . ,m, the inequality

kT
n̄

k
q̄

 2

m

m

Y

j=1

n
1/pj−1/qj
j

kT
n̄

k
p̄

is true.

Let ⌦
M

be a set that contains at most M vectors ¯k = (k1, . . . , km) with integer-valued coordinates. The fol-
lowing lemma is true:

Lemma A [21]. Let 2  q < 1. Then, for any trigonometric polynomial

P (⌦

M

, x̄) =

M

X

j=1

eihk̄
(j)

,x̄i

and any natural number N  M, there exists a trigonometric polynomial P (⌦

N

, x̄) containing at most N

harmonics such that
�

�P (⌦

M

)− P (⌦

N

)

�

�

q

⌧ MN−1/2.

Furthermore, ⌦
N

⇢ ⌦

M

, all coefficients P (⌦

N

, x̄) are equal, and their absolute value does not exceed MN−1.
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Main Results

First, we prove an auxiliary statement necessary in what follows in the proof of the main results. Consider
a trigonometric polynomial

t
s

(x̄) =
X

k̄2⇢(s)

eihk̄,x̄i.

Let t(⌦
ns ; x̄) be a trigonometric polynomial approximating the polynomial t

s

(x̄) according to Lemma A, i.e.,

�

�t
s

− t(⌦
ns)

�

�

q̄


�

�t
s

− t(⌦
ns)

�

�

q̃

⌧ 2

smn−1/2
s

, (6)

where q̃ = max{q
j

: j = 1, . . . ,m}, ⌦
ns ⇢ ⇢(s), all coefficients of the polynomial t(⌦

ns ; x̄) are equal, and their
absolute value does not exceed 2

smn−1
s

.

Consider an operator T
s

of the form

T
s

f(x̄) = f(x̄) ⇤
�

t
s

(x̄)− t(⌦
ns , x̄)

�

,

where the symbol ⇤ denotes the operation of convolution of two functions, i.e.,

(' ⇤ g)(x̄) := (2⇡)−m

Z

Tm

'(ȳ)g(x̄− ȳ)dȳ

for ', g 2 L(Tm

).

The following statement is true:

Lemma 1. Let 1 < p
j

< 2 < q
j

<
p
j

p
j

− 1

= p0
j

, j = 1, . . . ,m. Then the norm of the operator T
s

acting

from L
p̄

(Tm

) into L
q̄

(Tm

) satisfies the inequality

kT
s

k
p̄!q̄

= sup

kfkp̄1
kT

s

fk
q̄

⌧ 2

smn
− 1
m

Pm
j=1

�

1
2+

1
p

0
j

�

s

.

Proof. According to an analog of the Riesz–Thorin theorem in the Lebesgue space with mixed norm (see [22]),
we can write

kT
s

k
p̄!q̄

 kT
s

k1−λ

2!2kTs

kλ1!q̄

⇤ , (7)

where 0 < λ < 1 and the coordinates q̄⇤ = (q⇤1, . . . , q
⇤
m

) satisfy the equality

1

q
j

=

1− λ

2

+

λ

q⇤
j

, j = 1, . . . ,m.

We choose

λ =

2

m

m

X

j=1

✓

1

p
j

− 1

2

◆

.
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The coefficients of the polynomial t
s

(x̄) − t(⌦
ns , x̄) are equal and their absolute values do not exceed

2

(s+1)mn−1
s

+ 1. Hence, by virtue of the Parseval equality, we obtain

kT
s

k2!2 ⌧ 2

smn−1
s

. (8)

Further, by using the generalized Minkowski inequality (see [1, p. 27]) and (6), we get

kT
s

fk
q̄

⇤  kfk1
�

�t
s

− t(⌦
ns)

�

�

q̄

⇤ ⌧ kfk12smn−1/2
s

.

Therefore,

kT
s

k1!q̄

⇤ ⌧ 2

smn−1/2
s

. (9)

Substituting (8) and (9) in (7), we obtain

kT
s

k
p̄!q̄

⌧
�

2

smn−1
s

�1−λ

⇣

2

smn−1/2
s

⌘

λ

= C2

smn
λ

2−1
s

= C2

smn
− 1
m

Pm
j=1

�

1
2+

1
p

0
j

�

s

.

Lemma 1 is proved.

Remark 2. In the case where p1 = . . . = p
m

= p and q1 = . . . = q
m

= q, Lemma 1 was proved in [14].

We now formulate and prove the main result of the present paper.

Theorem 2. Let 1 < p
j

< 2  q
j

<
p
j

p
j

− 1

, j = 1, . . . ,m, 1  ✓  1, and r > m. Then

dT
n

(Br

p̄,✓

, L
q̄

) ⇣ n
− r

m

+
1
m

Pm
j=1

�

1
pj

−1
2

�

.

Proof. In view of (4), the lower bound was, in fact, established in deducing the corresponding lower bound in
Theorem 1.

We establish the upper bound. For a number n 2 N, we choose a natural number l such that 2(l−1)m−1 
n < 2

lm−1. We set

↵ =

r

m
− 1

m

X

m

j=1

✓

1

p
j

− 1

2

◆

r

m
− 1

m

X

m

j=1

✓

1

p
j

− 1

q
j

◆ .

For s = 0, 1, 2, . . . , we denote n
s

= 2

sm if 0  s < l,

n
s

=



2

lr

2

sm

�

1− r

m

�

�

if l  s  [↵l] + 1, and n
s

= 0 if s > [↵l] + 1, where [y] is the integer part of the number y.
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Since r > m, we get

X

s

n
s


l−1
X

s=0

2

sm

+

[↵l]+1
X

s=l

2

lr

2

sm

�

1− r

m

�

⌧ C

⇢

2

lm

+ 2

lr

2

lm

�

1− r

m

�

�

 2C2

lm ⇣ n. (10)

Consider the sets

P =

[

0s<l

⇢(s) and Q =

[

ls[↵l]+1

⌦

ns .

We construct a subspace of trigonometric polynomials with harmonics from the set P [ Q such that the
approximation of the class Hr

p̄

in the space L
q̄

(Tm

) by this subspace realizes the order of the quantity dT
n

(Hr

p̄

, L
q̄

).

Let f 2 Hr

p̄

. Consider the approximation of the function f by polynomials of the form

t(x̄) =

l−1
X

s=0

σ
s

(f, x̄) +

[↵l]+1
X

s=l

�

t(⌦
ns ; x̄) ⇤ σs(f, x̄)

�

.

By virtue of relation (10), the number of harmonics in the polynomial t(x̄) does not exceed n. Thus, according to
the property of the norm, we find

kf − tk
q̄



�

�

�

�

�

�

[↵l]+1
X

s=l

 

σ
s

(f, x̄)−
⇣

t(⌦
ns ; x̄) ⇤ σs(f, x̄)

⌘

!

�

�

�

�

�

�

q̄

+

�

�

�

�

�

�

X

s>[↵l]+1

σ
s

(f)

�

�

�

�

�

�

q̄

= J1 + J2. (11)

We now estimate J2. Since f 2 Hr

p̄

, we have

�

�σ
s

(f)
�

�

p̄

 2

−sr, s = 0, 1, . . . .

By the property of the norm, the inequality of different metrics (see Theorem B), and the inequality r > m,

we obtain

J2 =

�

�

�

�

�

X

s>[↵l]+1

σ
s

(f)

�

�

�

�

�

q̄


X

s>[↵l]+1

�

�σ
s

(f)
�

�

q̄

⌧
X

s>[↵l]+1

2

s

Pm
j=1

�

1
pj

− 1
qj

�

�

�σ
s

(f)
�

�

p̄

⌧
X

s>[↵l]+1

2

s

Pm
j=1

�

1
pj

− 1
qj

�

2

−sr

⌧ 2

−↵l

�

r−
Pm

j=1

�

1
pj

− 1
qj

��

.

In view of the choice of the number ↵, we get

J2 ⌧ 2

−l

�

r−
Pm

j=1

�

1
pj

−1
2

��

⇣ n
−
�

r

m

− 1
m

Pm
j=1

�

1
pj

−1
2

��

. (12)
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We now estimate J1. For a natural number s satisfying the inequalities l  s  [↵l] + 1, we consider
an operator T

s

given by the formula

T
s

f(x̄) = f(x̄) ⇤
⇣

t
s

(x̄)− t(⌦
ns , x̄)

⌘

.

Let p
j

2 (1, 2), j = 1, . . . ,m. By using the Minkowski inequality and Lemma 1, we get

J1 =

�

�

�

�

�

�

[↵l]+1
X

s=l

σ
s

(f, x̄)−
⇣

t(⌦
ns ; x̄) ⇤ σs(f, x̄)

⌘

�

�

�

�

�

�

q̄


[↵l]+1
X

s=l

�

�

�

σ
s

(f, x̄)−
⇣

t(⌦
ns ; x̄) ⇤ σs(f, x̄)

⌘

�

�

�

q̄

⌧
[↵l]+1
X

s=l

�

�T
s

σ
s

(f)
�

�

q̄

⌧
[↵l]+1
X

s=l

kT
s

k
p̄!q̄

�

�σ
s

(f)
�

�

p̄

⌧
[↵l]+1
X

s=l

2

smn
− 1
m

Pm
j=1

�

1
2+

1
p

0
j

�

s

�

�σ
s

(f)
�

�

p̄

. (13)

Substituting the values of the numbers n
s

in (13), we obtain

J1 ⌧
[↵l]+1
X

s=l

2

sm

✓

2

lr

2

sm

�

1− r

m

�

◆− 1
m

Pm
j=1

�

1
2+

1
p

0
j

�

�

�σ
s

(f)
�

�

p̄

⌧ 2

−l

r

m

Pm
j=1

�

1
2+

1
p

0
j

� [↵l]+1
X

s=l

2

sm

2

−s

�

1− r

m

�Pm
j=1

�

1
2+

1
p

0
j

�

�

�σ
s

(f)
�

�

p̄

⌧ 2

−l

r

m

Pm
j=1

�

1
2+

1
p

0
j

� [↵l]+1
X

s=l

2

2sm
2

−s

�

1− r

m

�Pm
j=1

�

1
2+

1
p

0
j

�

2

−sr. (14)

As a result of simple calculations, we conclude that

m−
⇣

1− r

m

⌘

m

X

j=1

 

1

2

+

1

p0
j

!

− r =

⇣

1− r

m

⌘

m

X

j=1

✓

1

p
j

− 1

2

◆

.

It follows from relation (14) that

J1 ⌧ 2

−l

r

m

Pm
j=1

�

1
2+

1
p

0
j

� [↵l]+1
X

s=l

2

s

�

1− r

m

�Pm
j=1

�

1
pj

−1
2

�

.

Since
2

p
j

− 1 > 0 and 1− r

m
< 0, we get

J1 ⌧ 2

−l

r

m

Pm
j=1

�

1
2+

1
p

0
j

�

2

l

�

1− r

m

�Pm
j=1

�

1
pj

−1
2

�

= C2

−lm

�

r

m

− 1
m

Pm
j=1

�

1
pj

−1
2

��

⇣ n
−
�

r

m

− 1
m

Pm
j=1

�

1
pj

−1
2

��

.
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Hence,

J1 ⌧ n
−
�

r

m

− 1
m

Pm
j=1

�

1
pj

−1
2

��

(15)

in the case where p
j

2 (1, 2), j = 1, . . . ,m.

It follows from inequalities (11), (12), and (15) that

kf − tk
q̄

⌧ n
−
�

r

m

− 1
m

Pm
j=1

�

1
pj

−1
2

��

in the case where p
j

2 (1, 2), j = 1, . . . ,m, for any function f 2 Hr

p̄

. Thus,

dT
n

(Hr

p̄

, L
q̄

) ⌧ n
−
�

r

m

− 1
m

Pm
j=1

�

1
pj

−1
2

��

for p
j

2 (1, 2), j = 1, . . . ,m. In view of the inclusion Br

p̄,✓

⇢ Hr

p̄

[see (1)], we find

dT
n

(Br

p̄,✓

, L
q̄

) ⌧ n
−
�

r

m

− 1
m

Pm
j=1

�

1
pj

−1
2

��

for p
j

2 (1, 2), j = 1, . . . ,m.

The theorem is proved.

Remark 3. In the case where p1 = . . . = p
m

= p and q1 = . . . = q
m

= q, Theorem 2 gives the results
obtained by A. S. Romanyuk and V. S. Romanyuk in [14].
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