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On simple modules with singular highest weights for so0y,1(K)

In this paper, we study formal characters of simple modules with singular highest weights over classical Lie
algebras of type B over an algebraically closed field of characteristic p > h, where h is the Coxeter number.
Assume that the highest weights of these simple modules are restricted. We have given a description of
their formal characters. In particular, we have obtained some new examples of simple Weyl modules. In
the restricted region, the representation theory of algebraic groups and its Lie algebras are equivalent.
Therefore, we can use the tools of the representation theory of semisimple and simply-connected algebraic
groups in positive characteristic. To describe the formal characters of simple modules, we construct Jantzen
filtrations of Weyl modules of the corresponding highest weights.

Keywords: Lie algebra, simple module, algebraic group, Weyl module, Jantzen filtration.

Introduction

The study of the structure of Weyl modules is one of the central questions of the representation theory
of simply-connected and semisimple algebraic groups in. positive characteristics. If the structure of the Weyl
modules is known, then it is easy to describe the formal characteristics of simple modules associated with them.
There is a remarkable Lusztig’s conjecture, which facilitates to describe the characters of simple modules. Its
validity is proved for sufficiently large characteristics of the ground field. In [1], Fiebig gave the upper bound
of the exceptional characteristics for Lusztig’s character formula. It depends on the root system and is far from
the Coxeter number of the root system. Furthermore, the description of the Kazhdan-Lusztig polynomials for
the antidominant elements of the affine Weyl group that appear in the Lusztig’s character formula is due to
the complicated calculations. In the restricted region, they are known only for small groups, such as SLs(K),
SL3(K), Sps(K), G2, SL4(K), Sps(K) m SO7(K). For nonrestricted elements, they are computed in some special
cases. Thus, the problem of a description of the formal characters of simple modules using the structure of Weyl
modules still remains of currentrinterest:

Let G be a semisimple, simply-connected algebraic group of type B; over an algebraically closed field of
characteristic p > h, where h is the Coxeter number, and g be a Lie algebra of G. In this paper, for all [ > 2,
we give the structure of the Weyl modules with singular highest weights for G with highest weights defined by
the dominant elements of the following subsets of the affine Weyl group W), of G :

Yi={y-1=1, yi=s05152---8; |1 =0, 1, - ,1};

Yo = {yi+; = s0s182--si51-1---si—;|j=1,2, --- |1 —2};
Zy={2-1=50,20=1, zi = yiso|i=1,2, - ,l};
Zy ={z14j = Y1505 = 1,2, -+ ;1 = 2}
Here s, 51, - -+, s; are the generators of W),. The affine Weyl group W, is a Coxeter group of type B, with the

following defending relations:

(sis))™7 =1, s2 =1, (sos))> =1 (i #1), (sos1)* =1, (1)
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where i, j € {1, 2, ---, I} and
1, ifi=j;
o 2, if|z’—j|>1;
TN 8, if i — gl =1and (i,5) ¢ {(I - 1,0), (1,1 - D}
4, if (4,5) € {1 — 1,0, (1,1 - 1)}.

Let R be an irreducible root system of type Bj, a1, as, -+ ,a; be the simple roots, and wy,ws, -+ ,w; be
the fundamental weights. Denote by h the Coxeter number of R. Let us shortly discuss the well-known results
on the structure of the Weyl modules for simply-connected and semisimple algebraic groups of type B;. In [2]
and [3], Braden and Jantzen described the structure of the Weyl modules with highest restricted weights of
the algebraic group of type Bs. The simplicity of the Weyl module V (sg - ¥) with the dominant highest weight
s - v, where v € C \ C1, was proved by Rudakov in [4, Theorem 2| for semisimple Lie algebtas over a field
of characteristic p > h. In [5], O’Halloran obtained a set of Weyl modules with a simple radical and described
their structure. In small characteristics, the Weyl modules with restricted highest weights were described for
By (p = 2) by Dowd and Sin [6], for Bs (p = 2,3) by Ye and Zhou [7], [8]. In [9], Arslan and. Sin studied the
nonrestricted case V' (2w;) and the Weyl modules with the fundamental weights in characteristic p = 2 for B,
whith [ > 2. The structure of the Weyl modules with highest weights in {rw; |0/ < r < p — 1} was calculated
by Cardinali and Pasini [10]. For the group of type By over a field of characteristic p > 0, in [11], Wiggins
calculated the structure of the Weyl modules with the highest weights in {rw; |0< 7 < p —1}. A similar result
was obtained by Cavallin for the groups of type B; over a field of characteristic p >2 and for the highest weights
in {2w1, w1 + 2wy, w1 +w; |2 < 5 <1} [12].

1 Notation and formulation of the main results

Before starting to formulate our results, we introduce:some notation and useful facts. Basically, we will
use standard notation. Let R be an irreducible root system of type B; and let G be a simply-connected and
semisimple algebraic group with root system R over an algebraically closed field K of characteristic p > h, where
h is Coxeter number of R. We assume that R C R!, whexe R is the field of real numbers. On R! there is the usual
euclidean inner product (-,-). This leads to the natural pairing (-,-) : R! x R — R given by (A, u) = (A, p"),
where v = ﬁu. If A ={aq,a9, - ,q;} is the set of simple roots and {e; |i = 1, 2, - -+, [} is the orthonormal

basis of R! then the positive roots of R can be.seen as a set [13]:

{os+aip & +aj=ci—g1|1<i<j<I-1}U
Rt = {aj+ t+ap=¢ili=1,2,---,1}JU (2)
{oi+- - Haj F 201+ 20 =g+ |1 <i<j <1}

Let T' C G be a maximal torus, and B be the Borel subgroup corresponding to the negative roots. We
denote by U the unipotent radical of B. The set X (T') of additive characters for T' can be seen as a subset of
R! with basis wy, wa, = ,wypsatisfying (w;, a;) = 0;5. The set X(T) also has the following property:

X(T)={NeR'|(\ a) € Z for all « € R}.

Any rational G-module can be considered as the direct sum of T-modules:

where V) = {v € V [tv = A(t)v, for all t € T'}. If V), # 0 we say A is a weight of V| and V), is a weight subspace
of V. In this case, the vectors of V) will be called weight vectors.
Let
X(M*T={Ae X(T)|(\a)>0foral a c R"}

be the set of dominant weights. If p € X (T')T is the half-sum of the positive roots, then it is easy to prove that

p=wi+ws+ - +uw. (3)
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We define the formal characters of V' by

Z dimy, Vet € Z(X @ Ze.

AEX(T) AeX(T)

Let Z be the set of integers, and my,mg, -+ ,my € Z. If A = ZZ 1 miw; € X(T) then, by (2) and (3), we
get
m;+1, ifa=a;, i=1,2,---,1;
ifa=aj+-+oj, 1<i<j=1,2--,1-1;
<>\+p7a>: 2m; + -+ 2my_1 +my + 21 — 20 + 1, (4)
fa=a;+--4+a, i=1,2,---, 1 —1;

M+ -+ my +2myp + -+ 2my_g oy + 20— 1 =7,
fa=a;+ 4o +2a01+ - +2q, 1 <i<j< L

Let A € X(T)* and H°(\) be the vector space over K of all regular functions f : G=+K satisfying:
F(bg) = Ab~Y)f(g), for allbe B, g € Gi
We define on H°(\) a G-module structure given by
gf(h) = f(hg), where f € H*(X);.9,h €G.

Also, it is well-known that H°(\) = Ind% Ky, where K, is a/one dimensional B-module defined by A € X(T)*
via the isomorphism B/U = T. Let L(\) be a maximal semisimple submodule (socle) of H%(\). Each L()\) is
a simple G-module and every simple G-module is isomorphic to.L(\) for some A € X (T)*. The Weyl module
V(A) with the highest weight A € X (T)* is isomorphic to H%(—wg(\))*, where wq is the maximal element of
the Weyl group W for R. There is the following Weyl character formula:

Zwew(_l)l(w)ew(Aﬂ)
ZwGW(_]‘)l(w)ew(p)

Let V be a G-module. We define a composition coefficient [V : L(\)] for A € X (T')" such that

Vi= > [V:LOILM)

NEX(T)+

X = VO [HE (V)] =

If [V : L(A)] # 0 then we say that'L(\) is a composition factor of V.
For a € Rt and n € Z letrus define the affine reflections s, , on X (T') by [14, I1.6.1]

San - A=A—(A+p,a) +npa for all A € X(T).

By W, denotethe affine Weyl group generated by all s, , with & € R™ and n € Z. The usual finite Weyl group
W of R appears as the subgroup of W, generated by the reflections s, o with a € R*.

Let g = wi = €1 be the unique highest short root of R. We will use the following notation: s, o := s; for
all i € {1, 2,+--, I} and sg := Sq,,1- Then the set of generators of Wis S ={s;|i =1, 2, ---, I} and the set of
generators of W, is S, = S U {so}.

We will also use the affine hyperplanes and the affine alcoves. For o € R* and n € Z we define

Hyn={ve R! | (v + p,a) = np}.

The set of affine alcoves A is defined as the set of connected components of

RA( U  Han)

aER, nEZL
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The fundamental alcove Cy € A is defined by
Ci={veR0< (v+pa)<pforalla € RT}.

We denote by C; a closure of C.
Let W, C W), be the set of dominant elements defined by

W, ={weW,|w-veX(T)" for any v € C1}.
The stabilizer st(\) of A € X(T') is the set
stA) ={we W, |w- A=A}

If stA) NS, = @7we say A is a regular weight, otherwise it is called a singular weight. Let A\ = w'- v, where
w € Wy and v € Cy. It is known that A is a regular weight if and only if v € C}.
Next we introduce some notation for singular weights. Let Hy := H,,1 and H; = H,, o for all

i€{1,2, -, 1} By Vi, iy, i, denote any element of C; \ C; satisfying the following conditions:
1) Vit ig, - im € H; N Hi2 NN Hz'm
2) Z.laiQa 7im€{03 13 ) l}v
3) i1 <dg < v <y
Hhyme{l, 2, -, 1+1}.

Let v € C1\ Cy. Denote by w, the (left) coset of the stabilizer st(v) confaining the element w € W,*. Then
W; = Uy ew: W An action of w, on v defined by W, - v = u - v for any w€w,. f w, - v € X(T)* we say w,
is dominant for v. Then, up to isomorphism, W, defines a simple G-module (respectively, a Weyl module) with

highest weight w,, - v. We will use notation w for the coset w, when wis fixed.
Let W' C W,f and v € Cy \ Cy. By definition, put

W' = {w,|w, -ve X(T)t andw € W'}

We say that W’ is the set of dominant elements of W' for v.
Now we formulate the main results of this paper.

Theorem 1. Let G be a simply-connected:and semisimple algebraic group of type B; (I > 2) over an
algebraically closed field K of characteristic p > hy where h = 2! is the Coxeter number. Suppose that v € C1\C4
and (Y1 UY2U Z1 U Zs)f # 0. Ifw, € (Y1 U¥aUZ; U Zs)} then x(w, - v) = [L(w, - V)] except in the following
cases:

(a) X(yz VO) [ ( )] + [ ( =1 VO)]? where i € {27 3,y 20— 2};
b) x(z2 - v1) = [L(Z2 - v1)] + [L(Yo «11)];

¢) x(Zi - 1) = [L(zi - )] £ [L(Zi=1 - v1)], where i € {3, 4, .-, 2l -3}
d) x(Zai—z - v1) = [L(Z2l-2 )] + [L(22l73 v + [L(m2i—z - 1))

(
(
(
(e) x(zi—1 - vi) = [L(Zi—1 -wi)] + [L(gi—1 - vi)], where i € {2, 3, ---,l};
(f) x(Zz—i—1 - vi).= [L(Zzi=i=t - vi)] + [L(Yzi—i—1 - v4)], where i € {2, 3, --- , | — 1}.

A result similar. to Theorem 1 was also obtained for simply-connected and semisimple algebraic groups of
type D [15] and C [16].

Corollary 1. Let g be a simple classical Lie algebra of type B; (I > 2) over an algebraically closed field K of
characteristicp > h, where h is the Coxeter number. Suppose that v € C; \ C; and (Y, UYo U Z; U Zo)F # .
Ifw, € (Y1 UYyU Z, U Zy)) then [L(w, - v)] = x(w, - v) except in the following cases:

(a) forallde {2, 3, -, 21 — 2},

(L@ - v0)] = >_ (1) x(T5 - wo);

(b) [L(z2 - v1)] = =x (%o - v1) + x(Z2 - 11));
(c) forallie {3,4,---,2l -3},

Lz v)] = (=1 'x@on) + (=1 I x(Z - n);
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(DIEEa )] = (D)2 73x (@ - 11) + Ly (1?2 7IX(F - 1) — XT3 - 1)
(€) [L(Zim1 - vi)l = =x(%i—1 - vi) + x(Zim1 - vi), where i € {2, 3, -+, I};
(f) [L(Zzimiz1 - vi)] = —x(Tai—izt - vi) + x(Zai—i—1 - vi), where ¢ € {2, 3, -+, | — 1}.

2 Preliminary results

Let V()A) be a Weyl module with highest weight A € X (T)*. Then there is a filtration of submodules

VA =V V) D V(A)2D--- (5)
such that V(\)/V(A\)! = L(\) and
j>0 a€ERT 0<np<(A+p,a)

where v,(m) = maz{i € N|p‘lm} [14, I1.8.19]. The filtration (5) is called the Jantzen filtration and (6) is called
Jantzen’s sum formula.

Let v = ajwy + asws + - -+ + quw; € X(T), where a; € Z for all j € {1, 2, --- , I}.
Lemma 1. Let y; € Y1 UY5 and v = 22:1 a;w;, where ay, --- , a; € Z. Then

(@) yo-v=_(p—ar— 222;5 a; —a; — 21+ 1wy + Zi‘:g a;ws;

(b) foralli e {1, ---, 1 — 2},

yzy: (p_Z;-:laj _2Z§;t+1aj — _2l+7/)w1_~_
Z;ZQ aj—1w; + (a; + aip1 + Dwipr+ Zé:iﬂ a;wj;

) y—1-v=_(p— 21‘21 aj —1— 1w + 21,4;12 aj—1w; + 2a—p+ ap+ 2)wy;
J J

(D) y-v=(p- Zé;ll aj — Dwi + Zé_:lg aj—1wj + (2a-1+ ar + 2)wi;
(e) forallie {1, ---,1—2},

_ Yiri v =(p— Zé;ifl a; — 1+ i)wi+
Z;;z;l aj—1Wj; + (al—ifl +aj—; + l)wl,i + Z;’:l—i—i—l a;jws.

Proof. (a) By (4), we have

y0~1/:1/7(<u+p,040>7p)040:y+(p7222;1a¢7a172l+1)w1:
(p«al 7222;5 a; — ay f2l+1)w1 +Zé=2 a;W;.

(b) We use induction on 4. By (4),

1
S1V = (7@1 — 2)&)1 + (a1 + as + 1)&)2 -+ Zaiwi.
i=3
Then
y1-v=s1-v—({s1-v+p,a) —pay =
31~V—|—(p—222;§ai —a;— 204 3)wy =
(p—ay — 22;; a; —a; — 20+ Dwy + (a1 + as + Dws + 22:3 a;w;.

Therefore, the statement is true for i = 1.

Suppose that the statement is true for all i < ¢, where t < — 2. By (4),

t—2 !
St V= Zajwj + (ap—1 +ar + D1+ (—ap — 2wy + (ar + agr1 + Dwpyr + Z a;w;.
j=1 j=t+2

By the induction hypothesis,

yeorv=(p—Yi_ja;— 23 ja; — 2+t — Dwi+
Sy 1wy + (@ +ar + Dwr + 35,y ajw;.
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Then
Y v=yp-1- (st v)=(p— Z;;Ql aj — (a—1 +ar +1) = 2(—ay — 2)—
2(ar + agpq +1) — 2 2234—2 a; — 21+t — 1wy + 23;12 aj—1w;+
(a—14+ar+1—ar — 2+ Dws + (ar + a1 + Dwepr + Zé’:t+2 ajwj =
(p— Z;Zl a; — 2 Z;;ltﬂ =20+ t)wy + Zﬁ':g a;—1wji+
(at—1 +ar + Dwepr + Zé:wz ajws.

(¢) By (4) we have

-3
S5_1-v= Zajwj + (a—2 + a1 + DXi—g + (—my—1 — 2)wi—1 + (2a1-1 + a; + 2)w;.
j=1

Then, the statement (b) for i =1 — 2 gives us

1—
Yi—1-V=y—2- (s1-1-v)=(p— Zj:?i a; — (aj—g +aj—1 +1)—

2(—0,[_1 — 2) — (2(11_1 +a; + 2) -1 - 2)UJ1+
Zé;zg ajwj+ (a2 +a—1+1—a—1 — 2+ Dwi—1 + (20121 + a; + 2)wpt
S e i = (p— Yy a4y — = Dwi + Yy aj_1w; + (23 F ar + 2)wr.

(d) By (4),

1-2
S V= Zajwj + (aj—1 + ap + Dwi—1 + (=a; =2)w;.
j=1

Then using the statement (c), we have

l_
yov=yio1 (s00v) = (p— S yay = (arey + ap + 1)—

(—ar —2) =1 — 1w + Z§;§ aj_1wj + (2(a=1 +ars 1) 4+ (—ag — 2) + 2w =
(2a;-1 + a1 + 2)w; + Zé’:t-{-Q ajw; =
(p— 22;11 a; — wr + Zi_:é aj Wi+ (2a1-1 + a; + 2)w;.

(e) By (4),

1-2
Sj_1 V= Z a;w; + (a—o+ a1+ Dwi—o + (—aj—1 — 2)wi—1 + (a1 + a1 + 2)w;.
j=1

Then using the statement (d), we have

-2 -2
v v =y (sl v) = @— Y a;— 1+ Dwi+ Y aj1w; + (a2 + a1 + Dwio1 + .
=1 =2

Therefore, the statement is-true for ¢ = 1.
Suppose that the statement is true for all ¢ < ¢, where t <1 — 2. By (4)

l—t—2
Si—t V=12 awj+ (@—t—1+a—¢ + Dwi—¢—1+

l
(—ar—t = 2)wi—t + (@1t + @—t41 + Dwimep1 + D5 440 QW5
By the induction hypothesis,

Yiyt—1-v = (p— Z;;tl a; —l+t— 1w+

Y @iy + (@ @rmesn F Dwien + 5 @05
Then o
Yipt "V = Yigt—1 - (S1—¢ V) = (p— Zj=1 aj — (aj——1 +ar—¢ +1)—
(—ar—t = 2) =1+t — 1w Zé_:tg_l aj—1wj + (a1—t—1 + ¢ )wi—¢+
!
(—ar—+ —2+ al—ltjlal—t-i-l +1+ 1)wl—tl+1t 4; D ity W =
(p — Ej_:l_ aj — l + t)wl + Ej_:Z_ aj_le-i-
!
(al—t—l + alft)wlft + Ej:lftJrl a;ws-

Mathematics series. Ne 1(105)/2022

o7



Sh.Sh. Ibraev, A.Zh. Seitmuratov, L.S. Kainbayeva

|
Lemma 2. Let z; € Z1 U Zy and v = Zl 1 a;w;, where ay, asg, -+, a; € Z. Then
(a) z1-v=a1w1 + (p—ay —as — 221 Bal a; — 2l + 2)ws + Zé:s QWi
(b) for alli e {2, 3, ---,1— 2},
zi~1/:(Z§:1aj+i—1)w1+( —a — 2ZJ QaJ a; — 20+ Dwa+
> e aj—1ws + (@i + aip1 + Dwigr + Z]=1+2 a;jwys
(€) 21 v = (X _ya;+1— 2w + (p—ar —2 z] paj—ap— 2+ Dws + 35 aj 1w + (2ai-1 + a4 + 2w

d) z-v= (22:1 a; +1—1w +(p—a — QEJ 2a] a; — 21+ ws + Zé;; aj_1wj + (2a;-1 + a; + 2)wy;
(e) foralli e {1, ---,1—2},

2pi-v=( l_l ! J+2Zj i ta+l+i—Dw+

‘ (p—ay — 22] 2aj al—2l+1)WQ+
Zé;’;laj,le—k(al i—1Fa— + 1w - rFZJ 1—i+1 jWj-

Proof. By definition, z; = y;so foralli € {1, 2, --- | 21—2}. Then z;-v = y;-(sg-v) foralli € {1, 2, --- | 21—2}.
Since sy = yo, using the statement (a), we have

i
SO'I/:(pfal7220@7@[7214’1)&]1%—2&1&)1.

Therefore,
-1 l
zi-l/zyi-((p—al—2Zai—al—2l+l)w1+2aiwi). (7)
i=2 =2
Thus, for all ¢ € {1, 2, --- , 21 — 2}, the statement of the lemma for z; follows from the corresponding statement
for y; of the Lemma 1 and from (7). O

Now we find a system of generators of a stabilizer of the elements v;, 4, ... ;.. € C1\ C1.

Lemma 3. Let S, be a system of generators of a stabilizer of v € 4 \Ci. If v = v;, 4,.... i,, then
SV = {Sila Sigy sim}'
In particular, if m =1 then S,, = {s;}for alli e {0, 1, 2, --- , I}.

Proof. The generators sg, s15.--- , 5; of W}, act on v as follows:

e V‘(<V+pa040>*p)060 if s = s
y 1,_{ V= (v + p, ai)ay ifie{l,2,---,1} (8)

If 1 = 0 then by definition vyg ;,,... e HoNnH;,,N---NH,, . Then

yim
(0,12, i + Py 000) =P
and
<V07i27"‘ 7inz + p7 a7/> = O
for all ¢ € {@2;~*- ,im . Therefore, by (8), the condition
SESVU7.2 _{SGS |S 10,ig,-- 7m:V07i21"'7im}

yields s € {s0, Sy, ==+, Si,, } C Sp.
If i1 # 0 then by definition v;, 4, ... 5,, € H;, N H;, N---N H;, . Then

<Vi17i2)"' jim T 05 ai> =0
for all i € {41,472, -+ ,im}. Therefore, by (8), the condition

s € SVil,i2,~-~.im = {S € SP | 8 Vigig, o i — 1/7;1,7;2;"':7;777,}

yields s € {si,, Siy, * 8i,, } C Sp. -
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Lemma 4. Let w e Y1UYs, v e Cy;\Cy and w-v € X(T)T.

(a) If w =1 then v € {v}.

(b) If w = yo then v € {vy, vo}.

(c) If w =y then v € {11, va, vy, 102}

(d) If w=1y;, where i € {2, 3, ---, 1 — 2}, then v € {v;, viy1, Vo, Vo4, Vo,i+1}-
(e) If w=y;—1, yi then v € {vi—1, v, vo, vo,1-1}-

(f) If w = yp4q, where i € {1, 2, --- , I — 2}, then

ve{v_i1, Vi—i, Yo, Voi—i—1, VO,l—i}-

Proof. (a) We prove that v = v, 4,....;,. € X(T)" if and only if m = 1 and 4; = 0. Indeedg if m = 1
and i; = 0 then v belongs to the upper closure of C, since (vy + p, ;) # 0 for all i € {1, 2, -+, 1} and
(vo + p, ) = p. Therefore 0 < (1o + p, ) < p for all & € A.

Conversely, if v = v;, 4y ... i, € X(T)T then (v4, iy, 4, +p, @) # 0 for all« € RT. In partieular, (v;, iy
+p,a) #0 for all @ € {a,, iy, -+, @y, }. Then

i1 =10y =+ =1py =0,

since

Vigsig,orim € C1\ C1.

Therefore, by the conditions 2) and 3) of the definition of v;, 4, .. we getim = 1 and ¢; = 0. This implies

tm

UV =1.

(0) Let v = vy, 4y ove iy, = 22:1 a;w; and v ¢ Hy. Then (v, 3,00 5% p, ) # 0for all a € {a;,, ayy, -+, a4, }-
This condition yields a;, = a;, = -+ = a;,, = —1. By the statement (b) of Lemma 1, yo-v € X(T)" if and only
if i1 =49 = -+- =4, = 1. Then by the conditions 2) and 3) of the definition of v;, 4, ... ;,., we get m = 1 and

i1 = 1. This implies that v = v;.

If v € Hy then 41 = 0 and (vg4y,... 4,, + P, @0) = p. Using (5) we get QZé;ll a; +a;+ 20 —1 =p. Then by

ylm
the statement (b) of Lemma 1, yo - v € X (T)" if and.only if iy =i3 = -+ =i, = 0. Then by the conditions 2)
and 3) of the definition of vy ;, ... 4,,, we get m = 1 andiy ='0. Therefore, v = vy.
Other statements are easily proved similarly as the previous statement. (I

For the elements of Z; U Zs, using Lemma 2, we have the following

Lemma 5. Let w € Zy U Zo, v € O \C) andw - v € X(T)7.
(a) If w = 2z then v € {1o, vy, o 3}.

(b) If w = 25 then v € {Vl, Vv, V3, Vo, V13, 10,2, 1/0,3}.

(¢) If w = z;, where ¢ € {3, 45 -+ , ' =2}, then

Ve {Vl, Vi, Vi1, V1,iy Y1,i+1, Vo, 10,i, Vo,i+1}-
(d) If w = 2152 then v efw, vi_1, vi, v11-1, V11, Vo, Vo,i-1}-
(e) If w = 244, whereied{l, 2, --- | | — 3}, then
v e {vi, Vimim1, Viei, V1i—i—1s V1,i—is Y0, V0,1—i—1 Y0,i—i }-

(f) If w = 29, 5 then v € {Vl, V2, V1,2, V0, V0,1, 1/072}.

By Lémmas 4 and 5, if (Y1 UYoU Z3 U Z3)} # () then
Ve {V07 Vi, Viy V1,i41, VO,i|i = 17 27 Tty l— 1}

We calculate the stabilizers of these elements v.

Lemma 6. The following statements hold:

(a) for all ¢ € {0,1,--- 1}, st(v;) = {1, s;};

(b) for all i € {3,4,--- ,1}, st(v1:) = {1, s1, S, $18:};

(c)for alli € {2,3,--- ,1 =1}, st(vo,) = {1, so, si, S08i};

(d) st(vi2) = {1, s1, 52, 5152, 5251, 515251 };

(e) st(vo1) = {1, so, S1, S150, S0S1, S15051, S05150, S1505150}-
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Proof. It follows from the defining relations (1) of the affine Weyl group W), and Lemma 3. O
Using Lemma 6, we can easily describe (Y1 UYoU Z; U Zsy)} for all v listed above. Below, we often omit the
index v of the element T, when v is a fixed element of Cy \ Ci.

Lemma 7. Consider the elements in {vg, vy, v, 1,141, V0|1 = 1,2,--- ,1 — 1}. The following hold:

(a) Y1UY2UZ1 U Zy)f ={7i|i=0,1, - 20 — 2}, where 7jg = {1, yo} and 7; = {ys, zi}:

(b) (Yl UYoUZy UZQ)erl = {%7 Y21-2, 71|Z =23, 21_2}a where o = {y07 yl}v Yar—2 = {y2l—2a y2[—251}
and Z; = {2, zis1};

(c)forallie{2,3,---,1—1},

(Y1 UY2UZ1 U Zo)) = {Wic1, Zict, Yai—im1, Z2i—i-1}

where 7,1 = {yi—1, ¥i}, Zic1 = {zi—1, i}, Yoi—ic1 = {yﬂﬂeh Yor—i} and Zai—;—1 = {Z21—i—1, Z21—i };
(d) MUY UZ1UZ)) ={wi—1, Zi_1}, where i1 = {11, i} w Z—1 = {211, 2}
(e) YiUYaU Z1 U Zo) = {Z31_3}, where

V1,2
Z2i—3 = {%21-3, Z21—2, %21-351, Z21—251, %21—35152, 221—25152};
(f) forallie {3,4,---,1—1}, YUY UZ, U Zg)j‘u ={%;_1, Zai—i_1}, where
Zicl = {%i—1, Zis 2i—151, ZiS1}s Zal—i—1 = {220—i—1, %20—i, Z20=i=1515221—i51}}

(g) Y1 UYoUZ1 U Zs)t = {z_1}, where z1_1 = {211, 21, 21-151, 2151}

Vi

(h) (YUY U Z; U Zg)j‘o,1 = {Y21_2}, where
Yoi—2 = {y2l72, 221—2, Y21-251, 221—251, Y21-25150, 221—-25150, Y21—-25150S, 22172818081};
(1) foralli e {2,3,---,1—1},
(Y1UYaUZ1 U Zo) = {Timn, Taii 1)

where 7;—1 = {yi—la Yiy Zi—1, Zi} and Yoi—i—1 = {yQZ—i—h Yol—iy 221—i—1, 221—1‘}-
Proof. Let w € Y1 UY, U Z; U Zs. By definition,

Wy ={wz |z € st(v)}. 9)
Then using (9) and Lemmas 4 — 6, we obtain the required statements. O

8 Proof of the Theorem 1

Using Lemma 7 and the sum formula (6), we can easily prove Theorem 1.
By sum formula. (6), for all cases listed in the statements (d)—(!) of Lemma 7,

Z[V(@- vy =0.
J>0
In thefollowing cases Y ;. o[V (w - v)’] is also trivial:
1) w e {Zl/T), y‘l} C (Y1 UYYQUZ1UZ2);_O;
2) we {%, Zgl_g} C (Yl UYouZy U Zg)j_l;
3 we{Wi—1, Jai—ic1; C 1UY2 U Z3 U Zg)ii, wherei € {2,3,---,1—1}
Hhw=7-1€(YV1UY2UZ 1 UZy) k.
Therefore, in all these cases x(w - v) = [L(w - v)].
Thus, it remains to prove only the statements (a)—(f).

(a) By the statement (a) of Lemma 7, 7o,, = {1, yo} and %;,, = {v:, 2z} for all i € {1,2,---, 2] — 2}
Therefore, x(vo) = x(yo - vo) and x(y; - vo) = x(z;) for all ¢ € {1, 2, ---, 2] — 2}. Then using the sum formula
(6), we have

Y V@)1= (1) @t v) (10)
>0 k=2
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for alli € {2, 3, -+, 2l — 2}. If i = 2 then by (10),
> V@, - v0)’] = x(@ - v0) = [L@1 - wo)]-
7>0

This implies that x(3 - v0) = [L(¥z - v0)] + [L(y1 - 10)]-
Now suppose that the statement (a) is true for all ¢ < ¢, where ¢ < 2] — 2. Then by (10),

%

S V@ w0)] = S D) FL@ET - vo)] + (L@ - vo)]) = (L@ - vo)]

>0 k=2

This yields x(7z - vo) = [L(¥ - vo)] + [L(Tz—1 - v0)]- So, the statement (a) is true for all i € {2, 3, ---

(b). By the statement (b) of Lemma 7, x(v1) = x(21 - ¥1) = 0. Then by (6),

o XsolVE )= (D)X )+
(1) E (7 ) + 06 = 20— 2)x(Taie - 1)

forall i € {2, 3, ---, 2] — 2}. If i = 2 then using (11), we get
>oV(E- n)] = xX(F - ) = [LTG - m))
Jj>0

This yields the statement (b).

2 — 2}

(11)

(¢). We use (11) and the induction on i. If ¢ = 3 then by (11)"and by the statement (b) of this Theorem 1,

we have ‘
Y WVEE- )] = —x@ - v) +x(Z ) = [L(zz - ).
3>0
This yields x(z3 - v1) = [L(z5 - v1)] + [L(Z2 - 11)].
Now suppose that the statement (c) is true for all 4 < t,/where ¢ < 2] — 3. Then by (11),

Y isolV (& - v0)’] = (1) (o - V1)+Zk S~ I () =
(Tl)[ (@ - v (=) 2 ([L(z2 - v1)] + [L(@ - 1))+
fos (D) LGz - )] + (L - m))) = (LS )

It follows that x(Zz-v0) = [L(Z;-vo)]+[L(Zz=1V0)]. Therefore, the statement (c) is true for all i € {3, 4, ---

(d). By (11),
20-3
> WV Erme)] = x(@ - ) + Y (=) X (Z ) + x(Tas).
7>0 k=2

Using the previous statements (b) and (c¢) of this Theorem 1, we obtain

2oV (Zi—z - w)] = [L(Go - v)] + (- 1)2175([13(72’ vi)] + [L(Yo - v1)])+
P (D)2 (L(z - )] + (L@ ) + L@z - )] =
[L(Zz—5 - 1)) + [L(y2l 2-v1)]

It follows that x(Zzi—2 - 1) = [L(Zz1—2 - 1)] + [L(Z2i=3 - v1)| + [L(Tai=2 - 11)]-
(e). Let i € {2, 3, - -+ , I}. By the statement (¢) of Lemma 7,

x(vi) = x(y; - vi) = x(zj -vi) =0
forall j € {0, 1, ---,7—2}. Then by (6),
> IVET v =X w)

3>0
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forallie {2,3,---,1}. So, foralli € {2,3,---, 1},
X(ziz1 - vi) = [L(z=n - v)] + [L(mima - v))-
(f).- Let ¢ € {2, 3, --- | — 1}. By the statement (c¢) of Lemma 7,

x(vi) = x(y; - vi) = x(zj - vi) =0

forall j € {0,1,---,i—2}U{i+1,i+2,---,2l —i—1} and x(zi_1) = x(%;). Then by (6),
> VEm - v)] = x@ai1 - vi)
§>0

forallie {2,3,---,1—1}.So, foralli € {2,3, -1 —1},

X(Z2i—im1 - vi) = [L(Zai—im1 - vi)] + [L(Gai—i—1 - vi)]-
The proof of Theorem 1 is complete. [

Remark 1. Let (YL UYaU Z1U Zo)F # 0. If v lies in the intersection of two hyperplanes.then, by Theorem 1,
all Weyl modules with highest weights w - v with w € (Y; UY2 U Z; U Z3) are simple.
From the proof of Theorem 1 we immediately obtain the following

Corollary 2. Let G be a simply-connected and semisimple algebraic group’of type B; (I > 2) over an
algebraically closed field K of characteristic p > h, where h istthesCoxeter number. Then the Weyl modules
with the following highest weights are simple:

( ) o, yil o;

(b) Yo - 1/1,5 V1, Zo1—2 * V1;

(¢) iz1 - vi, where i € {2, 3, l};

(d) Yai—i—1 - vi, where i € {2 3, -, =1}

(e) Z21—3 - V1,2,

(f) Ziz1 - vi4, Zai—i—1 - 1,4, where i € {3, 4, .-+, I —1};
(8) Zim1-vips

(h) y2l 210,15

(1) Yi—1 " V0,ir Y21—i—1 " V0,i5 where 7 € {2 3 Y — 1}

Remark 2. Tt is known that; in the restricted region, the differential of each simple G-module is a simple
g-module, where g is the Lie algebra of G. Therefore, Corollary 2 generalizes the Rudakov simplicity criterion [4,
Theorem 2| for semisimple Lie algebras of type B;. The Weyl module V (7g - v1) satisfies the Rudakov simplicity
criterion. In all other cases the highest weights obtained in Corollary 2 do not satisfy the Rudakov simplicity
criterion.

Using Lemmas 1. and 2, one can easily describe highest weights of the simple Weyl modules listed in
Corollary 2. For example, by definition, g - 11 = yo - ¥1, and vy satisfies the condition (14 4 p, 1) = 0, since

vy € Hy. If we write 1) = 22:1 a;w; then the above condition yields a; = —1. Then by the statement (a) of
Lemma 1,
-1 !
Yo v =Yo V= (prZaj —aq 721+2)w1+2ajwj,
j=2 j=2

where QZJ 2aj—|—al+21 3 <p.

Remark 3. The simplicity of the following Weyl modules for the algebraic group of type B, was proved
in [11, Theorem 1, (d)]:

o V((p—4)ws) =V (z2-11,3), where vy 3 = —wy — w3 + (p — 4)wy € Hy N Hs;

e V((p—5)wy) =V(y1-1p,2), where vy 2 = —wa + (p — 5)ws € Hy N Hy;

e V((p—06)wy) =V(ygo-11), where v; = —wq + (p — 6)ws € Hy;

e V((p—T)wy) =V (vg), where vy = (p — T)ws € Hp.

Thus, Corollary 2 gives several new examples of simple Weyl modules for the algebraic groups of type B;.
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[II.ITI. bloepaes, A.ZK. Ceiirmyparos, JI.C. Kannbaera

Kopxwim Ama amwimdazer Kosviiopda yrusepcumemi, Kusviiopda, Kasaxcmar

509,+1(K) yirin cuHryssip yjkeH cajMaKThbl Kol MOAYIbJep TYPaJbl

Makanana cunarramacsl p > h, myugarsl h — Kokcrep canbl 6osarbiH anrebpasiblk, TYHBIK, epicreri B
Typingeri KiIaccukasblK JIu aarebpachbHbIH CHHIYIISP YIKEH CAJMaKThI 2Kofl MOAYJIbaepiHiy dpopMasasl xa-
paxTepsiepi 3eprresii. Byur kol Moy IbIepIiH, YIKEH caJMaKTaphl MeKTereH jem ecenresinei. OQuapabiy
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dopmasiipl XapakTepsepiHia cunartamackl oepinmi. lepbec karnaiima, kot Beitnb Momynbaepiniy xaHa
MbIcaaapsl aabiHAbl. [llekTesnren canMakTap KarqaiblHIa aJIredpasiblK Ipynnaasap MeH oapasy Jlun an-
rebpaJiapbIHbIH KOPiHicTep Teopusichl SkBUBaIeHTTI. COHIBIKTAH, OH CHMATTAMaJbl ©picTep/Ieri KapThliait
Kol GipbaitlaHbICKAH aarebpasIblK, IPYIIaJIapIblH, KOPIHICTED TEOPUsICHIHBIH, 9iCcTepi Ko maHblIraH. 2Koit
MOJIYIbAEPIiH (bOpMAaJIIbl XapaKTepJepiH CHIATTay YIIIH YIKEH CaJMarbl COMKec KeseTiH Belyb Moiysib-
nepinig AureH QUIAbTPAIUACHH KYPYy HalIaIaHbLIaIbl.

Kiam cesdep: JIn anrebpacsl, Kot MOY/b, anrebpaJbiK, rpymna, Beiib Moy, SHIEH DUIBTPAIUSICHL.

[II.I1I. Ubpaes, A.ZK. Ceiirmypatos, JI.C. Kaunbaera

Kuwizvinopouncrkuti ynusepcumem umeny Kopxom Ama, Kuswaopda, Kazaxcmamn

O mpocThIX MOJIYJISIX CO CTAPIINM CUHTYJISPHBIM BecoM Jijisi 509 1(K)

10

64

B crarbe n3ydens! opMasbHbIe XapaKTEPBI IPOCTHIX MOJTIYJIEI CO CTAPIIIIM CUHIYJIPHBIM BECOM KJIACCHIEC-
Koit anrebpwl Jlu Tuna B Ham anrebpanmdeckun 3aMKHYTBIM ITOJIEM XapaKTEPUCTHUKU p > h, rtne h — gumcio
Kokcrepa. IIpemmomnoxkeno, 9To crapiinye Beca 3TUX [IPOCTBIX MOJLyJIeil OrpaHUYEHbl. ABTOPAMY OIMUCAHBI UX
(dopMaJibHBIE XapaKTepbl. B 4acTHOCTH, MOJIyYeHbl HOBbIE NIPUMEPHI MPOCTBIX MOy e Beitisa. B obmactu
OT'PAHUYEHHBIX BECOB TEOPWU MPEACTABICHUN ajredbpanmdecKux rpymnn u uX aaredp Jlu sksuanentbr. [lo
9TOI NPUYUHE MOXKHO IPHUMEHSTH MHCTPYMEHTHI TEOPUU IPECTABJIEHUIA MTOJLYIPOCTHIX OJIHOCBSI3HBIX AJI-
rebpandeckux TPy B MOJOKUTETBLHON XapakTepuctuke. [Ijish onucanust (hopMaIbHBIX XapaKTEPOB TPOC-
TBIX MOJYJIeHl MCIIOIb30BaHA KOHCTPYKIUS (buiibTparun SlHiena Momynei Beiisisi cooTBETCTBYIONNX CTap-
IIUX BECOB.

Karouesvie caosa: anrebpa Jlu, mpocToit Mojysib, ajrebpandeckasi pyIna, MOyJib Beiiss, uabrpalms
Aunena.

References

Fiebig, P. (2012). An upper bond on therexceptional characteristics for Lusztig’s character formula J.
Reine Angew. Math., 673, 1-31;

Braden, B. (1967). Restricted representations of classical Lie algebras of type As and Bo Bull. Amer.
Math. Soc., 73(3), 482-486.

Jantzen, J.C. (1977). Darstellungen halbeinfascher Gruppen und kontravariante Formen J. Reine Angew.
Math., 290, 117-141.

Rudakov, AN. (1978). Razmernosti nekotorykh neprivodimykh predstavlenii poluprostykh algebr Li
klassicheskogo tipa nad.polem konechnoi kharakteristiki [Dimensions of some irreducible representations
of semisimple Lie algebras of classical type over fields of finite characteristic]. Trudy Seminara imeni
L.G. Petrovskogo— Proceedings of the seminar of I.G. Petrovsky, 3, 147-160 [in Russian].

O’Halloran; J. (1981). Weyl modules and cohomology of Chevalley groups Amer. J. Math., 103(2), 399—
410.

Dowd, M.F., & Sin, P. (1996). On representations of algebraic groups in characteristic two Comm.
Algebra., 24(8), 2597-2686.

Ye, J., & Zhou, Z. (1999). Irreducible Characters of Algebraic Groups in Characteristic Two (II) Algebra
Colloguium, 6(4), 401-411.

Ye, J., & Zhou, Z. (2001). Irreducible Characters of Algebraic Groups in Characteristic Three Commun.
Algebra, 29(1), 221-223.

Arslan, O., & Sin, P. (2011). Some simple modules for classical groups and p-ranks of orthogonal and
Hermitian geometries J. Algebra, 327(1), 141-169.

Cardinali, I., & Pasini, A. (2014). On certain submodules of Weyl modules for SO(2n + 1;F) with
char (F) =2 J. Group Theory, 17(4), 559-588.

Bulletin of the Karaganda University



On simple modules ...

11 Wiggins, E. (2016). Weyl modules for simple algebraic groups of type By and Dy Comm. Algebra, 44(9),
4001-4025.

12 Cavallin, M. (2017). Structure of certain  Weyl modules for the Spin  groups.
https://arxiv.org/pdf/1704.01803.

13 Bourbaki, N. (2011). FElements of Mathematics. Lie groups and Lie algebras: Chapters 4—6. Berlin
Heidelberg: Springer.

14 Jantzen, J.C. (2003). Representations of algebraic groups, second ed. Mathematical Surveys and
Monographs, 107, Amer. Math. Soc.

15 Ibraev, Sh.Sh. (2019) Submodule structure of some Weyl modules and the cohomology for SOz (K) Comm.
Algebra, 47(9), 3735-3764.

16 Ibraev, Sh.Sh. (2019). On Weyl modules with singular highest weights for algebraic groups of tye C;
Kazakh Math. Journal, 19(4), 79-97.

Mathematics series. Ne 1(105)/2022 65





