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A note on well-posedness of source identification
elliptic problem in a Banach space

We study the source identification problem for an elliptic differential equation in a Banach'space. The exact
estimates for the solution of source identification problem in Hélder norms are obtained. In applications,
four elliptic source identification problems are investigated. Stability and coercive stability estimates for
solution of source identification problems for elliptic equations are obtained.
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Introduction

Several source identification problems for partial differential equations have been extensively inve-
stigated by many researchers (see [3,4,8-11;14,15, 17-19| and the bibliography herein). Well-posedness
of nonclassical boundary value problems for various partial differential and difference equations was
established in a number of publications (see [1]-[22] and references therein).

Large number of the source identification problems for an elliptic differential equations can be
written as the source identification problem for the second order differential equation

—u'(t) + Au(t) = f(t) +p, 0<t<]1,
(1)
w(0) = u(1), 4/ (0) =u(1),u(N) =& X e (0,1)

in an arbitrary Banach space E with a positive operator A. Here parameter p € E and abstract
function u :[0,1} — E are unknown and element & € D(A) and abstract function f : [0,1] — E are
given.

Let Ei C E and F(E) be the Banach space of E—valued smooth functions on [0, 1]. We say that
the pair {u(t),p} is the solution of the source identification problem (1) in F'(E) x Ej if the following
conditions are valid:

(i) p € E1,u"(t) € F(E), Au(t) € F(E),

(ii) {u(t),p} is satisfied the equation and all three conditions of (1).

In the present paper, theorem on well-posedness of the source identification problem (1) in Holder
spaces is established. In applications, stability and coercive stability estimates for solution of the four
type of source identification problems for elliptic equations are obtained.
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Stability and coercive stability estimates

Denote by C5;*(E) (0 < o < 1), the Banach space obtained by completion of the set of E—valued
smooth functions ¢(t) defined on [0, 1] with values in F in the norm

Ielemesy = Mol + s 71— 0%+ 1) lp(t +7) = o0l 5.
0<t<t+7<1

where C'(E) is the Banach space of all continuous functions ¢(t) defined on [0, 1] with values'in E

equipped with the norm
liellogs = max oo

Assume that v(t) is the solution of the nonlocal boundary value problem

—"(t)+ Av(t) = f(t), 0 <t <1,

(2)
v(0) =v(1), v'(0) =/(1)
Then, for the solution of problem (1) we have the following formulas
u(t) = v(t) + A 'p, (3)
p = AE — Av(A): (4)

Therefore, the following algorithm can be used to find the solution of problem (1):

(1) Find the solution v(¢) of nonlocal boundary value problem (2).

(2) Use (4) to obtain the source element p of source identification problem (1).

(3) Applying (3), obtain the solution wu(t) of source identification problem (1).

It is known that the operator B = A> is the strongly positive operator for any positive operator
A. Therefore, the operator —B will‘be a generator of an analytic semigroup exp —tB (¢t > 0) with
exponentially decreasing norm (se€|7]), when ¢t — oo, i.e. there exist some M (B) € [1,+00),
a(B) € (0,400) such that the following estimates

lexp(—tB)| g, < M(B) exp(—a(B)1), (5)
[£B exp(=tB)||p_,p < M(B)exp(-a(B)t)(t > 0), (6)
Il g < M(B) (1 — exp(—a(B))) ™ (7)

aré satisfied. Here T = (I — exp(—B))~L.
The solution of direct problem (2) is defined by (formula (1.7) [1])

1
v(t) = 1B 1T exp(— (1 — t) B) Ofexp(—sB)f(s)ds (8)

¢ 1
+3B71 Z)fexp(— (t—s)B)f(s)ds + B! 1[exp((t —8)B)f(s)ds
1

+ 4B Texp(—4B) [ exp(— (1= ) B)f(s)ds
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From (4) and (8), it follows that

p=A¢ — 3BT exp(—(1—\)B) Oflexp(sB)f(s)ds 9)
A 1
—%Bofexp(— (A—3s)B)f(s)ds — %B{exp(()\ —8)B)f(s)ds

ABTexp(—B) [ expl— (1 - ) B 5)ds

Finally, by using formulas (8), (3) and (9), we can obtain u(t).

Now, we formulate result on well-posedness of the source identification problem (1) in the space
Cor" (E).

Theorem 1. Assume that £ € D(A) and f(t) € Cpi"(E),0 < o < 1. For the solution {u(t), p} of
the source identification problem (1) the following stability inequality

lllosy + 114705 < M [lgl s + 171 S (10)
and coercive inequality
"oy e) + I Aul g s + Ipls < MUABIE W Sigy 1l g e (11)

hold, where M is independent of o, and f(t).

The proof of Theorem 1 is based on the formula (3) and estimates (5) and (7) on the Theorem on
well-posedness of the nonlocal boundary value problem (2) [1].

Note that same results can be established. for.the solutions of the general source identification
problems

—u"(t) + Au(t) = f(t) +p, 0< t <1,

N
w(0) = 3 aju(ty) +, v'(0) =u'(1) +,u(r) =& A€ (0,1),
j=1
where 0 < t1 < ... < ty <1, if the operator
N
J— 2B _ Zaj (efth e (@t)B _ ~(1-t;)B | 67(1+tj)3)
j=1
has a bounded inverse in £ and

—u"(t)+ Au(t) = f(t)+p, 0<t<1,

=2

u(0) = u(1) + ¢, u'(0) = 1%’”’(%’) +,ud) =&, A€ (0,1),

where 0 < 51 < ... < sy < 1, if the operator

N
(I _ 6—3)2 B Zaj <e—3jB 4+ (2=5)B _ ~(1=s;)B _ e—(1+sj)B>
j=1

has a bounded inverse in FE .
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Applications

In this section, we consider the applications of Theorem 1. First, we study the source identification
problem for the two dimensional elliptic differential equation with nonlocal boundary conditions

2u(t,x 2u(t,x
—Qultr) 8&3’ ) _ a(ac)a 83(:27 ) du(t,z) = f(t,x) + p(x),

0<t<1,0<x <,
(12)
U(O,J)) = u(l,x),ut(O,x) = ut(la'r)a U(}\,$> = 6(1‘),0 S x § la

u(t,0) = u(t, 1), uy(t,0) =wuy(t,l), 0<t <1,

where a(x), £(z) and f(t,x) are given sufficiently smooth functions and a(z) >0, 0 <A< 1,6 > 0 is
a sufficiently large number. Assume that all compatibility conditions are satisfied.

We introduce the Banach spaces C?[0,1] (0 < 8 < 1) of all continuous functions p(z) satisfying a
Holder condition for which the following norms are finite

lp(z + 1) = p(z)]
I ¢ llespg=l ¢ lcoyg +  sup 5 ,
0<z<z+7<I T

where C[0, 1] is the space of the all continuous functions (&) defined on [0,!] with the usual norm

I % llcog= g le(@)|.

Theorem 2. For the solution of the source identification problem (12) the following stability and
coercive stability estimates hold:

lulleespon = M(B) [HEHCB[O,Z] + 1 flleespon | -
||U||c§1+a»a(cﬁ[o7l]) + ||UHC&’Q(C’ﬁ+2[O,l]) + ||p”0ﬁ[0,l]

M
swat a1/ log oo + M (B) 1€l csvaroy
where M () is independent of a; {(z) and f(t,2),0<a <1, 0< B < 1.
The proof of Theorem 2 is'based on the Theorem 1 and the positivity of the elliptic operator A in
CB10,1 [7].
Second, we nvestigate the source identification problem on the range {0 <t <1,z € R"}

(Cunte)+ Y (@) u(t,x) + du(t,x) = f(t,x) + p(z),

l 1
ll|=2m 8x11...8zn"

O0<t<1l,xze€ R,

u(0,2) = u(l,z),u(0,2) = u(1,x), u(\,z) =¢&(z),z € R"

for the 2m—order multidimensional elliptic equation, where a;(z) (I = (I1,...,1),|l| =0,...,2m) and
&(z) are known sufficiently smooth functions, a;(x) > 0, and 0 < A < 1, 6 > 0 are given real numbers.
Assume that all compatibility conditions are satisfied and the symbol

FP Q)= > a,0) ()" ... (i)™, ¢=(¢1,---,Cn) € R

[l|=2m
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of the differential operator
. olll
B = Z az(C)W (14)
li|=2m 1Otn
acting on functions in the space R™, satisfies the inequalities

0< My [¢]P™ < (—1)™F"(¢) < Ma |¢]*™ < o0,

for ¢ # 0.
Theorem 3. For the solution of the source identification problem (13) the following stability and
coercive stability estimates are satisfied:

lelloenrmy < M) [1Ellougam + 1 lownrny)] -

I
ull g2 g gy + PRI £ lplle. -
o (CH(R™)) [1|=2m aﬁlll"'axil Coi™(CH(R™)) C.
M) olle
< Qo n M D1 A ln
< atey M llegrenamm + M) 3 Ngm o | e

where M (u) is independent of «, {(z) and f(¢,2),0 < o <1y 0 < < 1.

The proof of Theorem 3 is based on the Theorem 1 and the positivity of the elliptic operator A*
in C*(R™) |7] and the coercivity estimate for an operator A%.in C*(R") [8|.

Third, let Q = (0,1)" be the open cube in R" with suitable boundary S, Q@ = QU S. In [0,1] x Q,
we study the source identification problem

7

M=

_Utt(ta «75) - ak(x)uxkzk (t, x) o+ 5u(t7 x) = f(tv x) +p(x),

k=1

x = (21, .. @y) € WO <t <1,

u(0,2) =w(l,z),u(0,2) = u (1, x), u(\,z) =£&(z),x € Q,

| w(t,z)=0,0<t<1,zes

for the multidimensional elliptic equation. Here a,.(z) (z € Q) and o(z), ¥(z), £(z) (z € Q) are given
sufficiently smoeoth functions, and 0 < A < T, § > 0 are known numbers. Assume that all compatibility
conditions are satisfied.

Denote by Cgl(ﬁ)(ﬂ = (B1,..,6n),Bi,1 < i < n), the Banach spaces of continuous functions
satisfying a Holder condition with weight xf’“(l —axp —h)%,0 < < x4+ hp <1,1 <k <nand the
indicator 8 which equipped with the corresponding norm

”f”cgl(ﬁ) = Hch(ﬁ)

n Bri
+ s fen) = @ (E) 1= m - b
0 < xp< xzp+he <1, k=1
1<k<n
It is well known that the differential expression
n
A%y = — Zak Ugpay, + OU (16)

k=1
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defines a positive operator A” acting on C’gl () with domain D(A%) C C’gfr () and satisfying the
boundary condition v =0 on S.

Theorem 4. For the solution of the source identification problem (15) the following stability and
coercive stability estimates hold

lullogem @y < M) [ legen @) + 1llon @) (17)

n
||U||c§;r”’a(cgl(§)) + kgl ||uxkxk Hcgf(cgl(ﬁ)) + ||pHc(‘)‘1(§)

M
< atttay I loge g @) + M) 1€l ey

O<a<lyu= (1) 0<p; <1, 1<i<n,

where M (p) is independent of «, &(x) and f(t,x).
Fourth, in [0, 1] x €, we consider the source identification problem

;

et 2) = 32 k(@) (1) + Dult,7) = FltRap(a)

re0<t<,

u(0,2) = u(l,z),u(0,2) = u (1, x), u(A @) = &(x),x € Q,

L %u(t,x):(), 0<t<1, z€8

for the multidimensional elliptic equation. Assume that all compatibility conditions are satisfied. The
differential expression (16) defines a positive operator. A* acting on C’gl (©2) with domain
D(A*) C Cgfr h (€2) and satisfying the boundary condition 8%‘ = 0 on S. Therefore, by using Theorem
1, we can get the following result.

Theorem 5. For the solution of the source identification problem (19) the stability and coercive
stability estimates (17) and (18) respectively are valid.

Conclusion

In the present paper, the well-posedness of the source identification problem for the abstract elliptic
equation in Banach spaces is investigated. The exact estimates for the solution of this problem in Holder
norms are established. In future investigation, absolute stable difference schemes for approximately
solution of the source identification problem for elliptic differential equations will be constructed and
investigated.

Acknowledgement

The publication has been prepared with the support of the "RUDN University Program 5-100".

References

1 Ashyralyev A. On well-posedness of the nonlocal boundary for elliptic equations / A. Ashyralyev
// Numer. Funct. Anal. Optim. — 2003. — 24. — P. 1-15.

2 Ashyralyev A. A note on the Bitsadze-Samarskii type nonlocal boundary value problem in a
Banach space / A. Ashyralyev // J.Math. Anal.Appl. — 2008. — 344. — P. 557-573.

MATHEMATICS series. Ne 3(99)/2020 101



A.Ashyralyev, C.Ashyralyyev, V.G.Zvyagin

10

11

12

13

14

15

16

17

18

19

20

102

Ashyralyev A. On the problem of determining the parameter of a parabolic equation /
A. Ashyralyev // Ukrainian Mathematical Journal — 2011. — 62. — P. 1397-1408.

Ashyralyev A. On well-posedness of nonclassical problems for elliptic equations / A. Ashyralyev,
F.S.0. Tetikoglu // Math. Methods Appl. Sci. — 2014. — 37. P. 2663-2676.

Ashyralyev A. On the problem of determining the parameter of an elliptic equation in a Banach
space / A. Ashyralyev, C. Ashyralyyev // Nonlinear Anal. Model. Control. — 2014. — 19. —
No. 3. — P. 350-366.

Ashyralyev A. New Difference Schemes for Partial Differential Equations, Operator Theory
Advances and Applications / A. Ashyralyev, P.E. Sobolevskii. — Birkhauser Verlag, Basel,
Boston, Berlin, 2004. — 444 p.

Ashyralyev A. Well-Posedness of Parabolic Difference Equations, Operator Theory Advances and
Applications / A. Ashyralyev, P.E. Sobolevskii. — Birkh&user Verlag, Basel, Boston, Berlin, 1994.
— 364 p.

Ashyralyyev C. Numerical solution to Bitsadze-Samarskii type elliptic overdetermined multipoint
NBVP / C. Ashyralyyev // Bound. Value Probl. — 2017. — 74. = P. 1-22.

Ashyralyyev, C. Approximate solution for an inverse problem of multidimensional elliptic
equation with multipoint nonlocal and Neumann boundary ‘conditions / C. Ashyralyyev,
G. Akyuz, M. Dedeturk // Electron. J. Differential Equations. — 2017. — 197. — P. 1-16.

Ashyralyyev C. Stability estimates for solution of Neumann type overdetermined elliptic problem
/ C. Ashyralyyev // Numer. Funct. Anal. Optim. — 2017. — 38. — No.10. — P. 1226-1243.

Ashyralyyev C. Well-posedness of Neumann-type elliptic overdetermined problem with integral
condition / C. Ashyralyyev, A. Cay // AIP Conference Proceedings. — 1997. — No. 020026.
Avalishvili G. On a nonlocal problem with integral boundary conditions for a multidimensional
elliptic equation / G. Avalishvili, M. Avalishvili, D. Gordeziani // Applied Mathematical Letters.
— 2011. — 24. — P. 566-571.

Berikelashvili G. On the convergence rate of a difference solution of the Poisson equation with
fully nonlocal constraints / G. Berikelashvili, N. Khomeriki // Nonlinear Anal. Model. Control.
— 2014. — 19. — P. 367-381.

Kabanikhin S.I. Inverse and 1ll-Posed Problems: Theory and Applications / S.I. Kabanikhin. —
Walter de Gruyter, Berlin, 2011.

Kabanikhin S.I. Theory and numerical methods for solving inverse and ill-posed problems /
S.I. KabanikhingM:A. Shishlenin // J.Inverse Ill-Posed Probl. — 2019. — 27. — P. 453-456

Kozhanov A.I.Nonlogal problems with integral conditions for elliptic equations / A.I. Kozhanov
// Complex variables and elliptic equations. — 2019. — 64. — P. 741-752.

Orlovsky D.G. Inverse problem for elliptic equation in a Banach space with Bitsadze-Samarsky
boundary value conditions / D.G. Orlovsky // J.Inverse Ill-Posed Probl. — 2013. — 21. — P. 141-
157.

Orlovsky D.G. The approximation of Bitzadze-Samarsky type inverse problem for elliptic
equations with Neumann conditions / D.G. Orlovsky, S.I. Piskarev // Contemporary Analysis
and Applied Mathematics. — 2013. — 1. — No. 2. — P. 118-131.

Samarskii A.A. Numerical Methods for Solving Inverse Problems of Mathematical Physics, Inverse
and Ill-posed Problems Series / A.A. Samarskii, P.N. Vabishchevich. — Walter de Gruyter, Berlin,
New York, 2007.

Sapagovas M. On a nonlocal problem with integral boundary conditions for a multidimensional
elliptic equation / M. Sapagovas, V. Griskonien, O. Stikonien // Bound. Value Probl. — 2019. —
94.

Bulletin of the Karaganda University



A note on well-posedness of source ...

21 Sapagovas M. Application of m-matrices to numerical investigation of a nonlinear elliptic equation
with an integral condition / M. Sapagovas, V. Griskonien, O. Stikonien // Nonlinear Anal. Model.
Control. — 2017. — 22. — P. 489-504.

22 Skubachevskii A.L. On a nonlocal problem with integral boundary conditions for a multidimensio-
nal elliptic equation / A.L. Skubachevskii // Russian Mathematical Surveys. — 2016. — 71. —
P. 801-906.

A. Amrpaseie, Y. Ambipassies, B.I. 3sarun

Banax keHicTirinze JepeKKe3/1l COKeCTeHIipye
JIJINTICTIK €CEeNTiH KOPPEKTILJIIri TypaJibl eCKepTy

Banax kericririamge smmncTik guddepeHnnaliibiK, TeHIey VIIH IePEeKKO3/Il COMKeCTeH 1Py MoCeieci Kapac-
TBHIPBIIFaH. XeJJIep HOPMAaChIHIA JEPEKKO3IEPl CONKECTEeHIIpy eCcebiH ety YImiH Mo/ 6aFaMbl aJIbIHIbL.
Kocpivmmanapia nepekke3ai coffkeCTeHIIPY/IiH TOPT JUIUICTIK ecebi 3epTTereH. DJITHACTIK TeHIAeY VIIiH
JEePEKKO3JeP/Il COMKECTEH Iipy ecebiH Ierny YIIiH MoXKOYpPJi OPHBIKTBLIBIK, KOHE OPHBIKTHLIBIK, OaraMbl
AJILIHFAH.

Kiam cesdep: KOPPEKTIIiri, SJIUIICTIK TEHIEY, TO3UTUBTI, MoXKOYPJIi OPHBIKTBLIBIK, JTEPEKKO3/I1 ColiKeCTeH-
Iipy, mos1 6araMbl, MIETTIK ecelr.

A. Amprpaseie, Y. Amsipassies, B.I'. 3sarun

3aMevaHre 0 KOPPEKTHOCTH DJIJIUIITUYIECKO 3a1a4um
NAeHTU(PUKAINN NCTOYHNKA B BaHAXOBOM HPOCTPAHCTBE

HccnenoBana npobsemMa naeHTUMUKAITUT UCTOYHUKA JIJIS SJTUITHIECKOTO TuddEepeHINaTLHOI0 YPaBHEHN S
B GaHaxoBOM IpocTpaHcTBe. [loTy9eHbl TOYHBIE ONEHKU JIJIsI PEIIEHMsT 3a1a9¥ UIeHTH(MUKAIIUNT UCTOYHU-
Ka B HOpMax Xejjaepa. B IPWIOKEHUSIX MCCIETOBAHBI YETHIPE IJITUINTHIECKUX 3aJa4UN WUICHTUPUKAITUN
uCTOYHUKA. [10/IyIeHbI OIEHKM YCTOWYNBOCTU U KOIPIUTUBHON YCTONYMBOCTH JIJIsl PEIIeHUs] 33,184 UIEHTH-
dUKaIMKY UCTOYHUKA JIJIS SJUIHITAYECKUX YPABHEHUN.

Karouesvie crosa: KOPPEKTHOCTD, IJIJIMIITUICCKNE YPDaBHEHUA, IOSUTUBHOCTDb, KOIPIIUTUBHAaA yCTOfI‘II/IBOCTb,
I/I,HEHTI/Id)I/IKaLII/ISI HUCTOYHHKa, TOYHbIC OIIEHKH, KpacBad 3a71a4a.
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