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Abstract. In this work investigates a boundary value problemfor/a fractional-loaded hyperbolic
equation with one spatial variable that generalizes the“elassical equation of string vibrations.
The equation contains the fractional derivative of Riemann Liouville, and the load is carried out
at a time-dependent point. The purpose of the study is to construct an explicit solution to the
problem. To find a solution, the initial problém is reduced to a Volterra type integral equation. A
representation of the solution is obtained in the for of the sum of two integrals corresponding to
different areas of variable definition. Itds shown that there is a unique solution to the problem.
The conditions for the functions inclided in the equation are given for which a solution exists.
The results obtained can be usedifa medeling processes described by hyperbolic equations with
fractional derivatives.

This paper studies athotlindasy value problem for a fractionally loaded hyperbolic equation
with one spatial variable, The equation contains a Riemann-Liouville fractional derivative, and
the load is appliedwat atime-dependent point [1, 2]. The aim of the research is to construct an
explicit solutionitosthelproblem, which will provide deeper insight into the behavior of solutions
to such equations and expand their applications in practical problems [3, 4].

Consider the equation

O*u(z,t) 2 O*u(z,t)

= D¢ <
I 922 + uDu(x,t) lto—l—f(x,ﬁ)7 0<z<oo, t>0 (1)
with the initial conditions
u(z,b)| = gq(z), 2)
t=0
du(z, 1)
= 3
at =0 gQ('x)? ( )
and the boundary condition
u(z,t)| = h(t). (4)
=0
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where 1 is a parameter,a # 0, x9 >0, 0 </ < 1,and D{u(z,t) is the Riemann-Liouville
fractional derivative:

D¢z, t) = F(l;g K Z:(j’;;;%dr, fort <2,

Deu(z,t) = ——2 [ “(f;ggdr, for ¢ >

ISHES

The solution to problem (1)-(4) is given by:
1) Fort < 2,

§=x0

[ t pIt(-T)
u(z,t) = uy(z,t) + —/ / ngu(f, 7’)) dédr + Fy(x,t) =
20 Jo Ja_g-ry o

t
= uy(z,t) + ,u/ (t—71)- thu(x T) dr + Fi (g,
0 =10
2) Fort > :,
(2 zta(t—T1)
u(z,t) = ug(z,t) + ﬂ/ / Dgtu(f,r)' dédr+
2a 0 a(t—7)sT " £=x0
z+a(t—7) M -2
/ / 7’)‘ dédT+ Fo(20) 5,95 = ua(z, t)—l——/ v-Diu(z,7)|  dr+$
t— §=xo a Jo a E=x9
t

tu / (t—7):Du(e,7)|  dedr+ Fofa,t)

t—Z Yo T=I0

where
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—at
r+at

ol = %[91(% +at) — gn(e - at)] + o / Sl +h (1= 7).

m+atT
t) T)déd
(z Qa// Jdgdr
z+a(t—7) ac-l—atT
o(x, 1) =3 / / §Td§d7—|——/ / f(&, m)dedr.
a

The following theorem has been proved.

Theorem. Let the following conditions be satisfied:

1. The functions g;(x), go(x), h(t), and f(z,t) are continuous and bounded on their domains
0<z<o0, t>0.

2. The parameter y, and constants a > 0, zy > 0 are such that the operators appearing in the
integral equations for ¢ (t) are contraction mappings in the space of continuous functions
on [0, T'] with the norm ||9)|| = supg<;<p [1(t)].
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3. Then problem (1)-(4) has a unique solution u(z,t) in the class of continuous functions
satisfying the initial and boundary conditions, with the solution having different forms for
t>Zandt <%

Remark. Instead of x(, one can consider a continuous bounded function.
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Heo6xom1Moe 1 {oCTaTOYHOE YCIIOBYS CYIIeCTBOBAHNS PEIIeHN HTETPAIBHOTO YpaBHEeHIS
®penronpMa epBOro pojia U MOCTPOEHNE €0 PelleHN ABIeTCS ONHOI 13 aKTyaJIbHBIX Hepe-
IIeHHBIX IpobieM MateMatuku (1; 2). JanHas paboTra mpogoJDKeHMe HAYUHBIX MCCIIe[OBAHMI
u3 (3; 4). [Ipemiaraercs pereHus NHTETpaNbHOTO ypaBHeHMs Ppenrospma mepBoro popa:

Ku:/bK(tﬂ')u(T)dT:f(t), telh =ltt], 7€l=1]ab (1)

roe K(t,7) = || K;(t, 7). i = 1,n,j = 1,m - u3BecTHasd MaTPWUIA HOPAIKA N X 1M, JMEMEHTBI
matpuipsl K (¢, 7) dyuxuun K;j(t, 7) n3aMepumsl n npuHagIeKaT Kiaccy Ly Ha MHOXeCTBe
S ={({t7)e R®*|tel,7 € b}, bynkuua f(t) € Lo(I;, R") - 3anannas pyHKuMA,
u(7) € Ly(Iy, R™) — uckomast pyHKUMSL.
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