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In the article, the boundary value problem for the wave equation with a fractional time derivative and with
initial conditions specified in the form of a fractional derivative in the Riemann-Liouville sense is solved. The
definition domain of the desired function is the upper half-plane (x,t). To solve the problem, the Fourier
transform with respect to the spatial variable was applied, then the Laplace transform with respect to
the time variable was used. After applying the inverse Laplace transform, the solution $o the transformed
problem contains a two-parameter Mittag-Leffler function. Using the inverse Fouriemgransform, a solution
to the problem was obtained in explicit form, which contains the Wright functioft. Next, we'¢onsider limiting
cases of the fractional derivative’s order which is included in the equation of the problém:
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Introduction

The mathematical apparatus of fractional «@rder Wmtegrodifferentiation plays a significant role in
various fields of science and engineering, includingyphysics, biology, economics, etc [1]. Its application
makes it possible to more accurately modeljand analyze phenomena that cannot be described by
classical differential equations or integrals."Applications include: modeling the dynamics of complex
systems with long-term dependence and memory, such as financial markets, environmental systems,
communication networks, etc., analysis“ef’nonlinear processes and phenomena, including diffusion,
thermal conductivity, wave propagation; etc., solving optimization and control problems under condi-
tions of uncertainty and changing‘eenditions.

Fractional derivatives eantbe"interpreted as a way to account for memory effects and temporal
nonlocality in systems. In the, classical differential model, all changes in the system instantly affect
its state. Howevergd'in kealit¥, many systems have memories and histories that influence their future
behavior. Fractional®order derivatives take this memory into account, allowing the modeling of systems
with long-term dependeéncies and time delays in response to external influences. In addition, they can
also take into account spatial correlations and coordinate nonlocality in systems where the influence
on the state at a given point in space depends not only on neighboring points, but also on more distant
ones [2].

Fractional derivative equations are a way to describe the evolution of physical systems with losses.
They can model systems in which energy, mass, or other physical quantities are lost over time or
space. The fractional derivative usually characterizes the degree of loss or dissipation in the system.
For example, in diffusion processes, fractional derivatives can describe an anomalous distribution of
particles due to long-term correlations or heterogeneity of the medium. Wave processes with losses
can also be described using fractional derivatives, which makes it possible to take into account energy
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dissipation in the system [3]. In mathematical modeling of continuous media with memory, equations
arise describing a new type of wave motion that occupies an intermediate position between ordinary
diffusion and classical waves [4,5].

A loaded differential equation is an equation with a loaded term, which can contain differential
or integrodifferential operators. This loaded term can be expressed as a function containing both the
variables themselves and their derivatives.

Loaded equations allow you to model more complex physical or mathematical systems that cannot
always be described by simple equations. For example, in problems of mathematical physics or control
theory, loaded differential equations can be used to take into account the influence of external factors
or additional conditions on the dynamics of the system.

Such equations play an important role in research related to the theory of boundary value problems,
stability and control of dynamic systems, as well as in other areas of science and engineering where
adequate consideration of the load on the system under study is required. In [6], the class of flat
problems on the effect of moving loads on the surface of an aminated plate is §tudied. However, the
presence of a loaded operator is accompanied by some difficulties during reseafeh, since it is not always
possible to use direct research methods. For problems with loads, adaptation amd development of
specialized numerical methods are required [7|. All this emphasizes bogh’théytheoretical and practical
significance of studying various boundary value problems for loaded differential equations. It is obvious
that the presence of a loaded term gives rise to new, still unexplorgdspréblems in the theory of boundary
value problems, therefore there is a need to develop new methad§ for solving the evolving theory of
loaded differential equations [8].

Loaded differential equations can be considered aggweak or strong perturbations of differential
equations. In some cases, boundary value problems @emain correct in natural classes of functions,
where the loaded term is interpreted as a weak pertugbation [9]. If the uniqueness of the solution to
the boundary value problem is violated, then thelgadan be considered as a strong perturbation [10].
It turns out that the nature of the load (wedk or strong perturbation) depends both on the order of
the derivatives included in the loaded (perturbed) part of the operator, and on the manifold on which
the trace of the desired function is spegifieds

The study of boundary value preblems” with loaded terms, presented in the form of integrals or
fractional derivatives, can lead tofdifferént results depending on the specifics of the equation and the
conditions of the problem. Thefe may also be difficulties associated with the analysis and evaluation of
integral operators in the resultifie»integral equations, since their kernels contain special functions. In
[11,12], the intervals for ¢hanging the order of the fractional derivative, that is contained in the loaded
term, are determin€d, for wwhich the theorems of existence and uniqueness of solutions to boundary
value problems and afising integral equations are valid. We also note that the boundary value problems
of heat conduction and”the Volterra integral equations arising in their study with singularities in the
kernel, similar to the singularities in this paper, were considered in [13,14].

Also, integral equations with singularities in the kernel arise when studying boundary value problems
in non-cylindrical domains that degenerate into a point at the initial moment of time [15-20].

Fractional derivatives in equations add new aspects and difficulties in the study of boundary value
problems, since they take into account not only the previous state of the system, but also its history. The
fractional order differentiation operation is a combination of differentiation and integration operations.
Recently, work has appeared on the study of inverse boundary value problems with a load of fractional
order. In [21], the inverse problem with a nonlinear gluing condition for a loaded equation of parabolic-
hyperbolic type is studied for solvability. The problem is reduced to the study of the nonlinear Fredholm
integral equation of the second kind. In [22], as an application of the analyticity of the solution, the
uniqueness of an inverse problem in determining the fractional orders in the multi-term time-fractional
diffusion equations from one interior point observation is established.
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In this article, the boundary value problem for the fractional wave equation was solved, and
two limiting cases were considered. The article is structured as follows. In Section 1, we introduce
some necessary definitions and mathematical preliminaries of fractional calculus, special functions and
boundary value problems which will be needed in the forthcoming Sections. The problem statement
for the Riemann-Liouville fractional derivative wave equation in the upper half-plane (x,t) is given
in Section 2. The initial conditions are given as a fractional derivative. Solving the problem is the
content of Section 3: the Fourier transform for a spatial variable was consistently applied, followed by
the Laplace transform for a temporal variable, the inverse Laplace transform and the inverse Fourier
transform. Next, the limiting cases of the order of the fractional derivative are considered in Section 4.
In the last Section the main result is formulated.

1 Preliminaries

Definition 1. |23] Let f(t) € Ly[a,b]. Then, the Riemann-Liouville integral of the order g is defined
as follows

By L tf) - a
D0 =gy [ Gt ac R 0EQ 1)

Definition 2. Let f(t) € Li[a,b]. Then, the Riemann-Liouville derivétiye of the order f is defined
as follows

8oy LAt f() ~
TDa,tf(t)_F(n_IB) dt"/a (t—T)B_"“dT’ Bya€®R, n—1<p<n. (2)

From formula (2) it follows that

WDYF(E) = f(t), oDl ft)=rf"(t), neN.

Taking into account formula (1), formula (2) can be rewritten as

ar A
D f (1) = dt—ner,tn (t), BaeR, n—-1<pf<n.

The entire function of the form

o0 zn
EA,M(Z):Zma A>0, ped, (3)
n=0

is called the Mittag=Eeffler function.
The entire functionvof the form

[o¢] Zn
¢(/\7M§Z):Zm, A>-1, ped, (4)

n=0

is called the Wright function.
The formula for the integral Laplace transform of the Mittag-Leffler function is valid [24]
597

v
LT By (M) = ——. DI<lsls a>0, y>-L (5)

Also the formula for the integral Laplace transform of the Wright function is valid [25]

L [t671¢(p,ﬁ, —At’o)} =sPexp(-As7?), —1<p<0, A>0. (6)
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2 Statement of the problem

In the domain Q = {(z,t) | —co < & < +00; t > 0} find a solution to the problem:

Dg‘{tU(IE, t) - ul'CC(x7 y) = f(xa t)a (7)
D Muli—o = p(x);  D§ uli—o = ¥(x), Jlim (2, t) =0, (8)

where D§, f(t) is the Riemann-Liouville derivative of an order o € (1;2).

We call a function u(z,t) a regular solution to equation (7) in the domain G if '~ u(z,t) € C (G)
for some p > 0; in G, u(x,t) has continuous derivatives with respect to x of the first and second order;
the functions DS tu(x,t) and Dg; 2u(x,t) are continuously differentiable as functions of ¢ for a fixed
x at interior points of G; and u(z,t) satisfies equation (7) at all points of G.

3 Solving the problem

We apply Fourier transform to problem (7)-(8) with respect to the % e T:

D§U(p,t) +p°U(p,t) = Q} (9)
Dgt—1U|t:0 = _(p)7 ()t ’U t= (10)
where F(p,t); 3(p); 1 (p) are the Fourier images of mp@m problem (7

Let’s apply Laplace transform to equation (9) respect to the Varlable t taking into account
conditions (10). Then we obtain

s*u(p, s) — @(p) + st (p)+ p*ulp, s) = f(p,s),

where f(p, s) is the image of the fu@p, ), or
_ ,8) . _#(D)

+ 11
CQyr it i ) (1)

Applying the inverse ce transform to (11) with respect to the variable s and taking into
account formula (5), awe @et

U(p,t) = ((t* ' Ea,a(—p°tY) * F(p,1)) (t)+

+ 1% B o (—pP)P(p) + 192 By o1 (—p%)(p), (12)

where E} ,(z) is the Mittag-Leffler function (3) and * is the convolution operation.
Applying the inverse Fourier transform to (12) with respect to the variable p, we obtain

t “+o00 400
u(a ) = /0 Gi(z— &) (et —m)dedr + [ Cule — €7)p(E)de+

—00 —00

—+00

+ Gax — & 7)Y (£)ds, (13)

—00

where

1 [To°
Gi(z,t) = ;/ to 1Eom( 2ta)COS(p£C)dp;
0
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1 [tee
Ga(z,t) = ;/ ta_QEma_l(—pZta) cos (pz)dp.
0

While derivation of formula (13) the well-known formula for the inverse Fourier transform with
respect to the function f(p) was used

+oo +oo
e = [ ) cos (),

oo T

The function G1(z,t) was found in [24; 141]
1 a
G1($,t) = §t5_1(z) <—g g _|£a’> 5

where ¢(A, p1; 2) is the Wright function (4), according to the following scheme.

Let’s apply Laplace transform to the second term in (13) with respe variable ¢ and use

formula:
s“_7

LI By (M) =
witha=o, y=a—1, A= —p?. @
Subtracting the last integral and taking into accounmf% 23 from [26], we get

oz, @r (14)

Applying the inverse Laplace transform to (1 h respect to the variable s taking into account
formula (6) with A=z, 8 =75, p=— A, 2), we get

Gi( Q —5i5i—lalt™E). (15)

Similarly, applying Lap rm to the third term in (13) with respect to the variable t taking
into account formula ( i =0, a=a, b=a—1, A = p?, we obtain

oo
1 _a o
2(x, s) / SCOpr = 5172 exp(—|z|s?).

0 SY+p? 2

Applying the inverse Laplace transform and taking into account the formula (6) with A =
— &7 — «

9 /8 - T 9 we get

1 o a « _a

G2($at)=§t2 20 <—§;§—13—\9€’t 2) : (16)

Substituting (15) and (16) into (13), we obtain a solution to the original problem (7)-(8):

L s (e =g
o=3 [ [ ot (=55 -5 e - nagars

1 +oo “ — 1 too Q —
+§/ 5714 (_% %? - |xt§€|) P(&)de+ 5/ N <_% % —h- |xt‘5§‘) vl

—0o0
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4 Limiting cases

Let’s consider the limiting cases of the fractional derivative’s order a.
I. @ = 1. Then problem (7)-(8) will take the form:

up — Uge = f(x,1), (17)
uli=0 = ¢(), (18)

t
|t ryarlico = via). (19)

In the domain € the solution of problem (17)-(18) has the form [27]:
0 t e’}
wet) = [ p@G@end+ [ [ renGt spa (20)
where . ( 5)2 6\
T —

G(z,&,1) = Wk (T (21)

The solution of problem (17)-(18) has the form (20).*
By virtue of Fubini’s theorem, we have:

[utemar= [~ w0 [ aen

where function G(z,&,t) is defined by for lay(21).
We calculate it using formula 3. 471 5

fowcr-s X e [ oten () (579).

where W, 5(z) is the Whittaker function [26; 1073].
Since for large values of z [26; 1075]

R <a-%>2><ﬂ2—<a—%>2>...<ﬁ2-<a_k+%>2>)

We show that condition (19) is the overdetermination CQ r o« =1 in problem (17)-(18).

0) drdfde,

and with given lim;_,q (o T o and 0 < 0 < t, then

t _ 9 a2
e \/I:v\/_f\/f p< 4) 21 = lim % =0.
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Similarly
t

lim G(at &,7—0)dr =0.

t—0

Then the condition DS, uli—o = w(m) in problem (17)-(18) is excess when o = 1.
On the other hand, for o =1 out of (15)-(16) we have [28; 9|

1 1 1 || $2)
Gi(z,t) = —= 35T — .
o0 =50 () ~avmee (i
Then, for o = 1, the solution of (20) coincides with (21).
II. & = 2. The problems (7)-(8) become as follows:

U — Uz = f(2,1), uli=o0 = p(2), wtli=0 =

The solution has the form [27; 258|

u(m,t):%[w(m—t)—i-w(m—l—t)]—i-;/xt &) + /< T)dedr.

On the other hand, for & = 2 out of (15) we consider, that t

Gi(a1) = 30 (- f&
N\

doesn’t exist.
Let’s apply a = 2 to (8).

U(p,t) = ((tE2a( ) % F(p, ))(t) + tE22(—p*t*)(p) + tE21 (—p*t*) ¥ (p).
Known that sinz = zEs o( ), cosz @ ). And we consider z = pt. Then
! 5\’ 5 7
s@ F(p, = sm<pt>so<p> + cos(pt)¥(p).
Apply the inverse Lapl ansform.

Since .
@m pt) = oz (e — e7), cos(pt) = (™ + e ),
then

too q A ) A
uet) = 5= [ G =) Fp ) (O dp
—00
1 oo 1 ipt —1ipt ipT 1 oo 1 ipt —ipt\, 7, ipT
or | (" = TR o [ (e e ) dp,
—00
Note that
Lo ipatt)  —ip(a—t) S
—((e™ —_e W ) = e®ldn.
p z—t

Then, given the convolution formula with respect to the variable ¢, we get

1 t +oo  pxt(t—7)
u(@,t) =~ / / / ePldnF (p, T)dp o dT+
T Jo —oo Jz—(t—7)
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1 +oo  pr+t) +00
o | / P15 (p )dndp—i—— / Pt 1 @Dy (p)dp.
T
Changing the order of integration in the first and second integrals and considering that
1 [t
— PR (p, t)dp = t
o e F(p,t)dp = f(n, 1),
1 [t
il P15 (p)d
ol B(p)dp = ¢(n),
1 oo _
o | T(p)dp = vx £ 1)
™ —0o0

are the originals of the function, we finally get

[ s [ starin + vtz e - o

—t ) 2

Same as formula (22). 6\
5 The main result é

So, the following theorem has been proven. 0

Theorem 1. Let the function u(z, t) be a regular solu equatlon ), and satisfies the conditions (8).
Then for any point (z,t) € 2 and « € [1;2] the re holds

1 t 400 a g |I
u(z, t) = = T2 ¢ - f(&,t —7)dedr+
2 0 J—o0 T2
1 [+t oy a o« 1 [ o, a o« |z — ¢&|
- -l ( -2, 2 - 24 (-2 % g, T (2
ey e (-0 ey [ (=55 -1 v e
where ¢(A, p; 2) is the Wright fu :
% Conclusion
It can be show QHICUOH
1 (a1 a o |r—¢
Gla,t,8) = 3t d)(_z’z’_ +3

is a fundamental solution to the equation
DSu(,t) — tae(2,9) = 0, @ € (152).

In the future, we plan to solve a BVP in which the equation contains a loaded term in the form of a
fractional derivative. When solving the problem, we will use the representation of the solution in the
form (23). We assume that for certain values of the fractional derivative’s order and of the type of
manifold on that the load is specified, the uniqueness of the BVP’s solution will be violated.
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YakpIT O0MBIHITIA OOJIMIEK TYBIHIBICHI 0ap TOJKBIH/IBIK TeHIEY/I1H
MIeTKi ecebi

M.T. Kocmaxosa!, A.H. Xamseesa!, JI.7K. Kacomosa?

! Koadanbanv, mamemamura uncmumymae, Axademur E.A. Boxemos amwmdaev, Kapazandv, yrueepcumemi,
Kapaeardw, Kasaxcman;
206iakac Caevirnos amuindaeo, Kapazanow mernukavs ynusepcumemi, Kapaeandw, Kazaxcman

Maxkasasa yakpiT OoiibiaIIa OOJIIIEK TYBIHABICH 6ap koHe PruMan-JInyBusit MarbiHaChIHIA OOJIIITIEK TYBIHIBI
peTinge 6epinren GacTalkbl HIapTTApbl Oap TOJKBIHIABIK TEHJIEY/IiH IeTKi ecebi mrerrisai. Kaxkerri dyHK-
[USHBI AHBIKTAY AWMAaFbl YKOFAPFBI *KAPTBLIA Ka3bIKTHIK, (T,t) Gombm Tabbuiagpl. Ecenri menty yrmin
KEeHICTIKTIK aifHbIMaJibl OoiibiHIIa Pypbe TYPIAEHAIPY] [9ieKTI Type KOIJAHBLIAIbI, COMAH KeiiH yakbIT
aftupIMaJIbIChI Oofibinma Jlammac rypaenaipineni. Kepi Jlammac rypienipyin Ko/ janraHHaH KeHiH TypJieH-
mipinren ecemnti ety Mutrar-Jleddiepain ekimapamerpiti GyHKIUICHIH KaMTuAbl. Kepi @ypbe TypieH-
mipyin mafigaianranHaH Keifin, PailT pyHKIMSACHIH KAMTUTBIH TAIICBIPMAaHBIH ITEMNTiMi affKbIH TYD/e aJblHa-
JBl. OPi Kapaii, ecenTiH TeHeyiHe KipeTiH GeJIleK TYybIH/ bl PETIHIH MEeTKi Karaaiaapbl KAPACTHIPBLIFAH.

Kiam cesdep: 6emmek Tybiaapl, Jlanmgac rypaeaaipyi, @ypwe typaenaipyi, Murrae-JTeddirep byukiuscer,
Paiir dyHKIMACH.

KpaeBast 3aj1a4a 1jIs8 BOJTHOBOT'O ypaBHeHUd C HPOOHOI ITPpON3BOIHOI
10 BpeMeHU

M.T. Kocmaxosa!, A.H. Xamzeesa) ;9h3K. Kacomnosa?

1 . .
Hnemumym npukaadnots mamemamury, Kapazanduncrudfyntgepeumem umeny axademura E.A. Byxemosa,
Kapazanda, Kaszacman;

2 Kapazanduncruti mexnuveckuti yrusepcumeny umerthAovikaca Cazunosa, Kapazanda, Kazaxcman

B craTtbe pemena kpaeBasi 3amada Jjisi BOJTHOBOTO YPABHEHHS C JPOOHON MPOM3BOMHON MO BPEMEHU U C
HaJYaJIbHBIMHU YCJIOBUSIMU, 33J[@HHBIMU B BHJIe \WPOOHON 1POU3BOJHONE B cMbicie Pumana-JInysumiis. O6-
JIACTBIO OIIpe/leIeHNs NCKOMON (DYHKIMU sIBsieRCsl BEPXHsisl IOJIYIUIOCKOCTh (X, t). Jluist pernenus: 3aaqn
MIOCJIeIOBATEILHO IPUMEHEHO TTpeoOpazdBanue Pypbe 1Mo MpOCTPaHCTBEHHOM TEPEMEHHOM, 3aTeM — MMpeod-
pa3oBanue Jlamraca mo BpeMeHHOi HEpeMeHHOi1. Pertenne npeobpa3oBaHHOi 3a1a4H OCIE TIPUMEHEHHsT 00-
paTHOro npeobpasoBanus Jlannaca,CoMep:xuT nByxnapamerpudeckyio dyukuuio Murrar-Jleddaepa. ITo-
cJle TIpUMeHeHns 0O6paTHOro peodpagoBanusi Pypbe MOTYUEHO PEIeHNE MOCTABICHHON 33/1a9¥ B SIBHOM
BHUJIE, KOTOpOoe comepxuthdyukimefPaiita. /lagee paccMOTpeHbI IpeIebHbIe CIydan MOPsIKa JIPOOHOM
MIPOU3BOHOM, BXOJIAIIEH B YPABHEHNE 32 aYUN.

Karouesvie cr06aagapobHast) mponsBoinast, npeodpaszopanue Jlammaca, npeobpaszosanne Pypbe, PyHKIMA
Murrar-Jlecdbditepa, dpyakius Paiira.
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