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Abstract. One way to improve the performance of emission systems (electron microscopes, microfocus X-ray
tubes, etc.) is to reduce cathode lens aberrations. Such a reduction'is only possible through a thorough theoretical
analysis of their electron-optical schemes. This research attempts to develop tools for modeling a cathode lens with
a virtually arbitrary electrode configuration in the paraxial approximation, and the conditions for implementing
the collimator and telescopic modes have been determined. The relationship between the parameters that provide
the specified operating modes of the lens has been studied. Electron-optical schemes have been developed that
guarantee collimator and telescopic modes of a cathode lens of a real (non-idealized) design.
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1. Introduction

A cathode lens (immersion objective, electron gun) is used for the primary formation and acceleration of
the electron flow in charged particles sources of emission systems [1-3], such as electron spectrometers,
electron microscopes, microfocus X-ray tubes, electron lithographs, etc. The diameter of the probe (focal spot)
of the emission system depends on the quality of the device's output optics, while the magnitude of the
generated probe current is determined by the source brightness [4]. Source brightness is the most important
parameter [S5]. To approach the theoretically limiting (Langmuir) brightness [6, 7], reducing the aberrations of
the cathode lens is primarily necessary. However, despite numerous studies on the numerical modeling of
electron guns [8-10] and quantitative improvement of their parameters, the cathode lens, even in the paraxial
approximation, remains virtually unstudied. This is primarily due to the overestimation of the capabilities of
numerical experiments by modern researchers. This paper attempts to develop and advance tools for studying
the paraxial properties of a cathode lens and apply these tools to lenses with arbitrary electrode geometries.

A cathode lens is characterized by the fact that the cathode is immersed in an electric field created by
potentials on the anode and the focusing electrode. The paper considers low-current lenses, i.e. those whose
perveance does not exceed 102 pA/V32 [11].

Numerical analysis of a low-current cathode lens, when the space charge can be neglected during
calculating the field and single trajectories of charged particles, does not cause any problems. However, the
capabilities of numerical analysis are limited by the enumeration of various design options, and therefore the
only advantage of numerical experimentation in creating new devices is the reduction in the cost of
development. Discovering a new quality of the designed device is possible only by means of theoretical
analysis. Theoretical optics includes paraxial optics and the theory of aberrations.
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2. Theoretical technique

The fundamental equation of paraxial electron optics is a second-order linear differential equation, which
in the cylindrical coordinate system 70z for axially symmetric systems has the form [12]
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The general solution of equation (1) for a known potential distribution ®=®(z) on the axis of symmetry
will be the particle trajectory r=r(z). In the case of common types of electron lenses, such as immersion, Einzel,
and aperture lenses, this equation is solved by standard numerical methods. When modeling a cathode lens,
difficulties arise in calculating the trajectories of electrons in the region where they start from the cathode. In
the paraxial approximation (1), these difficulties are due to a mathematical singularity in the potential
distribution function on the surface z=z. of the cathode C, since ®.=®(z.)=0, and ®'#0. From here on in the
article, we will use the subscript "c" for the values of all functions on the cathode surface. Fortunately, a
sufficiently developed theory [13] for solving second-order equations with this type of singularity allows us to
find both particular solutions, where one of the particular solutions of equation (1), p=p(z), is an analytic
function, and the second solution, g=g(z), has the following expression in terms of analytic function

g =g, (2)
where g=¢(z) is an analytical function, which, as follows from (1) and (2), satisties the equation
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It can be shown that the functions p(z) and ¢(z) satisfy the same boundary conditions
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and the particular solutions p(z) and g(z) are related to each other by the relation
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Partial solutions are key functions in paraxial optics and allow us to calculate electron trajectories,
determine magnification, cardinal elements, and more. The general solution, which is the trajectory equation
in our case, can be expressed as a linear combination of linearly independent partial solutions

r(2) = ap(2) + bg(2),

where the constants a and b are determined from the initial conditions on the cathode surface. In the uniquely
significant work [14], expressions for @ and b for a cathode lens were obtained and the equation for the paraxial
trajectory was written

@) = 1 p(@) + o sing, - 9(2) )
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where ¢ is the energy of an electron emitted from the cathode and it is a mathematical quantity of the second
order of smallness, 7. is the radius of the electron’s start from the surface of the cathode, 3. is the initial angle
of movement relative to the axis of symmetry.

In the following calculations, the expression for the first derivative 7'(z) will be used, which is found by
differentiating equation (5):



Eurasian Physical Technical Journal, 2025, 22, 4(54) Physics and Astronomy 125

2Ve
D¢

r'(z) =1 p'(2) + = sinde - g'(2). (6)

To date, cathode lenses have been little studied, even in the paraxial approximation, especially since
elements of the theory of aberrations of this lens [14] are awaiting their time. Almost all the available results
of studying the paraxial cathode lens are presented in [15], using the approximation of infinitely small
interelectrode gaps. In this approximation, the axial distribution of the potential ®(z) was obtained using the
method of separation of variables.

3. Numerical experiment

The main drawback of the variable separation method is that it can only describe potential distribution
functions in idealized electron-optical systems (EOS) with simple electrode configurations. Our theoretical
approach, presented in this paper, allows us to study a wide range of cathode lenses with virtually arbitrary
boundaries. To analyze the paraxial properties and calculate the aberrations of real (non-idealized) cathode
lenses, the software FOCUS CL [16] has been developed and is being promoted.

The software FOCUS CL contains 1) a graphical editor for inputting the cathode lens design, 2) a block
for calculating the axial potential distribution using the boundary element method and visualizing it, 3) a block
for calculating particular solutions p(z), g(z) using the Runge-Kutta method and constructing trajectories 7(z).
The boundary element method is used to solve the external Dirichlet problem, where each electrode is
represented by a closed contour with a given potential on it. It should be noted that obtaining the integral
equation relating the potentials of the simple and double layers [17] is based on the second Green's formula.
The integral equation in this formulation provides the possibility of solving the field problem for systems with
electrodes of arbitrary thickness and shape, having corners and kinks. The axial potential distribution function
®(z) is defined in a set of discrete nodes. The software has a built-in option for smoothing the nodal values
®(z) using the sliding polynomial method [18]. The derivatives @'(z), ®"(z), p'(z) and g'(z) are calculated using
six-node numerical differentiation formulas [19].

It should be noted that well-known methods such as the finite difference method (FDM) and the finite
element method (FEM) are not very suitable for calculating the axial potential distribution. These methods
require calculating the field over the entire analyzed region and only then extracting the axial distribution. This
means that the time required to solve the problem using these methods is orders of magnitude higher than using
the BEM. Therefore, using the FDM and FEM for solving cathode lens synthesis problems is impractical. Note
that the unique modes of the cathode lens [15] can be detected by analyzing equations (5) and (6). The
collimator mode, characterized by the transformation of the flow emitted by a point source (#.=0) into a parallel
flow 7'(z)=0 at the exit of the lens in image space at z > zim, as can be seen from (6), is determined by the system

. =0,
o S0 am ¢

whereas the telescopic mode, which causes the transformation of the parallel flow (sind. = 0) of electrons

emitted from a flat cathode into a parallel 7'(z)=0 at the exit from the lens at z > z;y,, will be fixed by the system
of expressions

siny, = 0,

et ®)

p'(z) =0,z = z,

The left boundary zin of the image space coincides with the boundary of the region of the uniform field,
which is located at a distance from the center of the lens approximately equal to the inner diameter d of the
cylindrical electrodes. Searching for the parameters at which the lens switches to the collimator or telescopic
mode by checking the second condition of (7) and (8) is convenient because the form of particular solutions
g(z) and p(z) does not depend on the initial values of the electron energy € and the angle 3., but is determined
only by fixed boundary conditions (4), which in turn are associated with the distribution ®(z) of a particular
EOS. Of practical interest are three-electrode cathode lenses (Fig. 1), consisting of a grounded cathode C, in
the simplest case disk-shaped, and control and accelerating cylindrical electrodes with potentials V" and Vi,
respectively. Given the same diameter d of the cylindrical electrodes and a significant excess of length over
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the diameter of the accelerating electrode, the specific form of ®(z) will be determined by the length / and the
potential V" of the control electrode.

Vacc

Fig.1. A three-electrode cathode lens consisting of a grounded cathode, a control electrode with potential ¥, and an
accelerating electrode with potential Ve

This article, firstly, tests the proposed methodology for studying a three-electrode cathode lens with a
numerically determined axial potential distribution in the two specific modes mentioned above—collimator
and telescope ones. Secondly, it presents lens designs with actual interelectrode gap sizes and defines the
criteria for both lens modes. Presenting the criteria of the two modes in one article allows for their comparative
evaluation. Since the results of the lens study in telescope mode have been previously published [20] and are
publicly available, this mode for a real lens design is considered in less detail.

3.1 Collimator mode of the three-electrode cathode lens

Fig. 2, a demonstrates the collimator mode of a three-electrode cathode lens. Electrons are emitted by a
point source in the range of initial angles 9. = -70° to +70° with a step of 10°. The relative initial energy of the
particles is &/Vacc = 1073, the relative length of the control electrode is I/d = 1, and its relative potential is V/Vsce
= 0.49. The selected range of angles 3. = -70° to +70° allows us to exclude uninformative "tails" in the angular
distributions of electrons, which appear in calculations near the boundaries of the full range of angles -90° and
+90°. An additional argument in favor of choosing a slightly reduced range of initial angles 9. in calculations
is the cosine distribution of electrons by angles during emission from a solid, which sharply reduces the number
of particles emitted by the cathode just near £90°.
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Fig. 2. Results of modeling a paraxial three-electrode cathode lens: a — results of trajectory analysis in
graphical form, b — graph of the relationship between the potential of the intermediate electrode V" and its length /: 1
- in the collimator mode, 2 — in the telescopic mode.

Based on the calculation results, it was concluded that for each length / of the control electrode, varied in
the range acceptable in practice, the potential V of this electrode is found, which ensures the collimator mode
(7); moreover, it is noteworthy that the graph of the relative dependence V/Va..=f(1/d) (Fig. 2, b) crosses zero,
i.e. the potential /' can have both positive and negative values. Note that negative values of the potential are
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less preferable in practice, since in this case a bipolar source of electric power for the cathode lens would be
required. The graphical dependence in Fig. 2, b is calculated for the case of a small value of the insulating
interelectrode gaps 6=0.002d. In the work [15], as already noted, a lens with infinitely small insulating gaps
was studied. A comparison of the results of both studies shows their practical coincidence, since the relative
difference in the obtained values does not exceed AV/Vaee = 0.2%, which directly confirms the impeccability
of the conclusions of works [14, 15] and the correctness of the numerical-analytical technique for studying
paraxial cathode lenses presented here, implemented in the FOCUS CL application [ 16]. At the same time, the
high accuracy of the calculation results of the proposed paraxial technique is demonstrated by comparison with
the “reference” trajectory numerical analysis [21] of a cathode lens.

In this case, the electric field is numerically determined over the entire working region of the lens, not
just on the axis, and the electron trajectories are the result of numerical integration over time of the classical
Newtonian equations of motion. Such a comparison made it possible to identify a tendency for some natural
growth of the calculation error in the paraxial approximation with an increase in the initial angle 3. up to 70 °
and, most importantly, to fix the upper limit of this error Ar/d = 0.1 %. Here Ar=|rparax(Zim)-"num(zim)| 1S the
absolute deviation of the trajectories calculated using the paraxial 7parax(z) and numerical 7um(z) methods [21]
in the z=zin plane. The error level, which is small beyond expectations and equal to 0.1% at large angles 9.,
emphasizes not only the high reliability of the results of the paraxial trajectories calculating in accordance with
expression (5), but also the applicability of the paraxial method proposed in this paper for the trajectory
analysis of wide-acceptance EOSs, and under low time-consuming conditions.

3.2 Telescopic mode of a three-electrode cathode lens

The graphs of particular solutions p(z) and g(z) for a three-electrode cathode lens with parameters //d =
0.7 and V/Vaee = 0.141 (see Fig. 3, a) are shown in Fig. 3, b. On the p(z) dependence, one can distinguish the
section p(z)=const at z>zim, where zin = [+d, which is a specific feature of the telescopic mode. The proposed
approach to analyzing particular solutions made it possible to establish a relationship between the length / and
the potential J of the control electrode (Fig. 2, b) in the telescopic mode (8).
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Fig.3. Results of modeling of a paraxial three-electrode cathode lens:
a — electrons trajectories (5) with $.=0 and r. = 0+0.5d;, in the telescopic mode, din = 0.2d is an initial flow diameter,
b — particular solutions: 1 — p(z), 2 — g(z).

A detailed numerical study of the cathode lens of the design under consideration in the telescopic mode
is presented in the author's work [20].

3.3 Cathode lenses of a real (non-idealized) design

The proposed numerical method for studying paraxial cathode lenses with numerical determination of
the potential distribution on the axis of symmetry makes it possible to synthesize lenses those designs are not
idealized, but are as close as possible to real ones, in particular leneses insulating interelectrode gaps are
capable of maintaining electrical strength at voltages of 10 - 100 kV and higher.
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4. Results and Discussion

The scheme of a lens with interelectrode gaps, the size of which does not allow electrical breakdowns to
develop, is shown in Fig. 4, a. The synthesis of a lens to ensure the collimator mode (7) consisted in finding
the potential V' of the intermediate electrode for its predetermined length /. Calculations have shown that the
lens scheme (Fig. 4) also has the property of changing the sign of the electrode potential in the process of
successive change of its length, while the zero potential of the intermediate electrode V/Vic = 0 fixes the
collimator mode for the electrode of length /=0.7041d. Fig. 5 shows the axial distribution of the potential ®(z)
in this lens included in equations (1) and (3) and its two derivatives, as well as a graph of the particular solution
g(z) with the section g(z)=const characteristic of the collimator mode at z > zin.
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Fig. 4. Results of numerical analysis of a real design cathode lens: a - &/ Vaee= 107, b - &/Vaee= 1074,
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Fig. 5. Axial potential distribution (a) in a lens of the real design, the first (b) and second (c) derivatives of the
distribution, and a graph of the particular solution g(z) (d). The subscript "max" indicates the maximum value of
the function

Note that Fig. 4, a demonstrates the results of the numerical (not in the paraxial approximation) trajectory
analysis of the lens in the range of angles 9.=-70° - +70° with the initial relative energy of electrons &/ Vacc=
10°. The average absolute deviation of the trajectory inclination angle from 0° in the z=zin plane is

approximately equal to |[9.(zj,)| = 0.09°, and the numerically determined position of the second-order focus
[22] relative to the central angle 3.=0 is zr~ -100d, which allows us to speak about a high degree of parallelism
of the electron trajectories with the z axis in the field-free space z > zim. With increasing accelerating voltage
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(the ratio &/Vy decreases), a natural narrowing of the electron beam is observed (Fig. 4, b) with an

improvement in the degree of parallelism: |9,(ziy)| = 0.007°, z¢ = -400d for &/ Vaee= 107,

The collimator mode can play a positive role in the development of emission systems with pointed
cathodes - field emission and Schottky cathodes - since the parallel electron flow occupies a minimum volume
of phase space in a series of converging and diverging flows and therefore can be focused into a spot of
minimum diameter. To determine the telescopic mode conditions in a lens of a real design, we use the same
algorithm. By varying the potential " of a control electrode of a specific length /, we check the fulfillment of
the second condition of the system of expressions (8). The axial potential distribution ®(z) for each value of V'
is calculated using the boundary element method. As a specific example of a lens of a real design in telescopic
mode (Fig. 6), we present the following parameters: //d = 0.7, V'=0.137 V.

After the telescopic mode conditions have been detected, a trajectory analysis is carried out with a real
spread of initial angles in order to study the properties of the real lens design in more depth. Figure 6 shows
the graphical results of a numerical trajectory analysis of a lens with a real design. Theanalysis used a range
of initial angles of 9. = -70° to +70° at an electron emission energy of € = 10 Vye. The initial flow diameter
was chosen to be di, = 0.2d.
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Fig. 6. Results of numerical analysis of a real design cathode lens in telescopic mode:
&/Vaee = 107, din/d = 0.2, re = -0.5din + 0,5din, 9 = -70° + +70°.

The trajectory analysis results suggest that a high level of flow parallelism is maintained at the system
exit. Quantitative estimates of the flow characteristics in the exit plane z =1+ 2d are as follows:

- the inclination angle of the central trajectories with 3. = 0 increases with increasing starting radius re,
but does not exceed 0.02° at r. = din/2;

- the spread of the angles of the two outer trajectories with 3.=£70° does not exceed +0.08° for the entire
initial range of 7.

The telescopic mode will prove productive in the creation of emission systems with large-diameter flat
cathodes, such as photocathodes.

5. Conclusion

This article develops an approach to theoretical analysis of a cathode lens in the paraxial approximation
by calculating the potential distribution on the lens axis using the numerical boundary element method. BEM
is the optimal method for solving this problem in terms of computation speed and accuracy, enabling both
analysis and the synthesis of cathode lenses with specific properties in real time. The effectiveness of a two-
stage development of cathode lens designs is demonstrated. After discovering new lens modes using theoretical
paraxial optics, its electron-optical parameters are refined and studied using more accurate numerical methods.

This work includes the development of software for studying cathode lenses of a real (non-idealized)
design in the paraxial approximation; criteria for the collimator and telescope modes of a three-electrode
cathode lens with small and realistic interelectrode gaps are determined.
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The development of methods for theoretical analysis of cathode lenses will enable targeted solutions to
increase the brightness of accelerated electron sources.
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