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Solving one pseudo-Volterra integral equation

In this paper, we study the solvability of a second-kind pseudo-Volterra integral equation. By replacing the
right-hand side and the unknown function, the integral equation is reduced to an integral equation, the
kernel of which is not «compressible». Using the Laplace transform, the obtained equation is reduced to
an ordinary first-order differential equation (linear). Its solution is found. The solution of the homogeneous
integral equation corresponding to the original nonhomogeneous integral equation found in explicit form.
Special cases of a homogeneous integral equation and its solutions are written for different values of the
parameter k. Classes are indicated in which the integral equation has a solution. Singular integral'equations
were considered in works [1-3]. Their kernels were also «incompressible», but<kernels had an another form.
In this connection, the weight classes of the solution existence differ from the class of the solution existence
for the equation considered in this work.
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Introduction

This paper is devoted to the research of questions of solvability of the following pseudo-Volterra integral
equation of the second kind

a ¢ 1 _t=7 1 L ES | _iog _
I/(t)—2ﬁ/0 \/Zﬁ\/ﬁe a ~V(T)d7'—m/o \/Z\/ﬁe 22 - y(1)dr = f(t), (1)

where a, k — are positive constants, f(t) — is the given function.

A similar kind of integral equation arises in solving the boundary value problems of heat conduction with
heat generation, which describe the development of the one-dimensional unsteady heat processes with axial
symmetry.

1 Reducing the equation (1) to a differential equation in images

We rewrite the equation/(1) in-the form

v(t) == _ @ ' 1 .ie422.1/7‘ T—
Vi T am /0 N N S
1t 1 - _fO)
7ka\/7if/o t\/t—T{ﬁ64a .V(T)}dT\/gea . )
After replacements: ) 1
T = (D), e (1) = Al (3)

equation (2) takes the form

a ¢ 1 1 ¢ T
nt) =572 [ = mnir = e [ nmar = i

or

1_ _ ni(r)dr () dr = faolt), (4)

a ¢ 1 to
t’”l(t)‘zﬁ/o Vi—r ‘kaﬁ/o i
where fa(t) =1t f1(t).
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We note that the integral operator acting in the class of continuous functions vy (t) € C(0; +00), of an

equation with a kernel:
a 1 1 T

KT = i | have ivies

is not bounded.
To equation (4) we apply the Laplace transform, introducing the notation

n(p) = /000 vi(t) e Pt < vi(t) = o1(p);

R = [ 80 i o 0+ )

that is

Since

- l/w e~ dy— ﬁ;
bl VP Jo VP
t- Vl(t) - 71)1(]9)3
integral equation (4) becomes a differential equation in the image space

~1(p) — 2\% \\/g 1(p) — k;\ﬁ : :/;9 S(=21(p) = f2(p),

which can be rewritten as

1 " a . _
[mﬁ—@m@—iﬁm@—ﬁ@. (5)

2 Solving a homaogeneous linear differential equation

We solve a homogeneous equation that corresponds to a linear equation (5)

1 N a -
s i - 5% o o ©)

The solution to differential equation (6) has the form:

. Cellk e~ WP
n(p) = : (7)

VP ka
where C — const.

Since from formula No. 149 [4; 272] and from formula No. 9 [4; 259] we have

—as

e TE_I kT‘|

—_— 1 e ka s

&) T
then, taking into account formula No. 29 from [4; 261] and applying the inverse Laplace transformation to (7),
we obtain )

C Cr(r—a)* ! 2 .
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Introducing the notation

I(t, k) = / T(r — a)%flef%thv%dﬂ
we get
Ce 1
Vl(t) = I(t,k)
r (%) (ka)l/k 2ﬁt3/2
We calculate the integral

0o 2
I(t,k):/ T(Tfa)%flefﬂJrEdT:

> % 2 T o0 %’1 2
/ (t—a) e_Tt"’WdT—i—a/ (t—a)
a a

Taking into account the formula 2.3.15 (1) from [5], we obtain

1 1
1 1) 22 t 1 a?
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Substituting I(t, k) into expression (8), we obtain the general solution of the homogeneous equation that
corresponds to the integral equation (4)

x“"‘

nity = CELOUTNE( t Y
1 (ka) /B 2/ 132 P 92,2

8t
1 ka* — 2t ka® — 2t
x| =V2tD . TS pap (2T
LN e (532
where [6] (see formula 9.241(2))

22

D_,(2) 64/%0 == 0Ly Rep > 0
_olZ) = —— e 2 X X, ep >
) I'(p) Jo

are Parabolic cylinder functions (Weber functions).

Using the replacement that is inverse to (3), we get

® Cet (2t)2F . t toa?)
v(t) = X - - =
(ka)t 2t \2k%a? " da? Bt

1 ka? — 2t ka? — 2t
X | =v2t D —— | +aD_1 | ———||. 10
0 () ro (i) ()
(10) is the general solution of the homogeneous integral equation that corresponds to the initial equation (1)
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3 Case k=2

From a practical point of view, the case k = 2 is interesting

o(t) = — Ve exp{_t GQ} y

V2ar(2t)3 8a2 8t

[0 i) e (5-28))
where [7] considering formula [9]
D_i(z)= %ZKi (f)

Nl

and K, (x) is the modified Bessel function of the second kind or the Macdonald function
Since from formula 9.247 (2) [6] we have

2000380 ()£ (PR

then, taking into account the formula

D

o

Ky () = 5 (Kura () + Ko (1)

2

z

we conclude that the expression in square brackets in (11) will be a linear combination of functions K, (4),
where

S FE P R

K, (z) ~ “;;( +O<T)>7 2z — 400

2

lim 22 = lim e ﬁ = +00
t=0it=too b to0;itotoo \ 2 a2/ ’
it follows that function (11) will be bounded when t € (0, +00).

Thus, the following theorem is proved.

Theorem 1. The integral equation

From asymptotic behavior

and from limit relation

P vy SRl 2a1ﬁ/ot\f

T et v(T)dr =0
in the class of functions v(t) € Lo (0, +00) has a solution defined by the formula (11).

4 Case k=1
When k£ =1 from representation (10) we get
Ce t V2t a V2t
t) = — — tD 5| —=— — D4|——-— . 12
0= ool ) l\ﬁ (@ a )” (m a )1 "

From formulas 9.254 (1) and 9.254 (2) [6] we have for (12):

y(t):ai‘;t exp{; ‘;H\fﬁexp{ ;}x
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(oG8 (-5 o)
ol 22

S el ) E i ()

So, when k = 1, representation (10) has the form:

A o N A P

Thus, the following theorem is valid.
Theorem 2. The integral equation

t,

2f/ \ff\/ﬁ 1 V(T)dT—aLﬁ/O \ft\/%e%%.ymdf:o

in the class of functions exp {— %} v(t) € Lo (0, +00) has a solution defined by the formula (13).
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IIceBao-BonbreppaHblH WHTErpaJabIK TeHJEYiHIH, MIeIniIyi

MakaJstaza riceBio-BosibTeppaHbIl eKiHIN TEKTI MHTErpaJsiiblK, TEHJIEYiHIH eIy cypaKTapbl 3€pTTesIi.
WuTerpanpik TeH ey OH, YKaKTaFbl XKoHe 13/1e/iH/I (DYHKIUSAHBI ayBICTBIPY apPKBLIBI SITPOCHI «CHIFBLIMAJIBI»
GOJIMANTBIH UHTErPAJIJIBIK, TeHIEyTe KeJaTipliai. Anbiaran Tengey Jlammac TypieHaipyl apKbLIbl Kapamaii-
bIM GipiHrm peTTi (CBI3BIKTHIK) auddepeHnuanblK Tegaeyre Kearipinai. By renpeyniy merryi Tabbuis!.
Bacrankpr 6iprekTi eMec MHTErpasIiblK, TeHIAEeyre ColiKec KesleTiH OIpTeKTi MHTerpasablK TeHIEYIiH, MIelryi
aflKbIH TYpe TaOBLIAbI. BipTEeKTI MHTErpaJIIbIK TeHACYIIH Aepbec Karaaitiapbl XKoHE OHBIH k TapaMeTpiHiH
opTYpJi MoHIepiHzeri mentysepi ka3pliabl. [lenrysiepi 60s1aTbIH MHTErPAJIIBIK TEHAEYIEPIiH KJIacTapbl
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kepcerinren. CHHTYIISPIBIK MHTETPATIBIK TeHaeyep [1-3] xxymbicTapaa kapacroipbliran. COHBIMEH KaTap
OJIAPJIBIH SIIPOJIAPHI «CBHIFBUIMANWTBIHY 00JIbI, Gipak Typi e3remie. Ocbiran 6ailjaHbICTEI HIenty i 6ap 60-
JIYBIHBIH CAJIMAKTBIK, KJIACTAPBIHBIH, ATAJFAH *KYMBICTaFbl 3€PTTEIII OThIPFaH TEHJEY/IEPIiH Ienryiepi 6ap
OOJIYBIHBIH KJIACTAPBIHAH afbIPMAIITBLIBIFBL 6ap.

Kiam cesdep: siipo, MHTETPAJIIBIK, OMEPATOP, MIEKTENTeH DYHKIHUIAP KaacTapsl, Jlammac Typiaesmipyi.

M.T. Kocmaxkosa, JI.M. Axmanosa, C.A. Nckakos, 2K.M. Tyseyraesa, JI.2K. KacbimoBa

Pemenne oanoro mnces/10-BosibTeppoBOro MHTErpaJIbHOTO YPABHEHUS

B craTthe mccaemoBaHbl BOMPOCH pa3peIIMMOCTH IICEBI0-BoIbTeppoBOro MHTErpaJbHOTO ypPABHEHUST BTO-
poro poza. C moMoIpio 3aMeH [paBOil YacTW M MCKOMOM (DYHKIMU MHTErpaJIbHOE YDABHEHUE CBEIEHO K
WHTErPAJIbHOMY YPaBHEHMIO, SITPO KOTOPOTO He SIBJISIETCS «CKUMaeMbIM». C MOMOIIBIO Mpeobpa3soBaHust
Jlamraca mosy4yeHHOE ypaBHEHUE CBEIEHO K OOBIKHOBEHHOMY mrpdepeHIInaJIbHOMY YPABHEHUIO IIEPBOTO
nopsaxa (nuueitnomy). HaitneHo ero perenue. PereHye OJHOPOIHOIO MHTEIPAJIBLHOLO. YPABHEHNS, COOT-
BETCTBYIOIETO UCXOHOMY HEOHOPOIHOMY WHTErPAaJIbHOMY YPaBHEHUIO, HAEHO B SBHOM Buje. Boimuca-
HBI YaCTHBIE CJIyYaHd OJHOPOIHOIO MHTErPAJLHOIO YPABHEHUS M €r0 PEIeHMs [PU PA3JIUIHBIX 3HAYCHUIX
napamerpa k. YKa3aHbI KJIacChl, B KOTOPBIX MHTErpPaJbHOE ypaBHeHne uMeeT perienne: CHHIYIIsSpHbIE MH-
TerpaJibHble ypaBHEHUsI ObLIM paccMOTpeHbl B paBorax [1-3]. Ux sizpa Takske GbLIM- « HECXKHMAEMbL», HO
“MeJin JpYyro#t Bui. B CBaA3M ¢ 3TUM BeCOBBbIE KJIACCHI CYIIECTBOBAHUS PEIIEHWS OTIMIAIOTCA OT KJIACCA
CYIIIeCTBOBAaHWS PEIEeHUs] yPABHEHUsI, UCCIEIYEMOro B JAHHOM pabore.

Karouesvie caosa: apo, MHTEMPAJIBHBIN OMEPATOP, KJIACC CYIIECTBEHHO OrpAaHNYEHHBIX (DYHKIWI, mpeobpa-
3oBanue Jlamraca.
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