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Iterated discrete Hardy-type inequalities with three weights
for a class of matrix operators

Iterated Hardy-type inequalities are one of the main objects of current research on thedheary,of Hardy
inequalities. These inequalities have become well-known after study boundedness propertiesyof the,multi-
dimensional Hardy operator acting from the weighted Lebesgue space to the local Morrie-type, space. In
addition, the results of quasilinear inequalities can be applied to study bilinear Hardy inegualities. In
the paper, we discussed weighted discrete Hardy-type inequalities containing somerquasifinear operators
with a matrix kernel where matrix entries satisfy discrete Oinarov condition. The researeh” of weighted
Hardy-type inequalities depends on the relations between parameters p, q and.BxS0 Weyconsidered the cases
l<p<g<s<Tmoandp<gqg<s<T0 0<p <1 criteria for the fulfiliment of iterated discrete
Hardy-type inequalities are obtained. Moreover, an alternative method ef preef was shown in the work.

Keywords: Inequality, discrete Lebesgue space, Hardy-type operatar, weight, quasilinear operator, matrix
operator.

Introduction

The iterated integral Hardy-type inequalityphas theSfollowing form

/o0 g \ge \'B
J we(x) P(t)J f(s)ds dtgl dx <C 1] p(x)f(Jpdxj , VFGLpu(O, to), (1)
0 \0 0

where 0 < q,p,d < to, u(-), p<y and w() are positive functions and locally integrable on the interval
(0; to), Lpu(0, to) is a weightedWkebesgue space of functions for which the right side of the inequality
(1) is finite.

At the beginning ghegifequality (1) has been studied with various quasilinear operators in the
works [1,2]. The“eguivalence™of inequality (1) to the inequality, which defines the boundedness of
the multidimensional. Hardy operator from the Lebesgue space to the local Morrey-type space has
been shown by V:<Burenkov and R. Oinarov [3]. After this work researchers have become interested
in an jterated“integral Hardy-type inequality, then they began to use it intensively [4,5]. In the last
decade, researchers have studied weighted Hardy-type inequalities for the class of quasilinear operators
including the kernel [6,7].

Charagterizations of inequality (1) was studied more deeply than discrete analogue. A discrete
version of inequality (1) will be as follows
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where the positive constant C is independent from /, 0 < q,p,9 < X, and p = {gi}i=1is a non-
negative sequence, u = Jui}°=1, w = |wi}°=1 are positive sequences of real numbers. Ipu is the space
of sequences / = {/i}i=1 of real numbers such that

p,u \U/NP <%, 1<p<x.

Nowadays, inequality (2) is being considered in many works. In the papers [8-10], necessity and
sufficient conditions for the fulfillment of iterated discrete Hardy-type inequalities were obtained for
the different relations of parameters g,p and 9, namely, for the case p < 9 < x, in the sense that g can
be any positive number. The most difficult cases 0 <9 <min{p, q} < x and 0 < q < %,p < x for
these inequalities was studied in the papers [11,12]. Moreover, the paper [13] inclugdes characterization
of the following discrete iterated Hardy-type inequality

/ B\ |

V\/uIsuB(fiJZ/k C L/UUn
1>

uez ki Vnez j
/

It is obvious to us that by using previously obtained results of iterated\ Hardy inequalities we can find
characteristics of bilinear Hardy inequalities [14-16].

The aim of this paper is to characterize the iterated discretegHardy-type inequality with matrix
kernel defined as follows

( e\ 1

E W E & CINE \u/iy ., V/ Glpu )
\k=1 i=1 7i:l

and the dual discrete Hardy-type inequality has thegfellowing form

q
E W E <C ~ \UAW\ , V/ Glpyj (@)
LU= k=n I=k \i=1
where (ak;i), k > i > 1, is a matrix‘non-megative entries of which satisfy the discrete Oinarov condition:
there exists constant d > 1entrigs ak;i are non-decreasing in k and non-increasing in i, such that the
inequalities 1

d(akj + < aki < d(akj + )

hold for all k > jp,>W>"1

The recent papers {47] and [18], where inequalities (3) and (4) are firstly studied for the matrix
(ak;i), dm> k"= 1, Jentries of which satisfy condition (5). The paper [17] contains results for only
inequality/(3)yforithe case 0 < g <p <9 < x. In work [18], authors have used the localization method
and considered the case 0 <p <9 < x,0 < g < x.As we know, we can divide this case into the
followingytheee conditions

1) 0<p <9<g<x;

2)0<p <g<9 <xX;

0<qg<p<9<x.

In the paper, we obtained necessity and sufficient conditions for the fulfillment of the inequalities
(3) and (4) in the case 0 <p < q <9 < x by using an alternative method which is different from the
method in [18]. This method requires g < 9 condition since we will use the dual principle in the space
Ip. It is important to note that in this paper we present the results for the case 0 < p < 1 which is
interting because integral Hardy-type inequalities hold in trivial cases only [19].
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1 Preliminaries

We need following known statements to obtain the main results. Let’s start with reverse Holder
inequalities for weighted sequence Ip spaces and 1 <p < X:

'Y/ \-1
IS dpzij = s I1£ dihv |5 hpzl /

Te \p /Te \-p/
(£ dizA =sup (£ dihizA hp zA

We also apply theorems regarding discrete Hardy-type inequality for one class of matkix operators:
/e |k \ /Te \ b
S Vgl S akiifi <C ~ VUfi\P) * Vi GIRU (6)
where the entries of the matrix (ak;i) satisfy discrete Oinarov condition.4Fhe boundedness of Hardy-
type operators with matrix kernel was considered in the manuscripts [20-22].

Theorem 1. [21] Let p < g < % and 0 <p < 1. Let the"entries of the matrix (ak;i) such that aki
non-increasing in second index. Then inequality (6) holds if and, only™f A2 < x, where

1
(Te \g
£ akjvklh |9 <x.

Moreover, C & A2, where C is the best constant in (6).

Theorem 2. [22] Let 1 <p < q < k_andythe entries of the matrix (ak;i) satisfy condition (5). Then
the inequality (6) holds if and only if A%= Tax{A3, A4} < x, where

a=.sup (A u-p NP7 (A an it
j—% \i=1 /  \k=j
]p7/Te
A3 = sup ap,iu-p J 1]

Morgover,)C_& AyWhere C is the best constant in (6).

2 The main results

Theorem 3. Let 0 <p < g <8 < X. Let the entries of the matrix (ak;i) satisfy condition (5). Then
inequality (3) holds if and only if
(i) If0<p<1 Bl<x, where

loc ¥n \q" €

BI=SUup x x 15 al- u-1
[ A '
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Moreover, C1« B 1, where Clis the best constant in (3).
(i) Ifp > 1, B = max{B2,B 3} < to, where

e\
u q ¢

B2=sup g w—|E ah gl 12 u-P

Pl =5 \igj uk=1

BN

o Na Pyl
B3=su aj kg

E V\U E °l

? g/ k=1

Moreover, Cl« B, where C1lis the best constant in (3). L 3
Proof. We assume that 0 <p <g<B < toand 0 <f Glpu. Then from inequalityy(3 get that

0,

C1=sup E wU E F-),][-J 0. )
f> p=17  NEl = , Q

K
By raising both sides of (7) to power g and denoting Sk =g>k| E

P>

e obtain that

=54p ( E wuU
As 0 > 1, we can use of reverse Holder inequality to (8).Then we find
0 u ° N €q
Cq = sup IIf (L} su huV Sk Vfeu Gwued
>0 K=1 ly=1
7
=5

-eq
u e- I IFU (X Yh—z S4
3%58\@ D Lz,
By replacing Sk we obtai
0 —  /x 4 q 4

supIIf kU A~ h—z "k Z aki/i
VA s

By changing‘he orders of sums we get that
! 1 e K 40 \g*
sup 1E (h- w—1) eq sug IIf I U — ©)
h>0 \—=1 > w=l  \i=l —

Let us define Hk := "k E h—We will investigate separately the supremum which relates to f.

1
/o0 / K \ o\ g
E Hk ( E ak,i/i)
\k=1 =1 /
=0 0
Juifi]p

i=1
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As you have noticed, we have obtained a discrete Hardy-type inequality for a class of matrix
operators. Therefore, we consider two conditions regarding p. At first, if 0 <p < 1, we use Theorem 1,

then we have

(Te / k
£ Hk E ak,i/i
sup - V=L (11)
u i -
>0 o JSéJlD(Ezj akjHK 1 u-1.
E . \i/i\p
i=1
By inserting (11) into (9), we get that
/e e *0 TeTe ¢ \
Cagwsur E {h -g\e- ) : : \
30 3o P - A Pk F:k'”%
¢ o
= SPu- qSP E (huwu E Pka hi' (12)
ji>1 h>p \ k=
We denote zkj = pkakj,vn =w-qand pl=--q. Then Wegrew, ite (12) ollows
TeTe
czkj . hi E XihiY, Zkj
= i=k _ q . i= k=
Cq w sup u- qsup 1 =supu- "sup u!] sup m
j>1 h> T1e pv Pl 21 hx0 h>0 / 1e \ pl
E . (hrVu) > &E (hnVn)PL
n=1 n=1
(13)
= > 1 by applying reverse Holder

where Xk = 0 for 1 < k <j and Xk = 1dor k > .

inequalities to (13) we get that
- _ -q -
= AY¢l =supu E E Zi,j W

= ]>1 n=] ( |—J

Cq w sup u «q
| g B = =
Then we rewrite previou pplied designations and obtain
e m
T N q

| -

Cq WSUpU’q E E qpq 1 n

P10 gy (R Pat W

CiwBa1.

sot
Therefore, we find that C1w B1lin the case 0 < p < 1 and the constant C1 depends only on the

parameters p, g and 9.
Let us start estimating (10) for the case p > 1 Actually, by using Theorem 2 we obtain | w

max{B|,B|}, where
J \\p' /T
) Eal,jHk
k=]

B2 = sui)
167
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p7

B3 = suP K_X aj[iv - £ Hk
j—2 \i=1 k=j

First we estimate (9) with B] and B3i. By applying previously used designations and by changing the
supremums’ order of execution we get that

Cl &max <sup > u, sup £ (hnVn)PL £ Z,jE "
1 *j—u h h>° \n=1 k=] 1=k

k=j =k
We can estimate the value of the best constant C1 in the same way as& culated before. By
S

i
i TEeTEe
. i P ¢
SUp (£ aplil-PJ Sup (X (hn\h) £ vI£ hi \
h>° \n=1 =

changing the order of sums, applying the reverse Holder inequality for theseyre and substituting

the designations, we have
. g
/Y

C? &max <sup X U
= =

then

1 & max {Bf,B33}.
So we find that C1 & max {% obtain C1 & B1lin the condition 0 <p< 1, p<g<8B <X

and C1 & max {B2,B 3} j c tion 1 <p < g <8 < x . Moreover, the equivalence constants
depend only on p, g a eproof is complete.

Theorem 4. L <(g<e< x. Let the entries of the matrix (ak;i) satisfy condition (5). Then
inequality (4) halds ¥ and only if

() fo<gp <1 X, where

/ 3 /g qﬁ\ e
Di=sup £ wnlE£E u
1= n=t \i=n

1

Moreover, C2 & D1, where C2 is the best constant in (4).
(i) Ifp > 1, D = max{D2,D3} < x, where

by /a Vi e o\
D2=sup £ wp1£ &aivp ug
J=% p=t 7 \i=n i F
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jq
D3=$u? Q

S ) ap,ju- P

Moreover, C2« D, where C2is the best constant in (4).

Theorem 4 is devoted for inequality (4) and it can be proved similarly as Theorem 3.
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N.H TymunesaTwsiHgarsl Eypasus ynTToiy yHueepcumemi, AcTaHa, LiasaucraH

MaTpulaiblK onepatopnap Knachbl yww yul calimMmaKTbl
nTepaunanaHraH gnckpeTttl Xapan tvntl Teuclsmpkrep

ViTepauusiabsaH Xapan Taplanec TeHM3mKTep Xapam Teuclsnlkrepl TeopuackiHbLL, Ka3ipr TaHaarb! 3epT-
TeyIepLLILL Hen3M oObeKTLwepLULL, Gipi. Byn TeHU3MKTEp Ken efilemMsi Xapay OnepaTtopbIHbLL, Ca/IMaKTb
Jeber KelCTTHEH NoKa/bAbl Moppy TAPI3AEC KELLCTTHLL, LIEHENIMAIIK KacueTTepLU 3epTTereHHeH Keii-
iH'@eArT 60nabl. COHbIMEH KaTap, KBa3WCbI3bIKTbl TEHU3MKTEPALL, HATVDKENEPLL KOCChI3bIKTbI Xapau
TEHM3[PKTEPLL 3epTTey Kesllde kongaHyra Gonadbl. Makanasa MaTpULAbIK apochkl Gap KeiiGip Keasii-
CbI3bIKTbI OrepaTop/iap KatbiCKaH CasMaKTbl AMCKPETTK Xapav TIPI3Aec TEHWU3MKTEP KapacTbIpbUdbl,
MyHZa MaTpuLia a/iemeHTTepi anckpeTa OMHApOB LIAPTBIH KaHaraTTaHabpaabl. CanMakTbl Xapay Tapis-
[IeC TEHCI3ZIKTEPLi 3epTTeY p, XK3He B NapaMeTp/iepi apacbiHAarbl katbiHacTapra 6aiiaHbICTbl, COHAbIKTaH
63 1<p <q<B<TOXHep<q<s<To 0<p < 1lxarfainapbiH KapacTbIpLblK, UTepaLysiaHraH
AVNCKPETTX Xapam Tapi3aec TeHCI3AIKTEPAIH OpbIHAaNY KpUTepuianepi anbiHabl. COHbIMEH KaTap Oy Xy-
MbICTa faneneyaiH 6anama agici KepCeTLLreH.

KwT cB3gep: TeHCi3giK, AUCKPeTTi Sleber keHHOTM, Xapam Tapisgec oneparop, ca/iMakTap, KBasuChI3bIKTb
oreparop, MaTpMLA/bIK Oreparop.
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EBpasuiicknil HaunoHanbHblii yHuBepcMTeT UMeHn JTLH. TymuneBa, AcTaHa, KasaxcTaH

NTepalunoHHble AUCKPETHbIE HEpPABEHCTBA TUNa XapAn ¢ Tpems
Becamun ANs Knacca MaTpUUHbIX ONepaTopoB

TeprpoBaHHbIe HepaBeHCTBa TUMA Xapay ABMSKOTCA OAHUM M3 OCHOBHBIX OOBEKTOB COBPEMEHHbIX VCCrie-
[J0BaHIA TEOPWW HEPABEHCTB XapaW. 3TN HepaBeHCTBa CTa/ln LLMPOKO M3BECTHbI MOCE M3yYeHUs CBOMCTB
OrpaHUYeHHOCTV MHOTOMEPHOTO OrepaTopa Xapau M3 BeCOBOro MpocTpaHCTea Jlebera B IOKa/IbHOe MPo-
CTpaHCTBO TWNa Moppu. Kpome Toro, pesysibTaTbl KBa3W/IMHENHbIX HEPABEHCTB MOTYT ObITByRIMEHEHSI
ONS U3ydeHns GWIMHEMHBIX HepaBeHCTB Xapau. B cTaTbe pacCMOTPEHbI BECOBbIE AVICKPETHbIE HEPaBEHCTBA
Tvna Xapan, COLEPXaLLie HEKOTOPbIe KBa3W/IMHEVHbIE OrepaTopbl C MaTPUYHbLIM A4POM, rAe SReMeHTb! MaT-
puLLbI YAIOBNETBOPAOT AUCKPETHOMY YcrioButo OliHapoBa. ViccrienoBaHve BeCOBbIX HEPaBEHETB Tima Xapau
3aBMCUT OT COOTHOLLIEHWA MapaMeTpoB p, ¢ W B, MO3TOMY Mbl PacCMOTPENN CydYan U< pehq <B < TO
np<g<s<To 0<p <1 NOmy4uan KpUTEPUM BbINO/HEHWSA UTEPALMIOHHBIX AVIEKPETHLIX HepaBeHCTB
TMNa Xapam B ciyyasx 1 <p <q<B <To,p<(q <8 <7010 <p <1 boneétoro, B4paboTe rnokasaH
a/bTePHATVBHLIV METOf, AOKa3aTe/bCTBa.

Kniouesble cnoBa: HepaBeHCTBO, AMCKPETHOE MPOCTPaHCTBO Jlebera, Oneparopstvina Xapay, Bec, KBasuam-
HelHbIA OnepaTop, MaTPUYHBI OMepaTop.
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