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On the integral equation of an adjoint boundary
value problem of heat conduction

An integral equation is considered, to which a nonhomogeneous first boundary value problem with an adjoint
heat conduction operator is reduced. The problem is set in an infinite plane angle, that.is, a boundary of the
domain moves with a constant velocity, and the domain degenerates to a point_at the initial moment of time.
The incompressibility of the integral operator for the equation under study is shown. Using the relations for
an independent variable, the equation under study is equivalently reduced to a certain simplified equation.
With the help of replacements for independent variables, the equation is reduced.to an integral equation
with a difference kernel. By applying the Laplace transform, the obtained equation is reduced to an ordinary
first-order differential equation (linear). Its solution is found. By using the inverse Laplace transform, a
solution of the nonhomogeneous integral equation under study‘is obtained in the form of a convergent series
in some domain.

Keywords: heat conduction, nonhomogeneous singular integral equation, adjoint boundary value problem,
Laplace transform.

Introduction

In the study of some nonlocal internal-boundary problems for a parabolic equation, spectrally loaded
parabolic equations, problems with a moving boundary and inverse problems for parabolic equations, etc. there
is a need to study singular integral equations of the form:

1 T+t (r+1)°
ongiw] [ e

+(T_1t)‘; exp{—}:f}]wm dr=f(t),  (t>0). 0

The boundary value problems in the case of temperature heating are reduced to such equations (the first
boundary value/problem):

v 0%

ot = o

with boundary conditions:
’U(J), t)|w:0 = U*(t)v U(Jf, t)|$:t = W*(t)v U(Jf, t)|t:oc = O

1. Incompressibility of an integral operator and reducing
the integral equation to an equation with a difference kernel

For the kernel of equation (1):
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we have:
oo

lim K(r,t)dr = lim (26_% + 1) =149.

t—00 t t—o00
Hence, the characteristic part of equation (1) is the second term of the kernel (2).
Using relations:
(1+1)2 Tt T—t

t=21r—(1—1 =
T T (=1, da? (1t —t) a?(r—1t) 4a?®’

equation (1) will be rewritten as:

() - /t°° 2ai/7?{ (r 32)3/2 eXp{ - ﬁt—ﬂh

Al { - ) ol vy

It is enough to find a solution to the «simplified» equation:

+

v - | TR (tr) (r) dr = g(0), (3)

where
2T

v - g e - s - 2o - D)
ot =exw {1} h0)

We consider the integral equation (3):

0~ gz | (e~ )

+¢T1___t(1 —ewp{ - #t_t)}) }¢(T) dr = g(t). ()

Integral equation (4) is reduced to an equation with a difference kernel by means of replacements:

and notation:

1 1 1 1
t)=—=-(—], t)=——-g(—).
¥ (t) £3/2 v <t1) o1 (b) 112 I (tl)

As a result, we obtain the equation:

t
1 / 2 . { 1
. el
20y | (- )32 PV @2 — )

—t1 }y(ﬁ) dr = g1 (t1) (5)
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2. Solution of a homogeneous equation with a difference kernel

Applying the Laplace transform to the equation (5) we obtain the operator equation
L 1 2\/p _ 2P\ _
~7 (p) — 2av/p ( — exp <—> ) y(p) + {eXp (—a y(p) ¢ » = Gr(p).
After simple transformations we finally get
. 1 ch® Gi(p
7 () + e ) = ) (©
2&\/]773}1,T 1—exp (77\/5)
(7)

The solution of the differential equation (6) is the following function
¢ Vi
y(p) = / Gi(q) exp ( > dq.
sh¥= f 2 sh¥= f
The solution of the homogeneous equation corresponding to (6) is the following function
_ C
yhom(p) = Sh%.

)

(1-st term on the right side of the expression (7))
To (8) we apply the inverse Laplace transform
0 v
ny= 0 [ ot
yhom( 1) |:(r“)l/ 00 9 a=ty o

(50}

" 9o (V;t):\/%{riexp (—i <V+n+2)2> —n_i:olmexp
oo 00 o) -
e (_ (2n4+ 1)2> } _

is the modified theta function, and
2 1)2
(n4—|—)> - Z (2n + 1) exp
z n=-—1
(2n +1)?
4z

)

Z (2n+ 1) exp

o0
%Z (2n +1)exp (

A particular solution of the differential equation (6) is the function
1 g Va
h‘[/ G1(q) exp (a) dq,

1

2\fx

™

[N

ypart(p)
where -
Gi(q) = / e g (t) dt
0
By virtue of replacements
1 1

t=—, 7T=—

131 T1

1 1

373 ¥ (tl) ’

and designations
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from (9), we obtain the solution of the homogeneous equation corresponding to the integral equation (4):

Uhom (t a3\f Z (2n+1) exp( (2n4+21) t) .

Then, the solution of the homogeneous equation, corresponding to the original an integral equation (1), has
the form:

Bhom (t) = a?f/; S @+ 1) exp (_” ; ”t) . (11)
n=0

The following theorem is proved:
Theorem 1. The integral equation

_THt _ (r+t)?
T—t Xp{ 4a2(7—t)}+

1 T—1
—|—m exp{— 12 }]¢(T)d7‘—0, (t>0)

in the class of essentially bounded functions at ¢ > ¢ty > 0 has the solution

n2
Y (t) :a3fz2n+1exp( +nt>7

moreover, the norm of an integral operator acting in classes of continuous functions is equal to 3.

2a\f

3. Solving the nonhomogeneous equation with o difference kernel

Next, we proceed to solving the corresponding.nonhomogeneous equation.
As:

Giih= | T ey, () dt,

0

9 hf/ eXp(\[> dq/ e~ gy (ta) dty =
S

1 oo o0
“a p

In (12) we calculate the inner integral:

/ exp( qt2+\[) da H\/az’ q=a*2% dq=2d*zdz
a
p

then (10) can be rewritten as

gpart (p) -

= 2a2/ Z - exp (—t2a222 + z) dz = H & =avityz —

1
2a\/T3

N
1 1 2 > 2
= 2a° exp ( ) & de —I—/ e de =
a2ty 4a2ty 2av/t2 J jeop— 2@\1/5 \ /t2p7ﬁ

:2\({; eXp<4let2> erfc(f\[ o f) 1. (Zml%).exp{ (f\f % f)Z}
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) (517

We introduce the notation
~ LS 1
ta;p) =
A ( Qap) 2at% exp 4a2t
1 2
— 13
cten(ake)eof- (-2 ) .
Then, taking into account the notation (13), the function (12) takes the form
Tpart(p) = | A g a) i =~ [ G (i) 1 02) 2 =
part 2sh\f
= —/ (G1 (t2;v/p) + G1 (tz;\/f?)) g1 (t2) dia, (14)
0
where . = _
G (t2;p) =G1 (23 v/p) + G1 (23 /D) , (15)
and i P
= p
ta; = h~— LD =
00 5 ) (g
G (125 /P) = —— o ( 1 Va5 )
; = X - ex
2 25D 2t2 Sh@ p 4a2t p 20[\/}
a
We consider the latest equalities
~ N ( N ,l) 1
t . e a _ a
G1 (t2; /D) 2at2% e e expilg 7 cerfe | Viay/p — \F
N VB < _t 1
— .e1a%t - e 2P erfc \/> f o> e —
2t} vz -
1 =) _ 1
25 G VR e s
e
If in expression
~(1) ﬁ 1 _ P 1
Gl (tQ’ \/f)) N ath c€4a%t - a +iep erfc <\/t2 D — M)
from (16) to replace \/p with p, then from it is known that
~(1) 1 t2 t
S FRRIE I S ST
Gi (t2p) 2 eXp{ ity | 2aty
To find Gy (t2, \/P), we use the relation considering that F' (p) s =* f ()
. 1 o) 7_2
Fpe="—— [ rew{- -} s
2/t 1
Then from (17) we get:
~(1)
Gi (t2,vp)e =" G (ta,11).
Taking into account (18), the function-original (19) can be rewritten as
72 } 1 { 72 n T }d
S oexpd o T _
2 CxP 4t2 2at2 T

1 o0
3/(; TeXp{—Ttl

GV (ta,th) = 3
2/ t]
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1 11/ { sttty 1}d L1
=—— —.—= T expy — T T —— tdT =
207 13 8B Jo P Aty | 2aty 2av/mt2 tz
2t1t2 { tits }D \/2t1t2
o exp{—e—— D o[ —- _
(ti+t2) P \4a2832(t; + L2 >\ 2atav/h T 6
1 1 t Vit
= + 2 - exp{ 5 ! }erfc <—1> .
aﬁtg Vi (tl + tg) 202 t2§ (tl + tz)% 8a’ts (tl + tg) 2a+/to\/t1 + to

Let’s go back to the relationship (16):

~(1) 1
Gy (t2,yp) e P ——— . 21

1—e o

G1 (ta,\/P) =

l\D\»—A

We use the following property of the Laplace transform (Time shifting):

e PF(p)e="f{t—0a),

here F (p)e =* f ().
From here .
GO (b, p) ety =2 G (o, 11 — ta). (22)

We write the expression Ggl) (ta,t1 — to) from (22) explicitly using the formula (20):

ta
Y .
Ggl) (ta,t1 (8 ek erfc (12) .

—t3) = + 3 23
) a\/7>rt2\/t1 — tg tl 2a2t§ t2% QCL\/E\/E ( )

It should be noted that Ggl) (ta,t1 —t2) # 0 when t; > ts.
Next we will find the original of the last factor (image).in the ratio (21):

1 >, 2n . - , 1
2\/5—1"'”216)(1)(—0/\/]—5).: 5(t1)+W;nexp(—n a2t1> (24)

l—e"

Using the convolution theorem, relations (23) and (24) we obtain:

5(T)+132n-exp<n2~a21t1)] dr =

1 [ (1) 1 9 1
_2/t2 Gy (to, 7 = t2) 5(t1—7)+aﬁ2n-exp<—n a2(t1—7)> dr =

L & m o 1 (1)
:§G1 (tz,t1—t2)+m; . n - exp —nﬁ -Gy (ta, T —ta) dT. (25)

Then the original of the obtained solution (14) has the form:

t1—t2 1
Gl(tg,tl)zi/ G()(tQ,tlftng)
0

Ypart (t1) = */0 1 G (ta,t1) g1 (t2) dto = — (/0 1 G (t2,t1) g1 (t2) dtz +/0 1 G (t2,t1) g1 (t2) dt2> ) (26)

where
G (ta,t1) = G1 (t2,t1) + Ga (ta, t1)

is the original of the function (15).
Now we find G2 (tg, tl).

~ 1 1 1 \?
to: = : —(Veavp———] =
G2 ( 2 \/15) 2t2 Sh% exp <4a2t2) €Xp { (6\/13 20,\/5) }
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1 1 1 VD 1 1 _, 1
= . — .¢ — —t ~ - = —e 217.7.
64 _ 6_@ tQ *P <4a2t2 2P * a 4a2t2) tg 1—e" 2;/5
Then we have:
2nyp 1 2n./p
G2 (t2,p) Zeft”’ e e = tzebp{l—i-Zeap}.:‘
n=1
00 7L2
1 e aZ(t1—t2)
=" — 5(t1—t2)—|—2n 3 :Gz(tg,tl).
nm1 G/ (t —ta)?
_ n2
1 . oo e aZ(t;—tg) 0
and {6(t1 to)+> ., n VCTPRRE: } 0; at to > t;.
Then the second term in the solution (26) takes the form
(2) " - efﬁi%) 1
%munzi/ 5t —t2) + 3 ne b g (f) din=
0 i1 aym(t—t2)? |f2
1 ___ a2 ]
— ———— e i) . =g (tg)dis.
t1 (t; —t2)? 2

’/l2
% (i) o -

Z/ (t — to) %
(27)

1 M
—5/ G (ta,t1) 1 (t2) dts.
0

Finally taking into account (25) and (26) we have

1
Ypart (tl) ?gl

(28)

Then the solution of equation (5) has the form
Y1) = Ynom (t1) + Ypare(t1),

where ypqr¢(t1) is determined by formula (27) and the solution of the corresponding homogeneous equation was
(29)

25 6o ( ;a tl)] )
v=0

determined above:
yhom(tl) =-C |:a
and
9.~ (v 1 (2n + 1)?
— | = - = — 2 1 —_— .
00 (50)] v =NCE poun (-2

ov

Let’s go'back to the old variables
1
Earlier, the replacement t = — and the following designations were introduced
1

e 1>, gl(t1):\/lﬁg(t11)-

v =5
t{ 1
1 1
Therefore, from (23) we have (here: to = — bh=-, 7=—)
T t T1
tirs exp (T_t)
11 1 t3r3 84?2 —/T—t
GV (to,t1 —t2) =G (=, - = =) =
vt =) =G (27 2 avavr —t 2a2 el
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From the last formula for (25) we get:

I\?\w
~
[N
\}
[N
o
o
7N\
ool I
S
()
~
~~_
&)
=
&’1
o
7N
\]
|
o~
N~~~
+

11 tir
G (t2,t1) = G4 ( )

Tt 2a+/T\/T — 4a? 2a
Z / nexp (—n? ) x
azf P a?(m —t)
3 rirdexp (L2
x T ' P\ 8 erfc —VToT dn
\/77\/7'—7'1 2a 2a T2’

Then the solution (27) can be rewritten in the form:

2

1 n
art (t1) = — (t1) E _— - to ) dts—
pare (1) = =3 01 (1) \f / (th — t2)* eXp( aQ(tl—t2)> N

n=1

M

1 [
—3 G (t2,t1) - g1 (t2) dt2

3 1 &< [ 7-n n? dr
t2wpart() _tZQ(t)_a 7rz_:l/t (l_l)% P <_a2(11)> ﬁg(T)ﬁ_
n t T T
trd exp (o)
_1/“’ t3r8 \F()dj_l/‘x’ TP (82 erfe (Y1) g m O
2 )y 2amT—1 T2 2 ), 4a? 2a I
0o 0 t % 3
—1/ 1 Z/ neexp ( =n? Tt T
2 )i 20T = s % a?(m —t) \F\/T—T1
rir} exp (T_Tl>
1
8a2 —/T— 7 dm dr
* %a erfe (w))@ﬁg(ﬂ =
After simplifications we get:
n’tr
wridth= —g () : e dr—
Uparedt) g9(t) a\f T—t% exp( aQ(T—t))g(T) T

1 =l 1o (Tt V-t
_4aﬁ/t T_tg(T)dT—@/t exp 8a2>erfc( 5 >.g(7')d7_

qu /Oo > / exP( 2a2<2t—t>> (ww%*

+m2<;j§1> erfe (T) )dn g(r) dr
Or Gt (1) =90 MZ/ e o () o) o

_4ai/E/t \/%g(r) dr — 8%[ exp <78a_2t) erfc <_V27;l_t> ~g(7) dr—
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1 i t 1 1 T—T —/T—11
_4a2\/7?t% /t g(T)/T (ﬁ\/ﬂ\/r—ﬁ * 2a1 exp( 8a? ) erfc( 2a )) X

= t
X Z n - exp (—nQGQ(ﬁt> dry - dr. (30)
n=1

’7'1—)

Then the solution of the integral equation (3) taking into account the obtained expressions (29) or (11)
(see Theorem 1) and (30) has the explicit form:

> 'rl2 n
00 = e Do nt ey (<)~ 1) -
n=0

"
Ji/“(_t)p(_(tw) g (r) dr—
4@1\/%[0\/%9(7) dTSiQ/tooeXp (Tgaf) erfe (T) @) dr=
v ] 00 [ (v e () e (57))
xgn exp (—nQGQ(:t_t)) dr dr. (31)

4. Main results

Theorem 2. The solution of the integral equation (1) with the singular kernel (2) has an explicit form defined
by the formula (31).

Remark. Singular homogeneous integral equations were considered in works [1-4]. Their kernels were also
incompressible, but kernels had an another form. In‘this connection, the weight classes of the solution existence
differ from the class of the solution existence for.the equation considered in this work. We also note that
boundary value problems for a spectrally loaded parabolic equation reduce to this kind of singular integral
equations, when the load line moves according to the law x = t [5-10] and problems for essentially loaded
equation of heat conduction [11-15].

In works [16, 17] it is shown that<he homogeneous Volterra integral equation of the second kind, to which
the homogeneous boundary value problem of heat conduction in the degenerating domain is reduced, has a
nonzero solution.

In works [18, 19] boundary value problems for heat equation in angular domains with special boundary
conditions are studied. The problems are reduced to singular integral equations of Volterra type of the second
kind, similar to the equation (1)
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2KbLIyeTKI3riMITIKTIH TyiiiHgec ecebimiH 6ip
MHTErpaJiJablK TeHAeYl >KaliJIbl

?KputyerkisrimrikTiy TyitiHgec oneparopsbl 6ipTekTi emec Gipinmmi meTTik ecebi KeaTipiieTiH mHTErpas-
JIBIK TEHJIEY KapacThIPbLLIbl. Ecer mekci3 ka3biK Oy phIIITa KOMbLIFaH, SFHU ODJIBICTBIH, [IIEKaPaChl TYPAKTHI
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JKBUIIAM/IBIKIIEH KO3FAJIA Bl YKOHE 00JIBIC YaKBITTHIH, 6ACTAIIKBI ME3TLIIH/Ie HYKTere aifHaIa bl 3epTTeTyIe-
ri TeHJEY/[iH, MHTErPaJIJIbIK, OIEPATOPBIHLIH ChIFBIIMARTHIHBI KOpCceTiJIreH. Toyesicis aifHbIMaJ bl YIMH KAThI-
HaCTapIbl KOJIJAHBII, 3€PTTEJIII OThIPFaH TeHIey KaHaiiia 6ip 9KBUBAJIEHTT] BIKIIAM TeHJeyTre KeJITipiamai.
Toyenciz aftHbIMaIBIIAD VIMNIH AyBICTHIPYIAP KOMETIMEH TEHJIEY aWBIPBIMIBIK, SAPOCHI 6ap MHTErpasIIbIK,
TeHaeyre kearipinzai. Jlammac Typenaipyin KoigaHy apKbLIbl aJbIHFAH TEHJEY KapamaibiM OipiHmi perTi
nuddepennmanablk Teraeyre (ChIBBIKTHIK) Kesripinai. Ombiy menryi Tabbuigsl. JlamiacTely Kepi Typiie-
HYyiHIH KeMeriMeH 3epTTejieTiH OIpTeKTi eMec MHTerpasiabl TeHJEYIiH KaHmail ma 6ip o0JibICTa YKUHAKTHI
KaTap TYPiHJEri IIentyi ajbIHIbI.

Kiam cesdep: KbLIyeTKI3rTIK, 6IpTEKTI eMeC CUHTY/ISIPJIBI UHTErPAJIIbIK, TeH ey, TYHIHIeC METTIK ecerl,
Jlantac TypJsesaipyi.

M.T. Kocmaxkosa, B.I'. Pomanosckuit, H.T. Opymbaesa,
2K .M. Tyneyraena, JI.2K. Kacbimosa

O6 omHOM MHTErpaJibHOM yPaBHEHUU CONPA>KEHHOI
3aa41 TEeNJOMNPOBOIHOCTH

PaccmoTpeno uaTerpasibnoe ypaBHeHme, K KOTOPOMY CBOJIMTCS HEOJHOPOIHAS [IEPBast KpaeBas 3a/1a9a € CO-
NPSI?KEHHBIM OIEPATOPOM TEIJIONPOBOHOCTH. 3a/1a4a [I0CTaBJIeHa B GECKOHETHOM IIJIOCKOM YIJIe, T.e. Ipa-
HUIA 00JTACTH JIBUYKETCSI C TIOCTOSTHHOM CKOPOCTBIO, U 00JIACTh BBIPOKIAETCS B TOUKY B HAYAJBHBIA MOMEHT
Bpemenu. [lokazana HECXKMMAEMOCTh MHTETPAIHLHOTO OMEPATOPA. NCCASAYEMOro ypaBHeHus. Mcmons3ys co-
OTHOIIIEHUS JIJIsI HE3aBUCHUMOM IIepEMEHHOIt, HccileyeMoe YpaBHEHUE 9KBUBAJIEHTHO CBOJUTCSA K HEKOTOPO-
My yIpOIeHHOMY ypaBHeHu!0. C MOMOIIBIO 3aMeH JjIsi HE3aBUCHMBIX IIEPEMEHHBIX YpaBHEHNE CBOJIUTCS K
MHTErPAJBHOMY YPABHEHHUIO C PA3HOCTHBIM siapoM. [IpuMmenernem nmpeobpazoBanus Jlammaca moaydeHHOe
yDaBHEHME CBEIEHO K OOBIKHOBEHHOMY I depeHraJbHOMY YPABHEHHIO IEPBOTO HOPsAKa (JIMHEHHOMY ).
Haiineno ero pemenne. C nmomorpsio obpaTHOro npegbpas3oBanus Jlamiaca Moy eHo peleHne necjeryeMoro
HEOTHOPO/IHOTO MHTErPAJbHOIO YPABHEHUsI B BHUJIE CXOJMAIIET0Cs Psifia B HEKOTOPOil 00J1acTH.

Karouesoie c06a: TEIIONPOBOAHOCTD, HEOAHOPOIHOE CHHLYJISIPHOE MHTErPAJIbHOE YPABHEHHE, COIPSIYKEHHAS
rpanudHas 3ajada, npeobpasoBanue Jlammaca.
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