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Model-theoretic properties of semantic pairs and e.f.c.p.
In Jonsson spectrum

The article is committed to the study of model-theoretic properties of stable hereditary Jonssontheories;
wherein we consider Jonsson theories that retain jonssonnes for any permissible enrichment, Theapaper
proves a generalization of stability that relates stability and classical stability for Jonss@fpspectrum. This
paper introduces new concepts such as “existentially finite cover property” and “semaftic_pa@ir¥. The basic
properties of e.f.c.p. and semantic pairs in the class of stable perfect Jonsson spectfum™are studied.
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Introduction

The concept of language enrichment plays a significant, role, in description the model-theoretic
characteristics of both theories itself and models.glanguage enrichment options are limited by first-
order language rules. In this article we are dealing withylanguage enrichment using a one-place predicate
symbol and some constant symbol. The nexthimportant point of novelty and relevance of this work
is the fact that all new concepts and corresponding statements were concerned within the system of
the study within the framework of the study generally speaking incomplete theories. Namely, in the
class of Jonsson theories. This class is quite broad and its application covers many areas of modern
mathematics. The remark about the ineéempleteness of the theories under consideration is relevant in
the sense that the modern apparatls“@f model theories is developing within the system of the study
of complete theories. This argicle presents results that clarify previously obtained theorems related to
the classical concept of stabilityywithinsthe framework of complete theories and its generalizations.

In this work we are goin@ato hightight the fact that we consider many classical concepts associated
with the concept of stabilityfforiJonsson theories and their types within the framework of such a new
concept as the Jamssoh spectrum of cosemanticness a model or class models. This concept allows us to
classify Jonssons theeriesaregarding the relation of cosemantic. Also, to find analogues of basic theorems
from stability theQry, 'such as with theorems associated with the concept f.c.p. [1], in our case, for these
purposes, théjidea ofysing the concept of the central type of Jonsson theories is used.

And here wejpresent results related to the concept of stability of perfect Jonsson theories, and also
obtain, resultsiregarding the Jonsson spectrum for semantic pairs. Semantic pairs are a generalization of
beautifulpairs, which started to be explored deliberately in the work [1] of B. Poizat. In this work, B.
Poizat investigated structures of a common form in which elementary substructures are distinguished.
He formed the question of finding for conditions under which the theory of elementary pairs is complete.
Subsequently, the works of [2-8] and others were devoted to the study of this issue. Commonly, reflection
of the work of [2-8] played a significant role in the study of the issue of incomplete theory, that is,
Jonsson theories. In the works of A.R. Yeshkeyev we can find a complete description of Jonsson theories
regarding this issue [9-14].
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1 Local properties of the Jonsson spectrum in stable theory

The main result in the article is developed within the framework of the Jonsson theory. Since this
work is not the first work in the study of the Jonsson theory, I did not want to rewrite the definition
and related original concepts and theorems. A detailed description of the Jonsson theory and the initial
concepts and theorems related to the theory can be found in work [15-19].

Further we will prove the main results for some fixed Jonsson spectrum. Before that, a number
of results related to Jonsson spectrum were obtained. In particular, the generalization of the classical
theorem on elementary equivalence of abelian groups and modules, which is one of the important
concepts in algebra, is given in works [20-22].

Definition 1. [21] Let a be an arbitrary signature, L be the set of all formulas,of Signature;a. Let
B be an arbitrary model of some fixed signature a, B GModa. Let us call the Jomssongspectrum of
the model B the set:

JSp(B) = {T/Bg ModT,T is Jonsson theory of the signature a}.
Next, we obtain the following factor set by the cosemantic relation

ISp(B)/M= {[T]IT GJI$p(B)}.

Let [T] GJSp(B)/X. Since each theory A G[T] has Cg = CI, then the semantic model of the [T] class
will be called the semantic model of the T theory: C[T],= CT:§I he*center of the Jonsson class [T] will
be called the elementary theory [T]* its semantic medel€[T], I.€. [T]* = Th(C[T]) and [T]* =T h (")
for any A G[T]. Denote by E[T] = (Jge[T] Ea, the class, of‘all existentially closed models of the class
[T] GJISp(B)/ X. Note that Mpe[T] = 0, since atyleast for each A G[T] we have C[T] G Ex.

Definition 2. [21] The class JSp(B)/ X,is called“perfect (further, PJSp(A)/ X) if each class [T] G
JSp(B)/x is perfect, [T] is called perfect if.C[T] is a saturated model.

PJSp(B) = {T|T is perfeet Jonsson theory in language a and B GModT }.

It is clear that PJSp(B) CJSp(Bys

Theorem 1. [17]. Let &/ be & perfect Jonsson theory. Then the following conditions are equivalent:

1) T*is a model companion’of the T theory;

2) ModT* = Ex;

3) T*= Tf,awhere Et™is the class of T-existentially closed models T, Tf = Th(FT), where FT is
the class of genericil models (in the sense of Robinson’s finite forcing).

Let T e a Jansson theory, SJ(X) the set of all existential n-complete types over X consistent with
T fonevery finite n.

Definitioh” 3. [17] We say that a Jonsson theory T is J-A-stable if for any T-existentially closed
model A, Tor any subset X of the set A, [X] < A" |SI(X)] <A

At one time, the author in [23] proved a theorem that connects the concepts of J-stability and
classical stability for perfect Jonsson theories. And this result generalizes the concepts of stability.
Now we want to define the concepts for the Jonsson spectrum.

Theorem 2. Let [T] be a perfect Jonsson El-complete class, A> w. Let C[T] be its semantic model,
A C[t] and A is the existentially closed model of [T], [T] GJSp(A)/X. The Jonsson class [T] is
J -A-stable if and only if the center of the Jonsson class [T]* is Astable (in the classical sense).
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Proof. We will work only with perfect Jonsson theories PJSp(A)/M. Let [Tj e PJSp(T)/x and
En([T]) be the distributive lattice of equivalence classes

p[M=I[de En(L) I[TI*=po t,p e En(L)}

We will call the Jonsson class [Tj stable if every theory A e [Tj is a stable theory by the Definition 3.

If [T} ¢ [Tj* then En([Tj) ¢ En(Th(C[T])), where En([Tj), En(Th(C[T])) are the corresponding
lattices of existential formulas. The class [Tj is complete for existential propositions, which means that if
every theory in [Tj is a complete theory, therefore En([Tj) = En(Th(C[T])). [Tj e JSp(A)/X, is perfect,
then the semantic model C[T] is saturated, every Jonsson theory A e [Tj is perfect. Then, by Iheorem
1, each A e [Tj has a model companion. Since [Tj e JSp(A)/Mis perfect [Tj* is model complete by
Theorem 2.9.15 [17] , [Tj* = Th(C[T]) if and only if Vn <w, Vp e Fn(A*) 36 ¢ En(A%) s A%b'p 0 B.

Let the Jonsson class [Tj be J -A-stable, this means that if in the class there 1S a‘theory from [T]j
that is stable, then by Definition 3 for each model A e Ea we have that for each subsetaX c€A, if
IX] < Athen |SI(X)] <A

Note that if the class is perfect, then all Ea for A e [Tj are equal to each*other.

Suppose that [Tj* is not A-stable. Then there exists A e Ea = ModA*,, by Theorem 1, so there
is X ¢ Asuchthat [X] < A3n<w” |SI(X)] > A For each formula ple pawhere p e Sn(X), we
replace p with s satisfying the properties A* b p o 8 and 8 ¢ En([Tj%)detp be p after replacement.
Then p' e SJ(X) and |SI(X)] > A This contradicts the J -A-stability ofithe class [Tj.

2 The central type of a semandic pair

Since our main goal in this article is to consiter the, special properties of central types, we will
work with some signature enrichments in which someyfixed, Jonsson theory is given, other questions
regarding this can be found [18, 19,24,25].

In the future, the entire theory under consideration will be hereditary. We gave a detailed description
of the hereditary theory in paper [19]. Now let’s talk about the hereditary class. A class is hereditary
if every theory in that class is hereditary.

Let us consider some extension of sighature a and consider the central type of this extension for
all Jonsson theories [Tj e PJSp(TA)7M."And the central types here are taken from enrichment 0 in the
previous work [19].

Next, we consider the conceptof “finite cover property” which arises from the work of Shelah [26]. In
his works Shelag shows the following: an unstable theory has f.c.p., but this is not of great importance
for us, since we will oply‘eansider stable theories.

A denotes a set, of formulas of the form p(x,y). An m-formula, or p-m-formula is a formula of the
form p(x,y) or p(x;a) Where I(x) = m and we consider y as a sequence of parameters for which we
will usually substitute“seme a and get p(x, a).

Dgfiffition @, [26,62] Let p(x,y) e L, a0 "% A

@ p (X)), has the finite cover property (f.c.p.) if for arbitrarily large natural numbers n there

..59an-1 such that = -(3x) A k<np(x, ak) but for every I <n, = (3x) O k<n k=l p(x, ak).

(2) TOhas the f.c.p. if there exists a formula p(x, y) which has the f.c.p.

And so, for a special case, we form matrices where rows consist of p —1-type. And this matrix will
be the central type, and all partitions of the central type from the enrichment 0 will be f.c.p.

fpi(x,bi) pi(x, b2 pi(x,bn)
p2(x,bi) p|(x,b2) p2(x,bn)
p S [0,1}

pn(x,b1) pn(x,b2) p B(x,bn)
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For example, n =3, k=1, | = 2, then f.c.p:

/V?2(x,ai) pl(x,a2) <fi{(x,a3)\
lipl(x,ai) "2(x,a2) "1(x,a3)]|
\i(x,ai) ~l(x,a2) "3(x,a3)/

From this it can be seen that f.c.p. can be extended to the central type, while pc must preserve the
hereditary property. When central type = f.c.p., then the theory will be unstable.

In this work, B. Poizat’s results on beautiful pairs are generalized on the case of 3-complete J -
A-stable hereditary Jonsson theory. Instead of f.c.p. and a type, we consider existentially firite cover
property (e.f.c.p.) and a central type, correspondingly, in a specific expansion of the signature. Professor
A. Yeshkeyev first made a report on this at the conference Logic Colloquium-2023, [27]}

Definition 5. [27] Let T be the Jonsson L-theory and f(x,y) be an 3 formula“ef L"language. If
for any arbitrary large n exists a°,..., a”1 in some existentially closed model 6T ang, a°,..., a”-1
satisfies -(3x) A k<nf (x, ak) and forany | < n -(3x)4k<nf (x, ak), then f (xgy)yis®said to have e.f.c.p.
(existentially finite cover property).

In [1], the connection between fundamental order and definability aas defined.

The fundamental order is a tool of comparing types over models of\adcomplete theory: it measures
the degree of complexity of a type in the realization. This order isiespeeially effective in the case of
a stable theory. Since the center of the T* Jonsson theory ‘is,a camplete theory, and we can consider
the fundamental order for central types. If the Jonsson theorygis a perfect theory, then T* will be a
Jonsson theory. And also, due to the perfection of the theoryjef T, any formula is existential in T*.

Definition 6. [20] Let A C M, 3-formula p(x, y)%& L(A) be called representable in p £ SJ(M) if
there exists a tuple m £ M such that p b p(xgm).

Definition 7. [20] M, N are existentially closed,submodels of the semantic model CT of the theory
of T.Ifp£SJ(M), and g £SJ(N), p > g im the sense of fundamental order, if any formula represented
by p is also represented by q.

Definition 8. [1] If p and q represent theasame formulas, we say that they are equivalent, and they
even have a class in fundamental @rder.

Theorem 3. [1] Let T be @a‘stablestheory, M, N are |T|+ be saturated models of T, p £ S1(M),
q £ SIN). Let Ac M begA< TBlpsuch that p is defined for all formulas f (x,y): g(y,a) can be taken
with parameters a in A;(then pland g are equivalent in fundamental order T if there is an Alc N
of the same typepas A such.that q is the definable type of a formula of the form g(y,a'), where a'
corresponds to a.

A theory T is'stableyif and only if for any model M of T and all p from S1(M), p is definable.

In_the, framework»of the study of Jonsson theories, which are generally incomplete, and in some
expanded /language with new unary predicate and constant symbols, we refine in such generalization
the earlier result obtained on beautiful pairs for complete theories from [1] (Theorem 4).

Definition 9. [27] Let CT be a semantic model of T and N, M be existentially closed submodels of
CT. A pair (N, M) is called existentially closed pair, if M is an existentially closed submodel of N.

Lemma 1 If theory T is a perfect Jonsson theory, then theory Thva(C,M) is a perfect Jonsson
theory.

Definition 10. [27] An existentially closed pair (CT,M) is a semantic pair, if the following conditions
hold:

1) M is | T|+-3-saturated (it means that it is |T|+-saturated restricted up to existential types);

2) for any tuple a £ C each its 3-type in sense of T over M U {a} is satisfiable in C.
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By definition we see that it generalizes the excellent pair in [1], but weaker, because in the definition
the number of tuples is finite and by Definition 2.4.4 [17] the power of the semantic model is uH and it
does not reach 2LL2LL> uH, uH+ w = wH+. Using the following Theorem 4 we can show the elementary
equivalence of semantic pairs.

Let class K be {(C,M)|M C,(C,M) is semantic pair}.

Consider the Jonsson spectrum of class K

JSp(K) = {V]V is Jonsson theory,V = Thvg(C,M), where (C,LM) GK}

It is easy to see that JSp(K)/X is the factor set of the Jonsson spectrum of class K\ by m,
[V] GISp(K)/x,.

Let [V] be E-complete and J -A-stable Jonsson class, C[V] be a semantic modél of'the theory, [V],
[V] = [V] in the enrichment of 0, [V]* is the center of the [V], p,q GS([V]*), V' = Thv NCIM )

Theorem 4. (C[V],Mi) and (C[V],M2) are two semantic pairs, a and b tuplestaken “from each of
them, M1, M2 G E[V]. Then (C[V],M1) =vg (C[V],M 2), if their central types arg _equivalent by the

fundamental order V*.
Proof. Follows from Theorem 6 in [1] and from Theorem 3.

Theorem 5. Let [V] be a hereditary, E-complete perfect, and J%A-stable Jonsson class. Then the
following conditions are equivalent:

1) [V] does not have e.f.c.p.;

2) Any |T|+-saturated model from V' is a semanticepair;

3) Two tuples a and b from the models of [V] have theysame type if and only if their central types
in sense of [V] over M are equivalent by fungdamentaltorder [V] ;

4) Two tuples a and b from models of V' andythat are in C[V]\ M have the same central types in

the sense of [V] if and only if they have the same central types in the sense of [V]*.

Proof. 1)  2). [V]* the center of [\ theory in the permissible enrichment 0. And by Theorem 2.
it is A-stable theory. In [26], Shelahmshowed)that stable theories do not have f.c.p. If (N,M) is a
| T]+-E-saturated model from V', M is |1 |+-E-saturated.

Let us assume that [V]* isinotWAsstable. Then there exists M GEp = Mod[V] , by Theorem 1,
so there is X ¢ M such that 1X] .< AEn < w ™ |SI(X)] > A For each formula y Gp, where
p GSn(X), we replace yfwith g, satisfying the properties A* by o B and B8 GEn([T]*). Let p' be p
after replacement, Thén pG SJ(X) and |SJ(X)] > A This contradicts the J-A-stability of the class
[V]*. Hence [V]* isistable and has a saturated model.

2) N 3). By Definition 10, since any sufficiently saturated model is a semantic pair.

3) N 4)gBecause if a and b are in C*] \ M let’s say that their types are over C*] \' M are
fundamentally‘equivalent, that is, they implement a type over 0.

4.~ 4) 1THA does not have e.f.c.p., then by Definition 5 there would not exist an arbitrarily large
number n. Infthe semantic pair (C[~,M) for arbitrarily large n we find an in M [1]. Moreover, any b
of a semantic pair, b GM is of the same type as a over 0 in the sense of A would satisfy the opposite.
Therefore, a and b will not implement the same type in the sense of A', which contradicts (4).

Theorem 6. Let [V] be a hereditary, E-complete perfect, and J -A-stable Jonsson class. If [V]* does
not have e.f.c.p. and A-stable class, then the class If [V] is J-A-stable and does not have e.f.c.p.

Proof. The proof follows from Theorems 4 and 5.
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IE. )KymabekoBa

Akagemuk E.A. BBkeT 0B aThiHgarsl Kaparangsl yHueepcUmemt, KaparaHgbl, KasaxcTaH;
KaparaHgbl uHgycT puansiy yH ueeptumemi, KaparaHngbl, KasaxcTaH

}{) N
MoHCcoHabIK, criekTpnepaeH WoHCOHABIK, ceMaHTUKaNbIK, K,0cap
MeH LUeKT1 »Kabyabll, sK3ueTeHUnanabl K,aCUeTLLLL
MoAenabTeopeTUKanbIK, K,acnetrepl

Makana Ke3 KefireH pyKcaTTbiNbIrbighap,6anbimy1a MOHCOHABINLLLTLI CaKTaThiH cTabunal spl mypansl AoH-
COHJbIK Teopusanapably, MogenabTeopeTHKanblK KacueTTepll 3epTTeyre apHanraH. X ymbicTa cTabunaLx
MeH KNnaccukanblK CTabuASKT BainadbiCTbIpaTblH CTAOMALLDKTLL, XaamnbllaMachl AOHCOHAbLIK CMEeKTp-
Nep ywiw AsnengeHreH. YchHBIIbIMOTbIpraH XyMbicTa "LWeKTl xabyabll, 3K3UCTeHLManabl Kacuet" meH
"ceMaHTUKanblK Kocap'gceronnl akia yroimgap eHnswwreH. »KaHe 0oCbl CEMaHTMKaNbIK KOcap MeH LUek-
T1 XabyAblL, 3K3MCTeHUMaafdbl gacmeTLlL, cTabunal Kemen MOHCOHABIK CNeKTpfep ywi Hensn kacuettepl
3epTTeNreH.

KwT cB3aep: MOHCOHAbIK TEOPWA, CEMAHTUKANbIK MOAE/b, PYKCATbIAbITbl 6ap GaiibiTy, LeHTpangsl Tum,
Mypanbl Teopiag, cTabunal Teopus, kemen Teopus, DyHAAMEHTaNbl PeT, KaHbIKKaH MOZEb, LLUEKT1 a6y bl
3K3MCTeRUMaNABKacUeTl, 3K3UCTEHLMANAbI-TYbIK KOcap, CeMaHTUKabIK Kocap.
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KaparaHjuHCKUA yHuBepcMTeT UMeHN akajemuka E.A. bykeTosa, KaparaHga, KasaxcTah;
KaparaHjuHCKUA WHAYCT puansHblit yHuBepcn TeT, KaparaHga, KasaxcTaH

TeopeTUKO-MOeNbHble CBOMCTBA cemaTMyeckmnx nap u e.f.c.p.
B MOHCOHOBCKUX CNEKTpax

CTaTbs NOCBALLEHA U3YYEHUIO TEOPETUKO-MOAENbHbIX CBOMCTB CTAOMNbHbIX HACNEACTBEHHbIX MOHCOHOBEKMX
TeOpWiA, NPX 3TOM Mbl paccMaTpuBaeM MOHCOHOBCKME TEOPUM, KOTOPbIE COXPAHAKOT WOHCOHOBOCTL MU JIkO-
6om gonycTumoMm oboraweHnn. ABTOpaMU [0Ka3aHO 0606LLeHMe CTabuIbHOCTU, CBA3bIBAIOLLEE, CTaBI b
HOCTb U KNacCMYeCcKyto CTabUnbHOCTb 415 MOHCOHOBCKUX CMEKTPOB. BBefieHbl HOBble MOHATUS, Jakne Kak
«3K3UCTEHLMaNIbHOE CBOMNCTBO KOHEYHOTO MOKPLITUA» U «CeMaHTU4eckas napar. V3yueHsl OCHOBHBIG, CBOI-
cTBa e.f.c.p. 1 CEMaHTMYeCKMX Map B Knacce cTabUbHbIX COBEPLUEHHbIX MOHCOHOBCKMX GIIEKTPOB:

Kniouesble ¢10Ba; AOHCOHOBCKAs TEOPUS, CEMaHTUYeCKas MOJESb, 4OMYCTMMOe 0GOfaLLEHIE, LIEHTPabHbINA
TWN, HacneACTBEHHas Teopwus, CTabWNbHasA Teopus, COBepLUeHHas Teopus, yHfiaMeHTambHbIi NOPSIOK,
HacbILLeHHas Mogenb, e.f.c.p., SK3UCTEeHLMaNbHO-3aMKHYTas napa, CeMaHTUYeckas napa.
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