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0] pacueTe NpsaAMoOyroJibHbIX IJIACTHH METOAOM
TPUTOHOMETPUIECCKHUX PAI0B

B cratee mpencraBieHbl pacueThl IPSAMOYIOJBHBIX ILIACTHH METOJOM TPUTOHOMETPUYECKHX PSJIOB.
Jlnst macTHHBI, CBOOOIHO MM IIAPHUPHO ONEPTOIl MO BCeMy KOHTYPY, PEIICHHE ONpPEAENsIeTCs] B ABOUHBIX
TpUroHOMeTpuyeckux psanax (pemenue Hasbe). B Oonee oOiiem ciy4ae s IUIACTHHBI, Y KOTOPOH TOJIBKO
J[Ba TIPOTHBOIIONOKHBIX Kpasi IMEIOT MIapHUPHOE ONHpPaHHeE, a ABA JPYTHX Kpas — IPOU3BOJIBHEIC TPaHHI-
HBIE YCIIOBHS, pElIeHHe HAXOAUTCS B BHJAE OJMHAPHBIX TPUTOHOMETPUUECKUX psnoB (pemenue M. Jlesn).
IIpoBenieH cCpaBHUTENBHBIN aHATN3 MOITYYEHHBIX PE3yIbTaTOB.

Kniouesvie cnosa: mpsMOyroibHas IUTaCTHHA, (DYHKIUS IPOTHOOB, YCHINS, N3THOAIONINEe MOMEHTHI, KPYyTs-
MU MOMEHT, MOMNEPEYHbIE CHJIbI, HMINHAPUYECKas KECTKOCTh IUIACTHHBI, IIAPHUPHOE ONHPaHUE, PABHO-
MEPHO paclpeeneHHas Harpy3Ka.

Pewenue 6 060tinvix mpuconomempuueckux psaoax (pewenue Hagve)

PaccmoTprM npsIMOYTONBHYIO TUIACTHHY, CBOOOAHO (MIIH IIAPHUPHO) ONEPTYIO 10 BceMy KOHTYpY (puc. 1).

a=(x.y) x
i b
./ X
yd a
N
Pucynox 1

[ToMecTHB Hayax0 KOOpAMHAT B Touke 0, MPEACTABIUM HCKOMYHO GYHKIHMIO poru6os miactunsl W(x, y) B
BUZIE€ ABOMHOIO TPUTOHOMETpUIecKoro paaa [1]

0 o0
W(xay):ZZAmn Sina‘n‘x.Siany7 (1)
n=1 m=1
rae A, — HojJexkalye onpeneneHnio Koo GUIeHTsl, npuieM
nm mTm
a’n = _’ Bm =0

a b
Pemenue B Buje (1) BO3MOXKHO 31€Ch IOTOMY, YTO TpUrOHOMeTpudeckne GpyHkuuu sine, x, sin S,y

YIOBJIETBOPSIIOT CPAHHYHBIM YCIIOBUSM IAPHUPHOTO OMMPAHUS HA KOHTYPE TUIACTHHBI:
npu x=0 W x=a

2 2
W=0,M =-D 0 Vz/+va VZ =0;
ox oy
npu y=0wm y=>0
2 2
W=0,M,=-D 0 I/E/Jrva VE/ =0.
oy ox
PaznoxuM B aHATOTWYHBIH TPUTOHOMETPHUYECKHN PSJ] U 33aHHYIO Harpy3Kky ¢g(x,y):
q(x’y)zzzqmn Sinanx.Siany’ (2)
n=1 m=1

rjae KodGQUUUEHTsl ¢, ONpPENeAoTCs 10 U3BECTHON hopmye

ab
G = i j j q(x,y)sino, x-sinf, ydxdy.
ab s
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B yacTHOM cirydae paBHOMEPHO pacIpe/ieIeHHOW Harpy3Ku MHHTEHCUBHOCTH ¢, TIOJyYHM

16

qmn = 2 qO'
nmt

Ilpu nelicTBUM COCPENOTOYEHHOW CWIbl P, TPUIOKEHHOWM B TOUYKE IUIACTUHBI C KOOpJWHATAMH
x=c, y=d, OyneM uMeTh

4 _ . .
q,, =—Psina c-sinf d
ab
[HoncraBus Teneps BoipaskeHus (1) 1 (2) B 0CHOBHOE pa3peraroliee ypaBHeHE
DV*V*W =g,

U TIPOU3BeI HeoOXoauMble omnepaiui nudGepeHIPOBaHus, dajiee, MPUPaBHAB KOA(PGUIIUEHTHI IPH OIH-
HAKOBBIX (DYHKIIMSIX B JIEBOU M MPABOM YacTAX YPABHEHUS, TOTYIUM

qmn
2
2 2
(ocn + Bm) D
[Iporu6s! muacTuHBL MOTYT OBITH TeNeph HaiineHs! o gopmyie (1), a yeunus — no GopmMynaM KOMIOHEH-
TOB ycwini [2]:

mn

2

2 2
M1=—D(8W+ ow J 0 = —Di(VZW);
ox; 6

Ox; X,
M,=-D ow az , O ——Di(WW)- (3)
kel ) ox, ’
o'W oW o'W
My, ==D(-v)———, V=",
Ox,0x, ox;  Ox;
rne M,,M, — wnsrubarome MOMeHThI; M, — KpyTsaummi mMomeHT; (J,,0, — IONEPEYHBIE CHIIBL,
ERW
D= T LAIMHAPAYECKast )KEeCTKOCTh actunbly, V> W — omeparop Jlariaca ot (yHKIHH DPOrHGOB,

IIPH [TOJICTAHOBKE B rociiefnne Bbipaxenus (1):

W(x,y)= sina,x-sin 3, y;
V2B D P
2

o0 o0 + . .
Mx(x,y):ZZ% sina,x-sin 3, y;

2 2 2 qmn
n=1 m=1 ,, + IB

+
M (x,y)= 2121 va+ﬂ,6’)2 q,,sina, x-sinf y; 4)

1-v)a,p,
M, (x,y)= Z‘Z‘ +/3 )7 D 0S¥ cos 3, 7;

Qx(xﬂy)zzz 2 qmn Cosa X- Cosﬂ y’
n=l m=1 n

m

0,(x,y)= ZZ f—ﬁz q,,siIna x-cosf y.

n=1l m= l
I[JIS[ TOr'O YTOOBI OLICHUTH GBICTpOTy CXOOUMOCTHU IMPUBEACHHBIX PAAOB U TOYHOCTD ITOJIYYa€MbIX PEHIC-
HI/Iﬁ, paccMOTpUM MPUMEP pacCuCTa KBaHpaTHOﬁ IIJIaCTHUHBI ((l Zb), Sarpy)I(CHHOﬁ PaBHOMCPHO pacrupeac-

JeHHOI Harpyskoil g,. Koaddumuent Ilyaccona marepuana miacTuHel v npuMeM paBHbeiM 0,3. Orpanu-
YUBIIKCH B psifax (4) omHUM NepBBIM uieHOM (7 =1, m =1), TIOIy4YnM cieAyrolie 3HaueHus AJs mporuoda u

I/I3FI/I6aIOH_[€I‘O MOMCHTA B LICHTPC INJIACTUHKU:
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max

4 4
W =0.004162“ | 0.00406 2% |.
D D

X,max

M, =0.0534g,a> (0.0479g,a" )

b
u Juis onepevyHoi cuibsl Kupxroga B Touke x =0, y = E :

0. 1 =0.348¢,a (0.420g,a).

3nech B CKOOKax MPUBEACHBI TOYHBIC 3HAYCHHSI COOTBETCTBYIOIINX BEIMYUH, COIOCTABIISII KOTOPHIE C
MOJTYYeHHBIMU JTaHHBIMHU, MOJKHO BHJIETH, YTO TIOTPEITHOCTH JIJISl IPOrHba coCcTaBIseT OKoJIo 2,5 %, /is u3-
rubarorero MmomenTa — 11,5, a s momepeunoit cumsl — 17,1 %.

Otcrofa cieayer, 4To CXOAUMOCTh TPUTOHOMETPHUYECKUX PAFOB YXYIIIASTCS MPH UX AUdhepeHITUpo-
BaHUU: €CIIU JUTsI HAXO0XKJICHUS MPOTHOOB C JJOCTATOYHON TOYHOCTHIO B PS/IaX MOXKHO OTPAaHUYUTHCS OJTHUM
TIEPBBIM WIEHOM, TO JJIs ONIPEIEIeHNsI MOMEHTOB B HUX CIIEAYET yAep>KaTh He MeHee 2—4 uJieHoB, a JJis OIl-
pEIEIeHUs MONEPEUHbIX CUIT — 5—7 YJIEHOB.

CX0IMMOCTh PSIOB OYAET YXYAIIATHCS U B CITydae BHEIIHUX HATPY30K, MPEJCTaBICHHBIX Pa3PhIBHEIMH
(YHKIUSAMH B COCPEIOTOYEHHBIMH CHJIAMU: penieHne HaBbe mpuBeneT 3/1ech K TPOMO3AKUM BEIKJIaIKaM
M3-32 HEOOXOJIMMOCTH YAEPKUBATh B PsJiax OOJBIIIOE YHCIIO YWICHOB.

PaccMoTpeHHOE BBIIIE peIIeHre TPUTOHO JIHIIE M MIAPHUPHO OMEPTON 0 BCEMY KOHTYPY HpAMO-
YTOJIBHOM MJIACTUHBL.

Bonee oOmum siBisiercst pemenue M. JleBu, kotopoe paccMoTpeHo Huke. OHO NPUTOIHO AJIs IPSMO-
YTOJNBHOM TUTACTUHBI, Ba MPOTHBOIIOJIOKHBIX Kpasi KOTOPOW IUAPHHUPHO OMEPTHI, a JBa APYTUX — HUMEIOT
m000e 3aKperuieHue (3aleMIIeHUE, MApHUPHOE OMTUPAHNUE) WITH CBOOOIHEI.

Pewenue 6 oounapnvix mpueonomempuueckux psioax (pewenue M. Jlesu)

PaccmoTpum Teneph Oonee oOmwid cirydaid sl TUTACTHHBI, Y KOTOPOH TOJILKO JIBa MPOTHBOIIOIOKHBIX
kpast (Harmpumep, x =0 M X = ) UMEIOT MIAPHUPHOE OMKMpPAHKE, a JBa IPYTHX Kpas — MPOM3BOJIBHBIE IPa-
HUYHBIC YCIOBUS (puUc. 2).

(0]

X

Pucynok 2

Hckomast pyHKIHs IPOTHOO0B miacTubl W (X, y) MOKeT OBbITh PEJICTABIIECHA 3/1€Ch B BUIE OJMHAPHO-
ro psija

W(x,y)= i Y sin ®)]

n=1

nmnx
b
a

rge ¥, =Y (v) — HeusBecTHas (QyHKUHS OJZHOTO IIEPEMEHHOTO, KOTOpAsi BHIOMPACTCS TaK, YTOObI BIpa-
JKeHne (5) yIOBIETBOPSIJIO paspeliaroieMy YpaBHEHHIO M YCIOBHSAM 3aKpervieHus Ha KpoMkax y=0 u
y=b. Bumgno, uro BeipaxkeHue (5) yAOBIETBOPSIET TEM I'PaHUYHBIM YCIOBHUIM, KOTOpBIE 33JaHbl HA CTOPO-
Hax x =0, x = TIaCTUHBI.

Bruemmmss Harpyska ¢ (.X', y) TAKXC JOJDKHA OBITH MMpeACTaBJICHA B BUJAC aHAJIOTUYHOI'O psa

ax0) =24, (v)sin 2, ©)

rac

2% . NI
q,(y)= —_[q(x,y)-sm—dx .
a 5 a
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[oncrasnss Gpopmynsl (5) u (6) B ocHOBHOE nuddepeHIrnanbHoe ypaBHEHHE
DV*V* W = q(xl,xz),

MOJTy4YUM

NgE

" ) 1 & .
(0, 2030, 37 Jin 5= LS 7 o
o a

n=1

3
Il

nr
rae «, = —. PaBenctso (7) Oyner ynoBIeTBOPEHO, €CIIM
a

Y —202Y +o'y =1o. ®)
D
OO6bikHOBeHHOE auddepeHranbHoe ypaBHeHHE (8) MO3BOJISET ONpeAeIuTh HEU3BECTHYIO (DYHKIIHIO
Y nnsa moGoro Homepa pasnoxenus n. Ero peneHne MoxeT ObITh 3aIlHCaHO B BUE
Y =4, -cho,y+B,  -sha,y+C, -y-cha,y+D, -y-sho,y+Y’, )

B,,C,,D, — NpOM3BOJIbHbIC [OCTOSHHBIC MHTETPUPOBAHHS, @ Y — YaCTHBIM WHTErpall, 3aBHCS-

rne An’ n%~n>"n
KA OT BHJA 3aJJaHHOM BHEIIHEW Harpysku ¢, (y). Hampumep, B ciydae ¢, =€Onst 4acTHbI MHTErpa
3aluIIeTCs B BUJIE
YO _ qn
n T 49"
o D

Jist onipenienenys 4eThIpex MOCTOSHHBIX MHTETPUPOBAHUS HUCIIONB3YIOTCS TPAaHUYHEIC YCIOBHS, 3a/1aH-

Hple Ha kpasix ¥ =0 u Y = D 1wiacTuHbl, KOTOpbIE MOTYT OBbITH pagimuuHbIMH [3]:

NpY IAPHUPHOM OTIMPAHUH

oW . W
W(x,x,)=0, M, =—-D|&— +v—0r-|=0;
Xl axz
MIPH KECTKOM 3alEMIICHUN
ow
W(xl,xz) - 0, (X(xl,xz) A 0,
ox,
pu CBOOOHOM Kpae
2 2
Ml ==D a VZ‘FVa—VZ :0,
axl axz
’ M, o'w oW
= + = —D + 2 —y)— | = 0’
Ql Ql ze axf, ( ) aXIax ;

£
rae (), — nonepeunas cuia Kupxroda.
B obmiem ciryuae 3T0 IPUBOIUT K PELICHUIO CHCTEMBI alreOpanyeckuX ypaBHEHUH OTHOCHTEIBHO He-
mBecTHbIX A 4..., D, .

n
HOpH}:[OK 9TOM CUCTEMEI 6y)_ICT MOBBIATLCA, CCJIM HAarpy3kKa ¢, 3aJaHa B HAIIPABJICHUU OCH ) IIPCPbIB-

HbIM:3aKOHOM. Hampumep, B ciiydae, mpeicTaBIeHHOM Ha PUCYHKE 3, Harpy3ka pa30ouMBaeT IUTacCTUHY B Ha-
MPaBJICHUN OCH y Ha TpH ydacTtka. JJi1 Kaxmoro ydacTka Mbl OyleM MMETh IO YeThIpE HEM3BECTHBIX
4,,.4,D,, aoOmee unciao ux coctaBut 12. Takum o6pa3oM, 1l OHpeeNeH s MOCTOSHHBIX UHTErPUpOBa-

n

HUA 371€Ch NPUIETCS COCTaBUTH CUCTEMY 12 anreOpandecKux ypaBHEHHH, YeThIpe U3 KOTOPBIX OyayT oTpa-
YKaTb TPAaHWYHBIE YCIOBUS Ha KpasiX IUIACTUHKY, a 8 APYIUX — yCIoBUs conpspkeHust yuacTkoB [ — IT u 1T — II1.

N [ %

Il
b “S—]

Pucynoxk 3
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st mpeotosieHuss OTMEYEHHOTO HEey100CTBa pelieHre ypaBHeHUs (8) ClieyeT IpeCTaBUTh HE B BUIC
(9), a B hopme MeTO1a HAYAIBHBIX NTApaMeTPoB. B aToM citydae npu 1000M 3aKOHE pacnpesieieHUs Harpy3-

ki ¢, () UIs HAXOXKICHUS [IOCTOSIHHBIX HHTETPUPOBAHHS (HAYAIBHBIX [apaMETPOB) HYKHO OyET PELINTh
CHCTEMY TOJIBKO JIBYX aJreOpandecKux ypaBHECHHH.
ITocne onpenenenus ¢ynkuun Y, () mporuObl MIIACTHHBI MOTYT OBITH HaiineHsl o Gopmyie (5), a

M3rUOAOIINE W KPYTANINE MOMEHTHI, a TaKKe TOIepeyHble CHIIbl — 10 (hopMyiiaM (3), KOTOPBIE C yIETOM
(5) 3anumryTes B Buze

M (x,y)= iD(aiYn - vYn")sin a,x;
n=1

M, (x,y)= iD(—Y" +valy, )sinanx;

n=1

M, (x,y)= —iD(l -v)a,Y, sina,x;

n=1

0,(x.) =3 D()Y, ~a,¥, )cosa,x:
n=1

0.(x,y)= Zw:D(OLiY,,' —vY, )sina,x;
n=1

MeToa 0IMHAPHBIX TPUTOHOMETPUYECKUX PSJIOB SIBISIETCS] B TIPUHIINIE. 00Jiee TOYHBIM, YEM PacCcMOT-
peHHbIi panee MeTo HaBbe, Tak Kak B HeM uckoMas QyHkuus W(x,y) anmpoKCUMHUPYETCS ¢ TIOMOIIBIO
TPUTOHOMETPUYECKUX (DYHKIMH TOJHKO B OJHOM HANpaBJICHHUH, a B JAPYroM HAIPaBICHUH Pa3bICKUBACTCS
TOYHO U3 TUPPEepeHIINATLHOTO YpaBHEHUS (8). ITO MOKHO BUJIETH M3 COMOCTABJICHUS PE3YIIBTATOB, MOITY-
YEHHBIX ABYMS METOAaMH IJIsl PaCCMOTPEHHOH paHee 3agadl 00 M3ruOe KBagpaTHOH IIACTHUHBI, IAPHUPHO
OIEPTOii 10 BCEMY KOHTYPY (cM. Tab1.).

Tabnuma
Vekomas Merop pacuera
BeIMIKHA Haebe M. JleBn Puta Tabmuanie

3HAYCHHS

w(0,5a, 0,5a) 0,00416 .(2,5%) 0,00411 (1,2%) | 0,00413 (2%) 0,00406
M (0,5a, 0,5a) 0,0534 (11,556) 0,0517 (7,9%) 0,0517 (7,8%) 0,0479
M (0,54, 0,5a) 0,0534 (11.5%) 0,0492 (2,7%) 0,0517 (7,9%) 0,0479
0.(0, 0,5a) 0,348 (17%) 0,345 (16,9%) 0,375 (10,7%) 0,420
Q; (0,545 0) 0,348 (17%) 0,466 (11%) 0,375 (10,7%) 0,420

Crnexyer OTMETHTh, YTO IIPU OJHOM WIEHE pa3ioxkeHus (5) B METOJe OJUHAPHBIX PSIIOB CYIIECTBEHHO
YIOUYHSIOTCS He TOJNBKO BenuduHbl nporuba W (X,y) u msrubaromero Momenta M, HO M M3rHbaroIIero

MOMEHTa Jpyroro HarpasjaeHus M .
3aMeTuM, 9TO B 000X PaCCMOTPEHHBIX METO/IaX CXOAUMOCTD PSJIOB OYAET TEM BHIIIE H TOYHOCTHh TEM
OoJibllie, YeM JIydllle 3ajanHas Harpy3ka ¢(X,)) MOKeT ObITh NPEICTABJIEHA ¢ MOMOIIBIO PA3JIOKEHHUS 110

TPUTOHOMETPUYUECKUM (DYHKIIHSIM.
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TpUroHOMeTPpHUSJIBIK KAaTap diciMeH TiKOYPBIIITHI
IUIACTHHAJAP/ABI ecenTey TypaJjbl

Maxkanazna TiKOYpBIITH ITaCTHHATAPIBIH ece0l TPUrOHOMETPHSIIBIK KaTap omiciMeH kentipinren. Konrypra
6oc Hemece LIap TOpI3AEC TIPENreH IUIACTHHA JKaFJablHAA IIElIiMi KOC OpPBIHIBI TPUTOHOMETPHSIIBIK
katapaa anbikrananel (HaBee miemnimi). JKanmbutanran okargaiiia exi  KapaMa-kKapcewl IneTi  Gap
TUIaCTHHAJIAP/IBIH LICLIiMI Iap Topizaec Tipey/e, all eKi e3re LIETi epiKTi MeKapaiblK IapTTapMeH OoNFaHIa
mremimMi Oip OpBIHABI TPUTOHOMETPHSIBIK Karapaa Oomaapl (M.JIeBu enriMi). AJIBIHFaH HOTHOKENEPAiH
CaJIBICTBIPMAJIBI TAJIAYbI XKYPTi3iIreH.

A.G.Zhivotov, G.A.Yessenbayeva

On the calculation of rectangular plates by the method
of trigonometric series

In the article calculations of rectangular plates by the method of trigonometric series are presented. In the
case of the plate, which have free or hinged bearing along the whole contour, the solution is determined in the
double trigonometric series (the solution of the Navier). In the more general case of a plate in which only two
opposite edges are hinged bearing, and the other two edges are arbitrary boundary conditions, the solution is
sought in the form of the single trigonometric series (the solution of the M. Levi). The comparative analysis
of the results is obtained.
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