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Sobolev Embedding Theorem for the Sobolev-Morrey

In this paper we prove a Sobolev Embedding Theorem for Sobolev-Morrey spaces. The proof 1 sed on
the Sobolev Integral Representation Theorem and on a recent results on Riesz potentials g
Morrey spaces of Burenkov, Gogatishvili, Guliyev, Mustafaev and on estimates on the Riesz entials. We
mention that a Sobolev Embedding Theorem for Sobolev morrey spaces had been provedib ampanato,
for a subspace of our Sobolev-Morrey space which corresponds to the closure of the moeth functions
in our Sobolev-Morrey space. The methods of the present paper are considerably di T
Campanato.
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Introduction

N denotes the set of all natural numbers including. ghout the paper, n is a nonzero natural
number. Let B(x,r) be an open ball in R™ of radi entered at the point x € R™.
set of R™. Let 0 < p < +o0 and let w be

a measurable function from ]0,+oo[ to |0
measurable functions on € for which

£l o WP f1I 2, (B.0)n2) | oo (0,00) < OO

Definition 2. Let 0 < p <
to |0, +oo[ which are not

e by Ap o the set of all measurable functions w from |0, 00|
o 0 such that

[8D) || Lo (1,00) <005 [[w ()PP (| Log0,1) < 00

In [1, 2] it i t, if w is a non-negative measurable function from |0, +00[ to |0, 4-00[ which
, then the space M;,U(')(Q) is non-trivial, i.e. consists not only of functions f
if, and only if, w € Ap .

—-A
I wa(p) = { P 1’ Zi](i’ 1, , then we set

M) Q) = MY ()

and the condition wy € Ap o means that 0 <\ <
Note that:

g

(i) M(R™) is continuously embedded into M;_A (R™);

ii) If Q is a bounded domain, then we have M Q) = MMNQ) with equivalent norms.
P

p
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Definition 4. Let £ C R™ be an open set. Let [ € N, p € [1,+00] and A € [0, %] Then we define
the Sobolev space of order [ built on the Morrey space M;‘ (Q), as the set

WA Q) = {f € M)Q): D3f € MNQ) Va e N, |a| < z} :

where D¢ f is the weak derivative of f.
Then we set
Il = 22 100 gy ¥ f € WA(Q).
lal<i

In particular, WS’A(Q) = M:r;\ (©) and Wé’o Q) = W;,(Q), where WIZ,(Q) denotes the clagsical Sobolev

space of exponents [, p in €. It is obvious that Wll,’)‘(Q) - Wé(Q)
Preliminaries ®

Let f € LY°(R™). Consider the Riesz potential

Then the following statements hold:
(i) If A < v, then the operator I, is m ;*A (R™) to MZ*V(Rn);
(i) FX=vandif 1 <p < g, the is bounded from M;_A (R™) to M7 " (R™);
_ . . A/ N vmn
(iii) If A = v and if 1 < p < g, themyl,, is Bounded from M7 (R") to My (R").
The proof of this theoremyis d on [3, Theorem 1.3].
Remark 1. Ifz/:)\:% (1 L

a=n|l=— —), and this is the classical Hardy-Littlewood-Sobolev

P a
theorem.
Lemma 1. Let, [  €]0,n[, A € [0,n/p]. Let ¢ € [1,p] be such that (a + A) > 7. Let
=max{ 1 _ (2)
) . B SRR
’ e
fy)ldy 1_1 1-1 "
/ ’i _( y)||n—_a < (B)1 0y g(n+2 = a)vn | Flap@ny V€ MY(R™), (3)

ENB, (z,1)

for all measurable subsets E/ of R"™ of finite measure, and for all x € R™.
Proof. The arguments of this proof are in part based on a development of the ideas of Campanatol4].
If f e M;(R”), then we know that f|B (.)€ L,By(z,r)) € Li(Bp(x,r)) for all x € R™ and

T

r €]0,4o00|. In particular, (XEf)’Bn(x "€ Li(B,(z,r)) for all z € R™ and r €]0,+4o00[ and for all
measurable subsets F of R".
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Now we fix x € R" and a measurable subset E of R” of finite measure. The almost everywhere
defined function from ]0, +oco[ to [0, +oo[ which takes s €]0,+o0o[ to [ xg|f|do is integrable in
OB, (z,s)
10, [ for all r €]0, +00[. Then by the Fundamental Theorem of Calculus, the function Ag ; from [0, 4+o00]
to [0, 4o00[ defined by

P
Apalp)= [ [ xelfidods, Vo€ o, ool
0 0Bn(z,s)
is locally absolutely continuous and <

Ba(p) = / xel|fldo, xeR",

aBn(z)p)
for almost all p € [0, +o00[ (cf. e.g., Folland [5, 3.35]). By the Monotone Convérg orem, we have
/ |glcf_( )|Igya _ / me(y_)lf|(3_)Ldy ~ lim L f|%2Ldy' )
ENBy, (z,1) Y By (x,1) Y By (z,1)\B Y
Now let € €]0, 1[. Then we have
p 1 1
/ —X?(yﬂfﬁ?”a y_ /s_"+a Elfldo ds = /s_n"'aA/E L(8)ds. (5)
Tr — y )
By (z,1)\Bn (z,£) € €

Then by integrating by parts, we obtain
1
[y, ﬁ& (—n+@)s~ ™ Ap (s)ds, (6)

(cf. e.g., Folland [5, ex.35, % hen the Hoélder inequality and inequality (2) imply that

1_E n—o —nt+a n—=

B 1 1
L, B (@) < ma(E)e Pop Tp" % p" " aw  (P)wA(P |2y B p)) <

1
< mn(E N By( P\ fll Ly (BB (2.0) =

»a\'—‘
"d\'—‘

_1
TP (ENBy(z,0) | fllz, (50, ep)) <

11 1-g qon n—a 11 1-¢ at+A)—n
' )i v v p" T swy ()| fllany ey < P ma(E)1 T v “pletd) /qllfllMg(Rn) (7)

1 p €]0, 1]. Then by the second last line of inequality (7), we have

1
/(—n +a)s " AR L (s)ds| <

5

1
1-1 n
v ? ||f||M;(Rn) /(—n + a)S*n+aflsnfaS(a+>\)—qd8 <

Q=
™=

IN

£
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1 1
_1 1-1 A}

£

Q=

< mp(E)

RSl

1 1-1
=mn(E)e 7 vn |l @ny(n —a) (1-¢)=

(a+A)—n/q

1 1-1
= (E) (0~ a)on s, g Fllary ey (1 — ). (8)
Then by combining (5)-(8), we deduce that <

= / T e (5)s <

m_
By (2,1)\Bn (.€) Q
< |Apa(D)] + e Ap . (e)] + / (—n+ a)s~He-

—nta_n—a 11 % (a+MN=n
+e e %my(E)e Po, ‘e | ARy F
»(R™)

1—
+ma(E)1 7 (n — a)on * gl Bl My (1 — <) <

11 1
<y (E)a™ Py, qun || f 1+14+(n—a)(l—¢g).

Then the limiting relation (4) immediately ‘
Corollary 1. Let p € [1,+00[, « ]O [

of R™. Then the following statemen

e validity of inequality (3).
[0,7/p]. Let (a+ A) > 3. Let € be an open subset

If f € M)(R") and if f | f|dz the function from R"™ to R which takes x € R™ to
fy)dy
Ix - yl” °
is bounded, and s t1 ’ followmg inequality
sup < max{L, (A a) = (1/p) "} + 2~ a)en 1 arpceny / Sz )

¢ measure, then the map I, o from M) (Q) to B(R") defined by
)dy
———— VzeR",
feafle / & —y[n-e

for all f € MI;\ (€2) is linear and continuous.
Proof. By applying Lemma 1 with F = Q, we deduce that

|/ ()ldy [/ (¥)ldy £ (y)ldy
9/133— e = / e —yla / fo—ye =

QNBy, (z,1) QN\By (2,1)
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: - i
Ptanant2— @ W+ [ phedes

QB (z,1)

Q=

< my (Bn(z, 1))

< tuna(n+2 = a)on Il ey + / \flde,

for all x € R™. Hence, inequality (9) follows.

Definition 5. A domain 2 C R" is called star-shaped with respect to the ball B C Q if
and for all x € Q we have [z,y] C Q. A domain Q C R" is called star-shaped with res
for some ball B C (2 it is star-shaped respect to the ball B.

Lemma 2. Let | € N\ {0}. Let m € N, m < [. Let 1§p,q§+oo,0§)\§%,()§ 2 Suppose

that for each bounded domain G C R" star-shaped with respect to a ball there exi uch that
for each 8 € N" satisfying |3| < m and for all f € Wé’)‘(G)
HDgf“M;(G) < Cl“f”w}i,)‘(g)-
Then for each open bounded set 2 C R™ satisfying the cone condigi exists co > 0 such that
D5 f a2y < Czllfl
for each § € N" satisfying |5| < m and for all f € W,
The proof of this Lemma is based on |[6, lemma d Minkowski inequality for Morrey
spaces.
Q
First we introduce the follovvlng no
Definition 6. Let p € [1, +0o0], | EN,m<I A v € 0,400 Let I+A—m—v# 2.
Then we set
(n/p) — (I + )\ m—v)
If A\ =v =0, then ¢*(l, equals the classical Sobolev limiting exponent. If A\, v € [0, +o0],
then the exponent ¢* ) can be obtained from the classical one by replacing [ by [ + A and
m by m+ v.
We note tha =+ %, then the equality which defines ¢*(,0,n,p, A\, v) is equivalent to the
equality

n n
l=(v— —(x=2).
(V q*(l,O,n,p,A,V)) ( p)
al that

g (1,0,n,p, A\, v)
P

I+ X>v,
l+)\—u<%

> 1 whenever {

and
q*(l - m707n7p5 >‘a V) = q*(lam7n7pa )" V)'

We are now ready to prove the following Sobolev Embedding Theorem.
Theorem 2. Let p € [1,400[, I,n € N\{0}, m e N, m <1, X € [O, %} Let © be a bounded open
subset of R™ which satisfies the cone property. Then the following statements hold.
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(i) Let I =m + A < 3. Let v €]A, (I = m) + Al. Then W]ﬁ’)‘(ﬂ) is continuously embedded into
why (Q).

q*(L,m,n,p,\,v)

(i) Let { —m+\ <

IS

.If p> 1, then WZZ,’A(Q) is continuously embedded into W;:@)\,m,n,p, N )\)(Q).

(iii) Let I —m+ A > 7. Then Wll,’)‘(Q) is continuously embedded into W2(Q).
Proof. (i) First let m = 0.
Let © be a bounded domain star-shaped with respect to the ball B = B(xq,7), B . by

Sobolev’s integral representation there exists M7 > 0 such that

|f(z)| < M /Ifldy+z /%dy
B

o=t v/,

for almost all € Q for each (cf. e.g., Burenkov [6, Ch.3, p.112]).
Hence,

. <M dy -
sy < M B/ 1y I

Pa(y)
+ / T ),
lal=L || fin @
_ [ Dyfly), if yey
where @, (y) = 0. TS
Note that
1 r—v =5 v 1 « <
| ”Mq*u,o,n,p,x, Susttp o 112 100 pory (Bl n9) <
¥ _ n 1
< sup max sup P V+‘1*<l’0’"vpaAv">, sup p_”mn(Q)‘I*(l10’"7P,M>} =

q B B
z€N 0<p<(di p>(diam )
* ey n 1
— ma (1,0,m,pNv) mn(Q) v+ FT0n,p,0,0) 7 mn(Q) v+ 7 (1,0,m,p,0,0) } < 00.

By Theore ts ¢ > 0 depending only on n, I, p, ¢*(1,0,n,p, A\, v) such that

®a(y)
< - <
' / |CC _ y|”_l dy = cH(I)a”M;; MRn) =
R M 10,0000 B

Q < DG fl gy oy < el D fllasye

1
By Holder inequality [ |f|dy < mn(B)? || fllL, -
B
There fore, there exist My > 0 and M3 > 0 such that

£ 1l a2

q*(1,0,n,p,\,v)

@ < max{l, (dam Q7 H w0y <

< max{L, (diam )"} ],

<
q*(l,O,n,p,)\,V)(Rn) -
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IN

< 8y | 1y + 3 / = le

‘O{| l V(Rn)

<My ([l + D ID8f e | = M| fllyirgy: ¥ F € W(9).
o=l
Hence, by Lemma 1, the statement of Theorem 1 follows.
Now let a : || = m. Then DS f € Wzl,_la|’/\(Q) = Wzl,_m’)‘(Q). Hence, there exists nstant ¢; 3 0
such that

1 £y v = > IDa @ =

q (lmnp)\u)
|a|<m

= S IDS @ S S D8 g

loe|<m la|<m

<o Y Y DL Fllary ) S

la[<m |y|<l—m

< ) IDsF ) = el /e € W, (Q).

o<

(ii) This case can be analized as case (i) by replacing DA\, V) by ¢*(I,m,n,p, \, \).
(iii) Now (I —m + A) > 2. Let Q be a bounde star-shaped with respect to the ball
B =B,(&79), B C Q. Then by Sobolev’s integra

ation there exists ¢ > 0 such that

Duf)(y
f@)l <e [ by |, (10)
= J |z =yl
ro) V1=t v,
for almost all x € Q and for all L2 (QY, and where V;, denotes the conical body based on By, (€, 79)

and with vertex z € Q (cf. e.
We first consider cas

) nkev |6, Ch.3 p.112]).
o we now assume that (I + ) > 7. We plan to estimate the

supremum of |f| by expleiting inequality (10). Since [ |f|dx is a constant, it defines an element of
Bn(é,T‘O)

Q ove that the sum in the right hand side of (10) is bounded if f € W,l,’)‘(ﬂ).

eparately case | < n and case [ > n.
n

Cy(Q) € Loo(9),
We plan t
Let [ n. +A) > 7, We can invoke Corollary 1 and conclude that I; o is linear and

continuo ' (Q) to B(R™).
e for all z € ©, we deduce that

h
/w%dy <ILio(lh) VzeQ,

for all h € M;‘(Q) By the continuity of the restriction operator in Morrey spaces and by the above
mentioned continuity of I; o, we deduce that the map J; o from M[f‘(Q) to B(2) defined by

Jioh(z /—dy —
|(17 |n l
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for all h € M}(R™) satisfies the inequality
[Jiah(z)| < [La([h)(z)] < @,8@&m) | 1Pl 0) <

< Mol ey @),y lblay@ Voe, (11)
for all h € le‘ (€). Then we deduce that

@) <e / flde+ Y [ halDuf)] | <

n(&r0) hi=t

Dy fll (12)

<c ([mnmn(s,ro))]“
Ivl l

p
< ¢ (Ima(Ba& o)™ + Tl casy ). o) @.
for almost all = € 2 and for all f € WIZ,’ Q).

We now consider case | > n. The embedding of M( AQ 1nto L, nequality (10) and the
Holder inequality imply that

f@l<e| [ fdw+%®dy <

n(€,70) |

<c | [mn(Bn(& o)) _EHfH D% f Nl 2, o) ( (diam Q)!" | <
=]
_1
<c n(€,70))] pu iam Q) [ (D] P D IDLf e | £ (13)
ly|=l
l—n

< c([m By b 4+ (diam Q) [mn(Q)]l—%) 1l

for almost all x € Q and € Wp ). By Lemma 2, by the inequality (12) for case [ < n and
by the inequality (13) ' asénl’> n, we deduce the validity of statement (iii) in case m = 0.

Next we provg t ent (111 in casem > 0.If f € Wp A(Q), then Db f € W,l, ™A (Q) for all
|8] < m. Now D on we have (I —m) 4+ A > 2. Hence, case m = 0 with [ replaced by | —m

C Loo(€2) and that there exists ¢; > 0 such that

lolaioy < callgllys g, Yo € WA
| D f € Loo(9) for all B € N" such that |3| < m and

Ifllwae) < D0 ID5F lrw@ < er Y 1DRSlyima gy <
|B|l<m 8lm

<ea Y, Y IDFflme <a ( > > 1”%) 171w @)

1Bl<m |y|<l-m [B|<m |y|<l—-m

for all f € Wp™(Q). Hence, the proof of statement (iii) is complete.
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CoboneB-Moppu keHicriri yinian CoboJ1
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B..Bypenkos, H.A.KBBIpMHHa

iHe caJly TeopeMacCbl

y TeopeMachl jpsesaeHai. Hoatenney
CoboneBrin naTEerpasapik oeitneneyi mex B.M.BypenkosTi oratumnBuaniig, B.C.I'ynuesrin, P.MycradaeBrsin
kasmmbLiagran Moppu kenicriringeri Pucce moren HAJIFAH COHFBI HOTU2KeJIepiHe Heri3jie/ireH.
ZKymMbIcTa KapacThIPBIIBIIT OTHIPFAH YKAJIIBLIAHFA
caixy teopemacein C.Kamanaro momesnmeren 6

Bypetikor, H.A. KbinpipMuna

Teopema BJIOXKE oJsieBa Juig npocrpaHcTts CobosieBa-Moppu

»xennst CobosteBa s npocrpancts CobosieBa-Moppu. [lokazaresbeTBo oc-
pencrasiennu CobosieBa u nocaeaguux pesynbrarax B.M.Bypenkosa, A.ToraTumsuim,

aHCTBa Halrero npocrpaucTea CobosieBa-Moppu, KOTOpoe IMpeJiCcTaB/IsieT cOb0it 3aMbIKAHUE
Kux GyHKIU B HameM npocrpancTBe CobosieBa-Moppu. Merosbr qoKa3aTe/bCTBa, IPEI-
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