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Propagation of electromagnetic waves in anisotropic magnetoelectric medium 

In the article we consider porpagation and interaction of electromagnetic waves of different polarization, in 
anisotropic medium that is inhomogeneous along the Z axis with magnetoelectric effect of tetragonal, 
trigonal, and hexagonal symmetries are described by the structure of the matrix coefficients. The matricant 
structure of the original system of equations follows from the structure of coefficient matrix. In unlimited pe-
riodic structures, dispersion relations of electromagnetic waves are determined from the new modified condi-
tions for the existence of non-trivial solutions which are the consequence of the matricant structure. Obvious 
analitical form of the matricants for the homogeneous anisotropic dielectric medium with magnetoelectric ef-
fects follows from the matricant structure. Analytical equations for homogeneous anisotropic medium with 
magnetoelectric effects allow one, in matrix setting, to obtain analytical solutions for the problem of reflec-
tion and refraction on the border of isotropic and anisotropic medium with magnetoelectric effect based on 
the matricant method. Initial relationships that describe electromagnetic wave propagation in anisotropic 
magnetoelectric medium are reduced to the system of linear homogeneous first order differential equations. 
The structure of the matricant is obtained. Dispersion equations of electromagnetic waves in periodic inho-
mogeneous medium with magnetoelectric effects are constructed. Averaged matricant describing the propa-
gation of electromagnetic waves in homogeneous anisotropic medium with magnetoelectric medium are also 
constructed. Besides, the graphs of energy reflection coefficient of TE and TM electromagnetic waves and in-
cident angle are plotted. 

Keywords: anisotropic medium; electromagnetic waves; magnetoelectric effect; matricant method; reflection, 
refraction of electromagnetic waves. 

 

Introduction 

Anisotropic medium is characterized by many parameters. One of the constructive ways to overcome 
these difficulties is a systematic and detailed study of properties of Maxwell equations in a wide class of ani-
sotropic medium so that the regularities of these solutions that depend on the structure of tensor quantities 
defining anisotropy of medium can be established. In this research, solutions of Maxwell equations in dielec-
tric magnetoelectric medium that depend on time harmonically are considered [1]. 

In this work on the basis of a method of variables separation and representation of a solution in the form 
of plane harmonious waves of Maxwell equation and the defining ratios describing distribution of electro-
magnetic waves in non-isotropic mediums with magnetoelectric effect are brought to the equivalent system 
of ordinary differential equations of the 1st order with float factors and matrixes of coefficients for tetrago-
nal, trigonal and hexagonal singoniya in volume and flat cases are received [2]. The structure of matrixes of 
fundamental solutions of a system of the differential equations of the 1st order describing distribution of 
electromagnetic waves in anisotropic environments of tetragonal, trigonal and hexagonal singoniya with 
magnetoelectric effect in volume and flat cases is constructed [3]. The equations of dispersion of electro-
magnetic waves in unlimited periodic structures are received. Matriciants of homogeneous anisotropic  
dielectric environments with magnetoelectric effect are constructed. Matrix statement is formulated and the 
analytical solution of a problem of reflection and refraction of electromagnetic waves on border of the iso-
tropic environment and anisotropic environment with magnetoelectric effect is received [4]. The numerical 
analysis of power coefficients of reflection and refraction at reflection of electromagnetic waves on border of 
the isotropic environment and anisotropic environment with magnetoelectric effect is carried out. Schedules 
of dependence of power coefficients of reflection and refraction from a hade of electromagnetic waves are 
constructed [5, 6]. The value of work is that the structure of fundamental decisions and an obvious type of 
analytical representations of a matriciant allows to investigate periodically non-uniform anisotropic envi-
ronments and average structures [7, 8]. 

When volume charge density, ρ , current density vectors and harmonic time dependance of wave fields 
are absent Maxwell equations take following form: 
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 rot
BE i B
t

∂= − = − ω
∂

 
, rot

DH i D
t

∂= = ω
∂

 
, (1) 

 div 0B =


, div 0D =


.   (2) 
Material equations connecting B


 and H


, D


 and E


 we obtain from free energy 
 0 0эм ij i j ij i j ij i jF E E H H E H= ε ε +μ μ − α ,  (3) 

where ,ij ijε μ  — components of dielectric and magnetic susceptibility tensors; ijα  — component of non-

symmetric magnetoelectric effect tensor. 
Solutions of , , ,E H B D

   
 wave fields are taken in the following form: 

 ( ) x yi t ik x ik yF F z e ω ± ±=
 

,  (4) 

where ω  — frequency; ,x yk k  — components of a wave vector. We assume that medium is inhomogeneous 

along the z  axis. Then material equations take the following form: 

 0 ij j ij j i
i

F E H D
E
∂ = ε ε − α =
∂

; 0 ij i ij i j
i

F H E B
H
∂ = μ μ − α =
∂

.   (5) 

Based on the matricant method, the system of equations describing propagation of electromagnetic 
waves can be reduced to equivalent system of differential equations: 

 
dU BU
dz

=
 

, ( ), , ,y x y xU E H H E=


.  (6) 

Then matrix coefficients of B̂  takes the following form: 

 

11 12 13 14

21 11 23 24

24 14 11 34

23 13 43 11

b b b b
b b b b

B
b b b b
b b b b

 
 
 =
 − − −
 − − − 


,  (7) 

where 

 11 11
x yk k

b i= α
β

; 
2

12 0 2 1
yk

b i
 

= μ μ + ωμ  β 
; 13 0 2

x yk k
b i= − μ μ

β
; 

 
2

14 11
yk

b i ⊥

 
= − α + ωα  β 

; 
2

21 0 2 1
xkb i

 
= ε ε + ωε β 

; 
2

23 11
xkb i ⊥

 
= − α +ωα β 

; 

 24 0 2
x yk k

b i= − ε ε
β

; 
2

34 0 2 1
yk

b i
 

= − ε ε + ωε  β 
; 

2

43 0 2 1
xkb i

 
= − μ μ + ωμ β 

. 

Propagation of waves in the ( xz , yz ) planes is described by B̂  matrix: 

 

12 14

21 23

14 34

23 43

0 0

0 0ˆ
0 0

0 0

b b
b b

B
b b

b b

 
 
 =
 −
 − 

 (8) 

When waves propagate in the xz  ( 0yk = ) matrix elements takes the form: 

 12 0 1b i= ϖμ μ ; 14b i ⊥= − ϖα ; 
2

21 0 2 1
xkb i

 
= ε ε + ωε β 

; 

 
2

23 11
xkb i ⊥

 
= − α +ωα β 

; 34 0 1b i= − ϖε ε ; 
2

43 0 2 1
xkb i

 
= − μ μ + ωμ β 

. 

When waves propagate in the yz  ( 0xk = ) matrix elements takes the form: 

 
2

12 0 2 1
yk

b i
 

= μ μ + ωμ  β 
; 

2

14 11
yk

b i ⊥

 
= − α + ωα  β 

; 21 0 1b i= ϖε ε  
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 23b i ⊥= − ϖα ; 
2

34 0 2 1
yk

b i
 

= − ε ε + ωε  β 
; 12 0 1b i= − ϖμ μ . 

The consequence of the matrix structure of coefficients of B̂  is the structure of fundamental solutions: 

 

22 12 42 32

21 11 41 311

24 14 44 34

23 13 43 33

ˆ

t t t t
t t t t

T
t t t t

t t t t

−

− − − 
 − − =
 − −
 − − 

.  (9) 

Due to its wide application, inhomogeneous periodic medium is one of the important class of inhomo-
geneous medium. The structure of the fundamental solutions give the opportunity to find the most general 
dispersion equations of electromagnetic waves in inhomogeneous periodic medium with magnetoelectric 
effect. 

When electromagnetic waves propagate in the coordinate planes dispersion equations are found from 
the following condition: 

 ( )ˆ ˆdet cos 0P E kh− = , (10) 

here 

 ( )11ˆ ˆ ˆ
2

P T T −= + .   (11) 

From the structures of T  and 1T −  the structure of P  takes the form: 

 

11 13 14

11 14 24

24 14 33

14 13 33

0

0ˆ
0

0

P P P
P P P

P =
P P P

P P P

 
 
 
 −
 − 

,  (12) 

taking into account (12) in (10) gives: 

 ( ) ( )( )2

1 2 11 22 11 22 14 14 13 24

1
, 4

2
P P P P P P P P P P= + ± − + +  ,  (13) 

the general form of dispersion equations can be written in the following form: 

 1 1cosk h P=  , 2 2cosk h P=  .  (14) 
Averaged matricant, describing the propagation of electromagnetic wave in homogeneous anisotropic 

medium with magnetoelecric effect, is obtained in the following analytical form 

 
ˆ ˆ1 1ˆ ˆ ˆ ˆ ˆˆ ˆcos sin cos sin

2 2aver
B BT E E kz kz E E z z
k

±       = π + ± − π − χ ± χ       χ      
  (15) 

here 

 2

1 2

ˆ ˆ 1 ˆˆ
2

P P E E
P P
−π = −
−


  ; 2 21ˆ ˆ ˆ

2
P E B h= + .  (16) 

Matriciants will have an appearance 

 

11 12 13 14

21 11 23 24

24 14 33 34

23 13 43 33

âver

t t t t
t t t t

T
t t t t
t t t t

+

 
 
 =
 − −
 − − 

;  (17) 

 

11 12 13 14

21 11 23 24

24 14 33 34

23 13 43 33

âver

t t t t
t t t t

T
t t t t

t t t t

−

− 
 − =
 −
 − 

, (18) 

where 
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( )12 21 34 43

11

Cos[ ]

2

kz b b b b
t

− + Δ
=

Δ
; 

 
( )( )2 2

12 21 14 43 12 14 23 34 43

12

Sin[ ] 2 2

2

kz b b b b b b b b b
t

k
− + − − + Δ

=
Δ

; 

 
( )12 23 14 43

13

Cos[ ]

2

kz b b b b
t

+
=

Δ
; 

 
( ) ( )( )12 14 21 23 34 14 34 43

14

Sin[ ] 2

2

kz b b b b b b b b
t

k
+ + + Δ

=
Δ

; 

 
( )( )2 2

12 21 14 21 23 34 23 21 43 21

21

Sin[ ] 2 2

2

kz b b b b b b b b b b
t

k

− − + + Δ
=

Δ
; 

 
( )( )12 21 23 14 21 43 23 34 43

23

Sin[ ] 2

2

kz b b b b b b b b b
t

k
+ + + Δ

=
Δ

; 

 
( )14 21 23 31

24

Cos[ ]kz b b b b
t

+
=

Δ
; 

 
( )12 21 34 43

33

Cos[ ]

2

kz b b b b
t

− + + Δ
=

Δ
; 

 
( )( )2

14 21 14 23 34 34 12 21 34 43

34

Sin[ ] 2 2

2

kz b b b b b b b b b b
t

k
− − + − + + Δ

=
Δ

; 

 
( ) ( )( )2

12 23 21 43 43 14 23 34 43

43

Sin[ ] 2 2

2

kz b b b b b b b b b
t

k

− + + − + + Δ
=

Δ
, (19) 

here 

 ( ) ( )( )2

12 21 34 43 12 23 14 43 14 21 23 344b b b b b b b b b b b bΔ = − − + +  

When 0z =  matricant (15) can be written as: 

 0

1ˆ ˆ ˆ
2

T E R± =    (20) 

R̂  matrix has the form: 

 
1 1ˆ ˆ ˆ
2 4

k kR B B
i k i k
   − χ + χ= π −   χ χ   

.  (21) 

Assuming: PU


 — field of incident waves, RU


 — field of reflected waves and tU


 — field of refracted 
waves, from (6) we have: 
 0 0 0

P R t
P R tT U T U T U+ =
  

, when 0z = . (22) 
Considering continuity of fields at the boundary: 

 P R tU U U+ =
  

.  (23) 
We get the result for reflected waves: 

 ( ) ( )1

0 0 0
ˆ ˆ ˆ

R t tU R R R R U
−

= + −
 

. (24) 

Condition (19) with consideration of continuity of solutions at the boundary (20) is the matrix form of 
boundary conditions which are imposed on vectors of reflected, refracted and incident waves. 

Then the fields of reflected and refracted waves: 

 ˆ
R PU GU=
 

;  (25) 

 ( )ˆ ˆ
t PU G E U= +
 

. (26) 

Analytical equations for homogeneous anisotropic medium with magnetoelectric effects allows one, in 
matrix setting, to obtain analytical solutions for the problem of reflection and refraction on the border of  
isotropic and anisotropic medium with magnetoelectric effect based on the matricant method. Initial relation-
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ships that describe electromagnetic wave propagation in anisotropic magnetoelectric medium are reduced to 
the system of linear homogeneous first order differential equations. 

Using above algorithm, numerical calculations of energy flow density in the case of TE and TM inci-
dent waves at the boundary of two medium are conducted. The graphs of reflected energy coefficients when 
TE and TM electromagnetic waves are incident are plotted against incident angle. 
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С.К. Тлеукенов, М.К. Жукенов, Н.А. Испулов 

Электрмагниттік толқындардың анизотропты магнитэлектрлік  
орталарда таралуы туралы 

Мақалада магнитэлектрлік эффектісі бар тетрагоналды, тригоналды жəне гексагоналды сингониялы Z 
осі бойынша анизотропты орталарда поляризациясы əртүрлі электрмагниттік толқындардың таралуы 
мен əсерлесуі қарастырылды. Бастапқы теңдеулер жүйесінің матрицант құрылымы коэффициенттер 
матрицасының құрылымынан шығады. Шексіз периодты құрылымдардағы электрмагниттік 
толқындардың дисперсия теңдеулері матрицант құрылымының салдары болып табылатын жаңа 
модификацияланған шарттардан анықталады. Біртекті анизотропты магнитэлектрлік эффектісі бар 
диэлектрлік орталар үшін матрицанттардың анық аналитикалық түрі матрицант құрылымынан 
шығады. Магнитэлектрлік эффектісі бар біртекті анизотпропты орталар үшін аналитикалдық 
теңдеулер матрицалық түрде изотропты орта мен магнитэлектрлік эффектісі бар ортаның арасындағы 
шекарада толқындардың шағылу жəне сыну есептерін аналитикалық шешуіне мүмкіндік береді. 
Электрмагниттік толқындардың анизотропты магнитэлектрлік орталарда таралуын сипаттайтын 
бастапқы қатынастар сызықты біртекті бірінші ретті дифференциалдық теңдеулердің жүйесіне 
келтірілді. Матрицант құрылымы шығарылды. Біртексіз магнитэлектрлік эффектісі бар орталардағы 
электрмагниттік толқындардың дисперсия теңдеулері жазылды. Электрмагниттік толқындардың 
магнитэлектрлік эффектісі бар біртекті анизотропты орталарда таралуын сипаттайтын орташаланған 
матрицант құрылды. Энергиялық шағылу коэффициентінің электрмагниттік ТЕ жəне ТМ 
толқындардың түсу бұрышына тəуелділік графиктері салынды. 

Кілт сөздер: анизотропты орталар, электрмагниттік толқындар, магнитэлектрлік эффект, матрицант 
əдісі, электрмагниттік толқындардың шағылуы, сынуы. 

 
С.К. Тлеукенов, М.К. Жукенов, Н.А. Испулов 

О распространении электромагнитных волн  
в анизотропных магнитоэлектрических средах 

В статье распространение и взаимодействие электромагнитных волн различной поляризации в неод-
нородных вдоль оси Z анизотропных средах с магнитоэлектрическим эффектом тетрагональной, 
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тригональной и гексагональной сингонии описываются структурой матрицы коэффициентов. Струк-
тура матрицанта исходной системы уравнений следует из структуры матрицы коэффициентов. В не-
ограниченных периодических структурах уравнения дисперсии электромагнитных волн определяются 
из нового модифицированного условия существования нетривиальных решений, являющегося следст-
вием структуры матрицанта. Явный аналитический вид матрицантов для однородных анизотропных 
диэлектрических сред с магнитоэлектрическим эффектом следует из структуры матрицанта. Аналити-
ческие формулы для однородных анизотропных сред с магнитоэлектрическим эффектом позволяют в 
матричной постановке получить аналитическое решение задачи отражения и преломления на границе 
изотропной среды и анизотропной среды с магнитоэлектрическим эффектом на основе метода матри-
цанта. Исходные соотношения, описывающие распространение электромагнитных волн в анизотроп-
ных магнитоэлектрических средах, приведены к системе линейных однородных дифференциальных 
уравнений первого порядка. Получена структура матрицанта. Построены уравнения дисперсии элек-
тромагнитных волн в периодически неоднородных средах с магнитоэлектрическим эффектом, усред-
ненный матрицант, описывающий распространение электромагнитных волн в однородных анизотроп-
ных средах с магнитоэлектрическим эффектом. Кроме того, построены графики зависимости энерге-
тического коэффициента отражения при падении электромагнитных ТЕ и ТМ волн от угла падения. 

Ключевые слова: анизотропные среды, электромагнитные волны, магнитоэлектрический эффект, ме-
тод матрицанта, отражение, преломление электромагнитных волн. 
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