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Existentially prime Jonsson quasivarieties and their Jonsson spectra

This article is devoted to the study of Jonsson quasivarieties in a signature enriched with new predicate
and constant symbols. New concepts of semantic Jonsson quasivariety and fragment-conservativeness of the
center of the Jonsson theory are introduced. The cosemanticness classes of the Jonsson spéetranmeonstructed
for a semantic Jonsson quasvariety are considered. In this case, the Kaiser hull of ¥he<4semantic“Jonsson
quasivariety is assumed to be existentially prime. By constructing a central type fordelassesgof theories
from the Jonsson spectrum, the following results are formulated and proved. In the“first main r esult, the
necessary and sufficient condition is given for the center of the cosemanticness class eff@n existentially prime
semantic Jonsson quasivariety to be A-stable. The second result is the criterion for thefcenter of the class
of theories to be w-categorical in the enriched language. The obtained theozems @an be useful in continuing
studies of various Jonsson algebras, in particular, Jonsson quasivarietiest
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Introduction

It is well-known fact that the greatest part ofWeefisidered objects in Model Theory is connected
with the study of incomplete theories. Many\classical algebras, such as groups, fields, R-modules and
many others, are axiomatized by incomplete\theories. Nevertheless, this class of theories is too vast
and, consequently, complicated for considering in detail. This is the reason why we need to introduce
some conditions that clarify the'subject of our research and allow studying various algebras, as well as
their syntactic and semantic propetties.

Thus, a subclass of incompletegheories where we do our research is Jonsson theories. One can find
basic material in [1,2}and mere gpecific i nformation on t he connection b etween Jonsson t heories, for
example, in [3-5]. In thiSypa@pes,we mainly deal with semantic Jonsson quasivarieties and central-orbital
type that play a signifidéant®ele in the apparatus of Jonsson theories. In Section 1, necessary information
on Jonsson theorieslis given. Section 2 is devoted to considering some specific properties of the Jonsson
spectra of@emantfie, Jonsson quasivarieties in the case of existential primeness. The main results are
connected with constructing of the central type and stability and categoricity of cosemanticness classes.

All definitions that are not given in this article can be found in [2].

1 Preliminary information

We start with the main definitions and facts concerning the subject of the study. Recall the
definitions of Jonsson theory and related concepts.

We are working within the framework of the following definition of Jonsson theory published in the
Russian edition of [1].
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Definition 1. A theory T is called Jonsson if the following conditions hold for 7" [1; 80]:
1. T has at least one infinite model;
2. T is an inductive theory;
3. T has the amalgam property (AP);
4. T has the joint embedding property (JEP).

Classical examples of Jonsson theories include:
1) group theory;
2) the theory of abelian groups;
3) the theory of Boolean algebras;
4) the theory of linear orders;
5) field theory of characteristic p, where p is zero or a prime number;
6) the theory of ordered fields;
7) the theory of modules.
The following notions and facts form a necessary apparatus for studying Jofissomytheories.

Definition 2. Let T be a Jonsson theory. [2; 155] A model C7 of power 2/ isseallét to be a semantic
model of the theory T if Cr is a |T'|"-homogeneous |T|*-universal model of thestheory T

Theorem 1. T is Jonsson iff it has a semantic model Cr. [2; 155§
The following definition was introduced by T.G. Mustafin.
Definition 3. A Jonsson theory T is called perfect if its sem@ngic model Cp is saturated.|2; 155]

Definition 4. The elementary theory of a semanticfmodel of the Jonsson theory T is called the
center of this theory. [2; 161] The center is denoted'by T, i.e? Th(C) = T*.

The following theorem represents one of the mostiiconsiderable facts describing perfect Jonsson
theories.

Theorem 2. Let T be a perfect Jonsson theory. [2; 162] Then the following statements are equivalent:
1) T* is the model companion of T';

2) ModT* = Er;

3) T* = T7, where T/ is a fopéingycompanion of the theory 7.

Some classical examples @f pérfeet®Jonsson theories one can find in [4], while non-perfect Jonsson
theories are considered ing5[t

Theorem 3. Let T béaWemsson theory. [5] Then for any model A € E7 the theory T°(A) is Jonsson,
where TY(A) = Thys(A).

We can gee that“in _the case of perfectness of T its center T* is also a perfect Jonsson theory.
The followiitg definition will help us to specify the class of Jonsson theories which we will deal with
in this paper.

Definition 5. A Jonsson theory is said to be hereditary if, in any of its permissible enrichment, it
preserves the Jonssonness. [6; 120]

Unfortunately, there is no complete description of this notion. However, one can find some useful
information in |7] on hereditary Jonsson theories.

One more specific notion that is widely used in the study of Jonsson theories is a Jonsson set.
Recall its definition.

Definition 6. Let T be a Jonsson theory and C be its semantic model.[8] A ¥-definable subset of

C' is called a Jonsson set for the theory T, if del(X) = M, M € Ep. A theory Thy3(M) is called a
fragment of the Jonsson set X.

118 Bulletin of the Karaganda University



Existentially prime Jonsson ...

Some research methods, where this notion is used, are revealed in [9].
The following class of theories was specified by Yeshkeyev A.R.

Definition 7. A theory T is called existentially prime, if APy N Ep # (), where APy is the class of
algebraically prime models of T [10]

Let T be a Jonsson theory and S7(Y') be a set of all existentially complete n-types over Y that are
consistent with 7', for any finite n.

Definition 8. A Jonsson theory T is J — A-stable if for any T-existentially closed model A and for
any subset Y of A from the inequality |Y| < \ it follows that |SY(Y)] < . [11]

In [11], the authors proved the following result that shows the connection between Jonsson stability
and stability in the classical sense.

Theorem 4. Let T be a perfect Jonsson theory and let T" be complete for existential Sentences. Let
A > w. [11] Then the following statements are equivalent:

1) T is J — A-stable;

2) T* is A-stable, where T* = Th(C), C' is a semantic model of T.

Let L be a first-order language of a signature o and let K be a clasgof L-stziictures. Then we can
consider a Jonsson spectrum for K, which can be defined as follows,

Definition 9. A set JSp(K) of Jonsson theories of L, where
JSp(K) = {T |T is a Jonsson theory afi@nA3C Mod(T)},

is called a Jonsson spectrum of K. [5]

Jonsson spectra are well-described in [12]
Let T7 and T3 be Jonsson theories, T} and¥y be their centres, respectively.

Definition 10. T} and T, are said to be cosemanfic Jonsson theories (denoted by T; > Th), if
T =Ty. [2; 40]

It is easy to see that the relation of coSemanticness between two Jonsson theories is an equivalence
relation:

1) this relation is reflexive sifide for every Jonsson theory T' the equation T% = T™* holds,

2) it is symmetric as soon_as, fopany Jonsson theories 71 and Ts, if T} = T3 then T = T7,

3) finally, ” > ” is transifive! that follows from the fact that, for any Jonsson theories T3, T» and
T3, if Ty =Ty, Ty =& then'lys T3

This means that, when ftreducing the relation of cosemanticness on the Jonsson spectrum JSp(K),
we get a partition of WL.SP(K) into cosemanticness classes. The obtained factor-set is denoted by
JSp(K) />

Now lefius goniSider the notion of a semantic Jonsson quasivariety. One should note that this concept
differs signifiéantly from the concept of a Jonsson quasivariety introduced in [13].

Let K be a'quasivariety in the usual sense as in [14; 269]. We construct a set V3(K), where V3(K)
is a set of Jonsson theories and obtained as follows:

VI(K) ={Th(K) U ¢|pis an V3-sentence and ¢ UTh(K) is consistent}. (1)

In other words, the set V3(K) = {711, 15, ...} is a list of all Jonsson theories that satisfy Condition 1.
Then Cj is a semantic model of T; from this list. Let us consider the following set:

JK = {C;| C; is a semantic model of T;, T; € VI(K)}.

Definition 11. The set JK is a semantic Jonsson quasivariety, if the theory T°(JK) = Thys(JK)
is Jonsson.
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The theory T°(JK) is called a Kaiser hull of the class JK.
Definition 12. A set of theories JSp(JK), where

JSp(JK) = {T°(JN)| N is a subquasivariety of K},

is said to be a Jonsson spectrum of a semantic Jonsson quasivariety JK.

2 Central types for cosemanticness classes of JSp(JK)

In this section, we consider the Jonsson spectrum of a semantic Jonsson quasivariety from a position
of central-orbital types and existential primeness. The main definitions and facts related to central type
can be found in the papers of the first author Yeshkeyev A.R., for example [15-17]. Afgpecial role is
played by the work [18] where the author defined the notion of central-orbitalfypederithe Jonsson
case by analogy with [19]. Here we apply the results of [18] to semantic Jonssom, quasivarieties.

Currently, the class of Jonsson quasivarieties is not studied well enoughm Generally speaking, in
contrast to the case of complete theories, the apparatus for studying ingomplete theories (including
Jonsson ones) is not developed at a sufficient level. This is why we hate to #estrict this research by
introducing some specific conditions.

First of all, we have to refine that all the Jonsson theories in this\séction are hereditary (Definition
5) by our assumption.

Another necessary restriction is formulated by the following definition.

Definition 13. The center T of a Jonsson theory (T 18 sald to be fragment-conservative if the
semantic model of any fragment of T is an existentiallygclosed submodel of the semantic model C' of
T.

Further in this paper, we work with Jonsson theories whose centers are fragment-conservative.

We work in a first-order language L of @ signature 0. Let JK be an existentially prime semantic
Jonsson quasivariety, which means that the theory 7°(JK) from Definition 11 is existentially prime as
it is described in Definition 7. Let J9P(WhE ) be a Jonsson spectrum of JK. We introduce the relation
of cosemanticness on JSp(JK )y Inthis manner, we have a factor-set JSp(JK) ., consisting of all
Jonsson theories that satisfy Definigion™2. Let us consider some class [T /g € JSp(JK) /0. Let C be
a semantic model of each thebry . €977 ., X C C be a Jonsson set.

To consider the properties of/JK and JSp(JK) through constructing the central type for the
cosemanticness classes\¥firstly we need to enrich the signature o by new constant ¢ and predicate P
symbols as follows.

Let op(X)e= U {@ya € X} UT, I' = {P} U {c}. We consider a class of theories [T{] in the
new enrichéd signature’or(X) for each cosemanticness class [T ., where T ¢ € [T§] is constructed as
follows:

T)C(j =TU ThVH(C7 a)an U {P(Ca)v ac X} U {P(C)} U {Pv g}

Here P is a new primary predicate symbol interpretations of which are an existentially closed submodel
M of the semantic model C, i.e. P(C) = M,M € Ep, T € [T .

As soon as any theory T' € [T'] ., is hereditary by our assumption and the introduced enrichments
are permissible, every theory T)(g in the class [T )(g | is also Jonsson. Therefore, there is a semantic model
C’ for [T§]. It is easy to see, that the semantic models of the theories from [T'{] coincide, so we denote
it by C". Let T" = Th(C") be a center for the class [T'¢]. Now we will consider the theory 7" in a
restricted signature op(X)\{c} so that T’ becomes a complete type of c.

Definition 14. A complete type described above is called a central type for the Jonsson theory T
with respect to the Jonsson set X (denoted by pg)

120 Bulletin of the Karaganda University



Existentially prime Jonsson ...

In case when a central type coincides with an orbital type of a Jonsson theory the obtained type is
called a central-orbital type. Some properties related to central-orbital types of a Jonsson theory are
considered in [18]. Since a central-orbital type is central and orbital at the same time, all statements
that are connected with central types and mentioned in this section can be considered in terms of
central-orbital types.

Here we work with the cosemanticness classes of theories, not single theories. Taking into consideration
this fact and the results from [18], we can get the following theorems.

Theorem 5. Let JK be an existentially prime semantic Jonsson quasivariety, JSp(JK) be its
Jonsson spectrum, [T]/q € JSP(JK) o, T; € [T])pq (i € I), T* is a center for the class [T /.. Let
X; be Jonsson sets for the theories T; respectively, dcl(X;) = M;, M; € Er,. [Tg] is the class of the
theories in the enriched signature as it is described above. If A > w, then T™ is J — A-stable if and only
if S is A-stable for any theory S € [T$].

Proof. The proof follows from Theorem 4 from Section 1 and Theorem 14romy[18|, applying this
result to each arbitrary theory from [T'¢].

The following result demonstrates the connection between the categ@ricity of a center for the
cosemanticness class of Jonsson fragments and the categoricity of thegforresponiding theories in the
enriched signature. Here we need to introduce the following notationgset @cosemanticness class [T
consist of theories T;,7 € I. As soon as all theories are inductive, for @nyd7; there exists a non-empty
class of existentially closed models E7,. For each 7, we consider ‘a Jomsson set X; such that a model
M; € E7, is a definable closure of X, i.e. del(X;) = M;. Affer thisywe can construct a theory Thyz(M;),
which is called a Jonsson fragment of the Jonsson set X;,for @ach theory T;. Thus we get a class of all
Jonsson fragments for the corresponding cosemanticnes§ class, [T /sa- We denote the obtained class by
[T'x]. Note that every theory in this class is Jonssonjwligh means that it has a semantic model. It is
easy to see that the semantic models for each®@yx € [Ty coincide, so let us denote the center for this
class by T%.

The following lemma is true for [T'x| be@ause of heredity.

Lemma 1. Every theory Tx € [T'x| i§%9ensson in the new signature op(X).

Theorem 6. Let K be an existentially prime semantic Jonsson quasivariety, JSp(JK) be its Jonsson
spectrum, [T g € JSP(JK) jpa, Ta €L s (i € I), T is a center for the class [T, and let [Tx] be
as it is describe above. Then F&is @seategorical if and only if each S € [T)(g] is w-categorical.

Proof. The proof cangbéyébtained by applying Theorem 2 of [18] to arbitrary theories of the
mentioned classes.
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A.P. Emikees, U. O. Tyurymbaesa, C. M. Amanbexkon

Axademur E.A. Boxemos amuvindazv. Kapazandv ynusepcumemi, Kapaeandw, Kasaxcman

DK3UCTEHINAJIJIbI »Kail MOHCOHIBIK KBAa3UKOIITYPJIJIIKTED >KoHe
0OJIapPJbIH, MOHCOHJBIK, CIIEKTPJIEePi

Makaua, kaHa TPEIUKATTHIK K9HE TYPAKTHI CHMBOJIIAPMEH OANBITHLIFAH CUTHATY PAJAFbl HOHCOHIBIK KBa-
3UKONTYPJIiKTepai 3eprreyre apHajrad. CeMaHTUKAJIBIK HOHCOH/IBIK KBAa3UKOITYPJIJIIKTED MEH HOHCOH-
JIBIK, TEOPUSHBIH (bparMeHT-KOHCEPBATHBTLIIr TypasIbl KaHa TYCiHIKTep eHrizimmi. MIOHCOHIBIK KBa3HKeI-
TYPJIIIKTEp YIIiH KYyPBLIFAaH HOHCOH/IBIK, CIEKTP/IIH KOCEMAHTTHI KJIaCTapbl KAPACTHIpbUIFaH. by xkarmaii-
I HOHCOHIBIK, KBAa3HKOITYp/IitikTiH Kaiizep KaObIKIIACH 9K3UCTEHIINATbI JKail el yitrapbliaael. MoHcoH-
JIBIK, CIIEKTP/IiH, TEOPUsI KJIACTAPHI YIMH IIEHTPJIK TUITI KYPY apKBLIbI KeJIeCl HOTUKeIep TYZKBIPBIMIAJIbI
JKoHe JpsesaeHai. Bipinmi Herisri HoTHXKele SK3UCTEHIINAJIIbI YKail HOHCOHIBIK KBa3UKOLYPlIKTIH KO-
CEMaHTTBI KJIACBIHBIH, IEHTPl A-TypakThbl GOJIyBI VIIIH KA’KETT1 YKOHE YKETKITIKTI IMapTTap KeJTIPiareH.
Exinmi #Horurke, 6afbITBHIIFAH TUIAIH TEOPUsIap KJAChl IEHTPIHIH w-KATErOpUSILIFLIHBEH, KPUTepdiii 60-
JIBII TabbLIaJIbl. AJIBIHFAH TeopeMaJjap opTYpPJ HOHCOHIBIK ajrebpasapibl, arail alTKamia, HOHCOHJIBIK,
KBa3UKONUTYPJITIKTED/Il 3ePTTEY/I >KAJFACTBIPY YIIiH Maii1aabl 60JIybl MYMKIH,

Kiam cesdep: HOHCOHIBIK TeOpHUsi, KEMeJ HOHCOHIBIK, TEOPUs, KOITYPJIi/Iiks KBABUKOITYPJILIIK, CEMAHTH-
KaJIbIK, HOHCOHIBIK, KBa3UKOIITYPJILIK, HOHCOH/IBIK, CIIEKTD, SK3UCTEHIINAMIbLAKAI CIEKTD, IEHTPAJIb/I] THII,
opbUTAIBII THUII, IEHTPAJIbII-OPOUTAIBII TUTI, HOHCOHIBIK YKUBIHHBIH{bpaPMeHTTepi.

A.P. Emkeen, 11.0. Tynaryantaesa, €. M. Amanbexon

Kapazandunckutl ynusepcumem umeny dgademuxad. AT Byxemosa, Kapazanda, Kasaxcman

9K3I/ICTeHI_II/IaJIbHO IIPpOCThIE ITOHCOHOBCKUE KBaSI/IMHOI‘OO6paBI/ISI n
X MMOAECOHOBCKNIE CIIEKTPbI

Crarbsl OCBMAIIEHA U3y YeHUIO HOHCOHOBCKUX KBA3MMHOI00OOpa3uili B CUrHATYPe, ODOTallleHHOW HOBBIM IIpe-
JIUKATHBIM ¥ KOHCTAHTHBIM CHMBOJIAMIMBBE 1eHbI HOBBIE TTOHSATHsI CEMAHTUYECKOTO HOHCOHOBCKOT'O KBA3UM-
HOroOOpa3us U (pparMeHT-KOHCEPBABMBHOCTY IIEHTPA WOHCOHOBCKOM TeOpHH. PaccMOTpPEHBI KJIaCcChl KOCe-
MaHTHYHOCTH HOHCOHOBCKOFO LIeKTpa, TOCTPOEHHOTO JIJIsi HOHCOHOBCKOTO KBasuMHOTooOpasus. [Ipu sTom
obostouka KaitzepagitoHEOHOBEKOHO KBA3NMHOIr006pa3nsi MPe/IIIoJIaraeTcs SK3UCTeHInaIbHO npoctoit. C mo-
MOIIBIO TTOCTPOCHUST QHEHEPATLHOTO TUIA I KJIACCOB TEOPWH M3 MOHCOHOBCKOTO CIIEKTpa (hOpMysmpy-
IOTCS W JOKA3bIBAIOTCS €JIeIyIONINe Pe3yIbTAaThl. B mepBOM OCHOBHOM pe3yJIbTaTe IIPUBEIEHO HEOOXOIu-
MO€e U JIOCTaTOMHOE YGIOBYIE JIJIsI TOrO, YTOOBI IIEHTP KJIACCa KOCEMaHTUIHOCTH IK3UCTEHIUAILHO IIPOCTOIO
MOHCOHEBCKOIO KBA3UMHOT00OPA3Us SIBJISJICS A-CTAOMIBHBIM. BTOPOH pe3ysbTaT sIBIASETCS KPUTEPUEM w-
KaTeHOPpUIHOCTH [ICHTPA KJIaCCa TEOPUil 0O0TraIeHHOro S3bIKa. 11oyyeHHble TEOpEMBI MOTYT OBITH OJIE3HBI
JIJIsT IPOROJIXKEHU ST MCCIIEOBAHNN PA3IMIHBIX HOHCOHOBCKUX aJiredp, B 9aCTHOCTH, HOHCOHOBCKUX KBA3WM-
HOr0OOpa3uiig

Karouesvie caosa: HOHCOHOBCKAsI TEOPHsI, COBEPIIIEHHAs] NOHCOHOBCKAsl TEOPHsI, MHOIooOpa3ue, KBa3HMHO-
roobpasue, CeMaHTUIECKOEe HOHCOHOBCKOE KBa3MMHOIOOODa3ue, MOHCOHOBCKMN CHEKTD, 9K3UCTEHIINAIHHO
IpOCTasi TEOPUsl, IEHTPAJBHBIA TUIl, OPOUTAIBLHBIA THII, IEHTPAJIbHO-OPOUTAIBHBINA THUII, (DparMeHThbl HOH-
COHOBCKOI'O MHOXKECTBA.
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