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On the solvability of a nonlinear optimization problem with
boundary vector control of oscillatory processes

In the paper, the solvability of the nonlinear boundary optimization problem has been investigated for
the oscillation processes, described by the integro-differential equation in partial derivatives with Fredholm
integral operator. It has been established that the components of the boundary vector control are defined
as a solution to a system of nonlinear integral equations of a specific form, and the equations of this system
have the property of equal relations. An algorithm for constructing a solution to the problem of nonlinear
optimization has been developed.
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Introduction

There are plenty of works [1-12], that are devoted to the study of nonlinear optimization problems
described by systems with distributed parameters. However, methods for solving nonlinear optimization
problems while minimizing a piecewise linear functienal have not been sufficiently developed. This
article deals with the solvability of the problem of optimal boundary control of oscillatory processes
described by partial integro-differentialiequations with an integral Fredholm operator, while minimizing
a piecewise linear functional.

Consider the following nonlinear optimization problem where it is required to minimize the piecewise
linear functional:

T
J [ur(t, @)y...undlt, 2] = // {[V (T,2) — & ()2 + Vi (T, z) — & (:c)]?} dz+ (1)
0 Q
T m
+8 Z |ug(t, z)| dzdt — min, £ >0,
it

1

on the set of generalized solutions to the boundary value problem

T
Vtt—AV:)\/K(t,T)V(T,a:)dT,ercR", 0<t<T, (2)
0
V(O,J}) = ¢1($)7 W(O,I’) = ¢2($)7 T € Q, (3)
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Zaw ;(t,m) cos(v, ;) +a(z)V(t,x) = (4)

= f(t,x,ul(t,x), coUp(t,x)), ey, 0<t<T.

Here A is the elliptic operator, v is a normal vector, emanating from the point x € ~; K(¢,7) is
a given function of H(D),D = {0 <t < T,0 < 7 < Thn(z) € Hi(Q),v2(z) € H(Q),&i(x) €
H(Q),&(x) € H(Q) are given functions; f[t, z,ui(t,x),...,un(t,z)] € H(Qr) is a boundary source
function; fu,[t, z,u1(t, x), ..., un(t,z)] # 0,Y(t,x) € (Qr),uwi(t,z) € H(Qr),i = 1,2,3,...,m; is a
control function, A is a parameter, and T is a fixed moment of time. @) is a region of the space R"
bounded by a piecewise smooth surface v; Q; = Q x (0,T].

The boundary value problem (2)—(4) has not a classical solution, with the above conditions imposed
on the given functions. Therefore, we use the concept of a generalized solution to the boundary value
problem.

With respect to the methodology of work [1], we give a definition.

Definition 1. The generalized solution to the boundary value problem (2)—<(4) is called the function
V(t,x) € H(Qr) that satisfies the integral identity

[ 1wt - (vt 0wt a)fite =
Q

n

- / / V()0 2) — 3 ai(a)Va, () Ont, 2) — c(2)V ()0 (t, ) | dodt-+

ij=1

/ / It 2ot (6, 2), e (£, 2)] — @)V (£ 2)) D(t, 2)dadi+

to T
—I—// )\/K(t,T)V(T,:C)dT O(t, z)dxdt
t1 Q@ 0

for any t; and ¢, 0 < t; £#< g < T, and for any function ®(¢,z) € C*1(Qr), C?*'(Qr) is a space of
functions defined on the set'@7 and having a second-order derivative with respect to t, and the first
order in the variables z;, and satisfies the initial and boundary conditions in a weak sense, i.e. for any
functions ¢g () € H (Q), ¢1(x) € H (Q) the following relations hold

t—+0

tim, [ Vit,2)on(e)de = [ v1(a)on(z)da,

The solution to problem (2)—(4) is sought in the form
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V(t,z) = Z Vi (t) zn ().
n=1

Where V,,(t) = (V(t,2), zn(2)) = [ V(t,2)2n(x)dz are Fourier coefficients, the symbol < -,- > is used
Q

for the scalar product in the Hilbert Space H(Q), z,(z) are eigenfunctions of the boundary value
problem [1]

Dy, (®(t,x), zi(x)) = Z aij(2) Py, (t, 7) 2k, () + () 21(2) P (E, ) | d
o \ii=1

+/a(m)zk(1:)<1>(t,x)d:p :)\%/zk(az)q) (t,z) dx;
¥ Q

Gz (x) =0, ze~, [k=1,23,..].

Using Liouville method we easily prove that the Fourier coefficients satisfy the relations [2]

T t
1 no .
Vo(t) = /\/ — /sin A (t —7)K (1, 8) dr | Vig(s)ds + Y1y, cos A\t + % sin A, t+ (5)
0 0 "

t
1
+— /sin/\n (t—71) [fulmur, .yuplldr; n=1,2,3,..,
0

where

fo T ut, ., Um)= /f[t, Ty up (6, 2), ey U (E, )] 20 () d.
Q
We can rewrite equation (5) as the following equation:
¢
Valt) = A [ Ko (8:5) Vo (9)ds + an ) (6)
0

where

¢
K, (t,s) = )\i /sin A (t —T)K (7, 5)dT;
" 0

¢
n . 1 .

an(t) = Y1, cos \pt + qii sin Apt + " /sm)\n (t —=7) [fn [T, w1, ..., up]] d7.
n n 0

The solution of the integral equation (6) is defined by the following formula 2]

T
Va(t) = /\/Rn (8, \) an (5)ds + an(t),
0
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where

n (L, 8, ) Z)\’ "Kni(t,s), n=1,2,3,... (7)
is the resolvent of the kernel K, (t, s), the iterated kernels are K, ;(t,s) defined by the formulas
T .
Ky (t,s) = gK" (t,n) Kni(n,s)dn,i=1,2,3,...,

foreachn=1,2,3, ...
Now we investigate the convergence of Neumann series (7). According to the following estimates

. T
TV .
Kosttos)? < (35 ) U™ [ Kool vt e (0.7

T T <
i~ TKo\" i
/ tsds<< ) (KoT) 1//1(2 dyds<< VO) (T)" 1,
0 0

we can easily prove that Neumann series converges absolutely. for the values of parameter satisfying
following condition

| < n=1,23,..

o0,
\ / nﬁoo

The radius of the convergence increases when n grows. As the sum of an absolutely convergent series,
resolvent R, (t,s, ) is the continuous function. It is easy to check that the following estimates hold

T
VT, | [ K2(y, s)dy
R, (t5, )] < .

= N VKT

T T
KoT
/R,QZ (t,s,\)ds.= 5 //Kz(y,s)dyds: 0 5
J (A — (AIVEOT?)" ) ) (A — A VEKOT?)

Note that the Neumann series converges absolutely for values of the parameters satisfying

A1
VK,

for eachm=1,2,3, ... Thus, we find the solution of problem (2)—(4) by formula

Al <

Vo) =S Va () :Z /R (t, 5, \) an (5) ds + an (1) | 20 (2). (8)

n=1 =
Lemma 1. The generalized solution of problem (2)—(4) which is defined by (7) and its derivatives

are elements of the Hilbert space H (Qr).
Proof. The proof is carried out by direct calculation and does not present any excessive difficulties.
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Optimality conditions and a system of nonlinear integral equations

Since each vector control @ (¢, z) = (ui(t, x), ..., un (¢, x)) uniquely defines the solution of boundary
value problem (2)-(4), the control w(t,z) + Au(t, z) corresponds to the solution of the problem (2)-
(4) of the form V(¢t,z) + AV (t,x), where AV (t,z) is the increment corresponding to the increment
AT(t,x) . According to the maximum principle [3-6] we calculate the increment of functional (1)

Al (w) =1(u+ Au) —I(u) =

T
= —/AH (t,z,w (t,x)u(t,x)) dt+/ {AVH(T,2) + AVA(T,2)} dz,
0 Q
where -
I[t,z,V (t,z),w(t,z),u(t,x)] =w(tz)- f{tzu(tz))— BZ lug(t, @) 9)
k=1

Function w(t, x) is the solution of the following conjugate boundary value problem
T
wy — Aw = )\/K(T,t)w(T,x)dT,J: €Q,0<t<T,
0

W(Tﬂ :L’) + 2[W(T7 (IZ‘) - 52(x)] = O,Ldt(T, .CE) | Q[V(T7 IL‘) - gl(x)] =0,z € Q7
Gw(t,z) = Z aij(7)way(t, ) cos(v, 21) + a(z)w(t, r) =0,
0,

ey, 0t <T.

We investigate the maximum of the function II[t,z,V (t,x),w (¢,x) ,u] with respect the variables
U1, U2, ..., Um , assuming that the set of allowable values of each of them is an open set. Because of the
necessary condition of the extremum, we obtain the following relations from (9)

I, () = w(t, ) f,, [t 257u(t, )] — Bsignu,(t,r) =0, i=1,2,3,..,m.

Further, the second necessary ccondition of the extremum is determined [5-7] by the inequalities

AL <0, Ay > 0,.... —1®AL > 0, k = 1,2,3,...,m, according to the Sylvester criterion, where
Ai are the diagonal determinants of the Hess matrix
pretilf o R,
r(I,a) =
R I

Thus, the ¢components of the optimal vector control #°(¢, z) should be found from relation (8), taking
into account the second necessary optimality condition. We rewrite condition (8) in the form

signuy (t, ) signug(t,z) signu,, (t, )
fultzat,z)] 7 f,lt e alt )] S 1ty 2, 0(t, )]

According to the second necessary condition of extremum and the theorem on implicit functions, we
have the following relations

w(t,z) =0 =p =0

= g(t,x).

up(t, ) = grlt, =, 9(t,x), B). (10)
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The unknown function g(¢,x) in (9) is defined as a solution to the following equation

g(t,x) = wit,x, f(t,z,01(t,z,g(t,x),5), ..., om(t,x,g9(t, z), B))] = W]g(t, x)] (11)

which it is a Fredholm nonlinear integral equation of the 2nd kind with respect to g(¢,x), where the
integral has double non-linearity with respect to the function g(¢,z). The solvability of a nonlinear
integral equation (11) is studied by the method of contraction operators. Let go(t,x) is a solution of
the equation (11). Substituting this function into (10) we find the desired optimal controls

ug(t,x) :(pk[tax790(t7$)yﬁ], k=1,..,m.

Next substituting the found values of these controls into (5), we obtain the value.of the.optimal
processes

T
(o) o
VO(ta) =S Vi ()om (1) = Y )\/Rn (t,5,0) a0 (s) ds + a% ()] % @),
n=1 n=1 0
where
t
0 ¢2n 1 0
a,(t) =11, cos Ay, t+)\—smx\ nt + . sin Ay ) [ [1u s ul]] dr.
n n 0

Substituting the found values of the optimal control and/optimal processes into the functional (1), we
find the minimum value of the functional (1)

T

J [u(l](t,:c), // VO T,z)— & (x)]Q + [Vto (T,x) — & (x)]Q} dz+

0

+/6’0/T/§u (t, )| dzdt,

The found triple {(u® (¢,2)), VO (t,a), I (u’ (t,2))} is determined as the complete solution of the
nonlinear optimization problem.

Conclusion

Solving the problem of the minimization of the piece-wise linear functional is a difficult problem.
Therefore the results received in the paper have great scientific value. The developed solving procedure
of the formulated problem is constructive and useful in applied problems.
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L Koipevis-Typin «Manacy ynusepcumemi, Biwxer, Koipevzcman;
2 Kvipewia-Peceti Cnasan yrusepcumemi, Biwkek, Kuipeuscmar;
3 Koipevia memaexemmix mernukaivs yrusepcumemi, Biwker, Kvipevzcman

TepOeamerti mpoliecTepai MeKapaJiblK BEKTOPJIBIK, bacKapyMeH
CHIBBIKThIEMeC OHTaJIaHAbIPY ecebiHiH MIeNIiMi TypaJibl

Maxkamana @pearoabpM UHTETPAJIIBIK, OMEPATOPHIMEH WHTETPAJIBI-TuddEepEeHNNAIbIK Aepbec TeHIeYIep
apPKbBLIBbI CHUIIATTAJIFAH TepOeIMeIi POIeCTePi IIeKapaJIbIK, BEKTOPJIBIK O6aCKAPYMEH ChI3BIKThIEMEC OHTAM-
JIaHJBIpY ecebiHiH mremriMiiri 3eprresred. [llekapasblk BEKTOPJIBIK, OacKapyIblH, Kypamaac OesikTepi
HAKTBI TYPJEri ChI3bIKTbIEMEC MHTETPAJIILIK TeHJeY/Iep »KYHWeCiHIH menrimi peTiHje aHbIKTAJJIAThIHbI YKOHE
OyJ1 >KYiieHiH TeH IeyJIepi TEH KATBIHACTBHIK, KACUETKE Me eKEHIIr aHbIKTaIabl. ChI3BIKThIEMEC OHTAMIAHIBIDY
eceObiHiy memiMia Kypy aJropuTMi »Kacajijibl.

Kiam ce3dep: KanubLIaHFaH IIMEINIiM, CBI3BIKThIEMEC OHTANIAHIBIPY, NMIEKAPAJBIK BEKTODJIBIK, OaKbLIAY,
GbYHKIIMOHAJIIBI, OHTAMJIBLIBIK IIAPTTAPHI, TeH KATHIHACTBIH KACHETI.
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O Pa3pemimMoOCT 3a a9 HeJIMHEeITHOI OIITUMMU3allun IIpUu I'PaHNUIHOM

10

11

12

BEKTOPHOM yIPaBJEHUN KOJIEOATEIbHBIMU ITPOIECCaAMU

B crarne ncciieroBana pa3penmMocTb 3a1a9U1 HEJIMHEHHON ONITUMU3AITNH P TPAHIIHOM BEKTOPHOM yIIPaB-
JIEHUH KOJIeDaTeIbHBIMY IIPOIIECCAMU, OIIUCHIBAEMbBIMH HHTEIPO-1uddepeHIInaIbHbIMI YPABHEHUSIMY B JACT-
HBIX ITPOU3BOHBIX C MHTErPAJILHBIM ortepaTopoM PperosibMa. YCTAHOBIEHO, YTO KOMIIOHEHTBI TPAHUYHOTO
BEKTOPHOT'O yIIPABJIEHUS OIIPEIEsIeHbl KaK PEIIeHNe CUCTEMbl HEeJIMHEHHBIX WHTErPAJIbHbIX yPaBHEHUI CITe-
nUMUIECKOr0 BUIA, U yPABHEHUS ITOHM CHCTeMBbI 00J1a/Ial0T CBOMCTBOM pPaBHBIX OTHoIIeHWi. Pa3paboran
AJITOPUTM IOCTPOEHUS PEINIeHN 33/1a9W HEeJMHEITHON ONTUMU3AINH.

Kmouesvie caosa: 0b60BIIEHHOE pelieHne, HeJIUHENHAS ONTUMHU3AIlNs, TPAHIIHOE BEKTOPHOE YIIPaBJICHIUE,
GbYHKIMOHAJ, YCJIOBUAS ONTUMAJIbHOCTH, CBOMCTBO PABHBIX OTHOIIEHUN.
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