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Stability of the time-dependent identiﬁcatio‘l
problem for delay hyperbolic equations \H

authors. Moreover, the delay appears in complicated systems with logical and ¢
certain time for information processing is needed. In the present paper, the i
problem for delay hyperbolic equation is investigated. The theorems on
solution of the time-dependent identification problem for the one dimen yperbolic differential
equation are established. The proofs of these theorems are based on mmbert’s formula for the
hyperbolic differential equation and integral inequality.

Keywords: hyperbolic equation, time delay, Hilbert space, so Nication7 stability.

e identification problems for partial differen-
odern physics and technology. Subsequently,
problems for partial differential and difference equations
chers (see, e.g., [1-25] and the references given therein).
In many fields of the contemporary_scien d technology, systems with delaying terms appear. The
dynamical processes are described % tems of delay ordinary and partial differential and difference

differential and difference equations have also been studied in many

equations. The stability of theldéla
papers (see, e.g., [26-35] and t eferences given therein). In the present paper, the time-dependent

identification problem

the stability of various source identificati
have been studied extensively by man

2u T 2u —Ww,T
W) Tuli) — pZeleet) 4 p(t)g(a) + f(E @),

0<t<oo,x€(—00,00),

u(t,z) = g(t,z),~w <t < 0,2 € (—00,00), (1)
_0fo a(z)u(t, z)dx = ((t),t >0

for one-sdimensional delay hyperbolic equation is considered. Here wu(t,x) and p(t) are unknown
functions. Under compatibility conditions, problem (1) has a unique solution (u(t,x),p(t)) for the
smooth functions f(¢,z)((t,z) € (0,00) X (—00,0)), g(t,z)((t,z) € [~w,0] X (—o0,00)), ((t)(t >
0),q(x), and a(z),

x € (—o00,00). Here b is a constant.

*Corresponding author.
E-mail: aallaberen@gmail.com

Mathematics series. Ne3(107)/2022 25



A. Ashyralyev, B. Haso

The theorems on stability

We have the following theorems on the stability of problem (1).
Theorem 1. Assume that f x)q(z)dz # 0 and f |a(z)|dr < a < co. Then for the solution of

problem (1) the following stablhty estimates holds:

ax. Ip(t)], oax. l[uell (00,00 » 021%>i}||ut||c<1>(_oo,oo)a Jnax. [[ull o2 (—oo,00)

<M (q,a) |:a0+ Iilf%x Hf HC’(—oo,oo) +1[f (0 )HC (—00,00) + OIE&X ’C”|

2
ao:maX{_glgtﬁoﬂgtt(f)ﬂc(—oo,oo)7 max [l (®)]

—w<t<0 M) (—00,00) 2 \

and
Pt (1w 1 <t (1w leaell, 50,5%) By et (B )0 | 1D (—o0r00)
e Nlloe (oo ey < M (0, ot g, max_Ip(7)
+nw<§ga7>l<+1 |7t Hc(_oo,oo I1Lf (Yo B 00) +nw§{2?;<+l)w}§”] ,
a, = max { (nfgﬁignw ) | o~ 0,00) ’(nflr){li)ignw [t (E)]] 1) (— 00,00 »

(n—

1) “'LL |C(2)(—oo,oo)}7n:1’27"‘ .
ctomgspace of continuous functions w(z) from the entire real line to

Polooooy = swp |0
z€(—00,00)

Here C(—o0,00) refers to th
R = (—00, 00) with norm

Proof. We will ), using the substitution

Q ult, 7) = w(t, ) +n(t)q(@), 2)
%\ nction defined by the formula

( " (t—s)p(s)ds, n((n—1w)=7n((n—1w)=0,n=1,2,---

It is easy to see that w(t, x) is the solution of the problems

2 2
2 gg@) — g”:f;é’””’ =n(t)q" (x) + bgee(t — w, ) + f(t, ),
0<t<w,z € (—00,00), (3)

w(0, ) = g(0,2), we(0, x) = ¢:(0,z), x € (—00,00),
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and
( Pw(tz)  Pw(tz) b82w(t—w,w)
ot? oz? Ox?

+ () + bn(t —w)) ¢"(z) + f(t, ),

n—1lw<t<nwze(—o00,00), n=273-,

w((n—1) w4+, z) =w((n —1)w—, ),

wt((n - 1) W, I) = wt((n - 1) W, 33),
[ z € (—00,00),n=2,3,-
Now we will take an estimate for |p(t)|. Applying the integral overdetermined corﬁ
o
/a(w)u(t,w)dw =

—0o0

and substitution (2), we get é

o
C(t) — [ al@)w@
—0o0

U(t) = oo \
[ oz

—0o0

From that and p(t) = 7" (¢), it follows that

¢"(¢) — O w(t, x)dz

Then, using the triangle ine httam

C”(t|—i— f ‘a ) 2w tx)‘dx

f a(r)q(z)dx

o0

| a(z)q(z)dz

—00

82

< k(g a) [lc \+H8t2 (t.)

C(—oo,oo)]
for all t € (0,00) . Now, using substitution (2), we get

Ou(t,x)  O*w(t, )
oz o
Applying the triangle inequality, we obtain

‘ 0% ()

ot?
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+p(t)g(z).
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for all t € (0,00) . Therefore, the proof of Theorem 1 is based on the following theorem.
Theorem 2. Under assumptions of Theorem 1, for the solution of problems (3) and (4) the following
stability estimates holds:

(nax [l ¢~ 0,00) - Jmax. [well e (—o0,00) - Jnax, [l @) (—s0,00) (6)

< M (g, a) [ao + max (|10 oo00) + 11 Olloc.00) + max, !C"I]

o = mac{ e o)y« mas, O, o ms e >||

nwgtngl?r}z(—i-l)w”wtt” ~o00,00) 7 <?<1&1i<+1 el (1) (~o0,00) nw<{2a§+lw (™)
M) ot Ol + 1 0oy N 8 [
owmmax { o, 1r)nx b oo
- 11)Ileaé<W||w Ne@ (oo
Proof. First, we will prove that
g [l < M (010 a0+ g R + 17 Ol oy + g €] 9

Applying the Dalambert’s formula, wegget the following formula

z+t
w(+ Doy 2 [ a0

x—1

/ [1(7)q"(€) + bgee (v — w,€) + [(7,€)] dedr

x—(t—7)

for an [ , & E)(—00,00) . From that it follows that
O +0) 901 1]
,x+1t)+ ,x—t
w(ta) =" I +5 [ 0.0
x—t

+/ 77(27') [Qx-i-(t—r)(l’ + (t — 7‘)) = Qo—(t—7) (.’L‘ _ (t o 7_))] dr
0
+/ g [g:c-‘r(t—‘r) (T—wz+(t—71)) — gw—(t—r)(T —w,x— (t— T))] dr
0
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t . x+(t—T)
+[5 | frodcn
0 a—(t-7)
Taking the derivatives, we get
0,z4+1) + g0,z —¢ 1
we(t,) = 2OEEOLIOLZ0 L F 0.0 40) 0,0 - 0)

T
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+ / 5 [gx—i-(t—r),t(T —Ww, T+ (t - T)) - gw—(t—T),t(T — W, T = (t iy A
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Wit (t .73)

2

/ g 9 ( 4w,z +t) — gu(—w,x —t)] dr

1
_ (t—7)) = fe(r,z — (t — 7)) dr.
Applying this formula aw@ le inequality and estimate (5), we get

[|wee ( ((La ap + nax | £ (t Hc(_oo,oo) + 1 Ol (= s0,00) + <" ()]

t
/ lwee(r, ) dr
0

for any ¢“€ [0,w]. By the integral inequality, we get the estimate (8). Applying equation (3) and
triangle inequality and estimate (8), we get estimate (6).
Second, we will prove that
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Applying the Dalambert’s formula, we get the following formula

T+t
w(tx) = w(nw, z +t) —;—w(nw,x —t) +% / wy(nw, €)de
r—t
t z+(t—7)
w5 T+ ontr =) @) + buee(r ~ w.€) + 1) dedr

nw  g—(t—7)

for any ¢ € [nw, (n + 1) w|,z € (—00,00) . From that it follows that
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Taking the derivatives, we get

&+ t) + wi(nw, x — t)
2

Wt

[we(nw, x + t) — we(nw, z — t)]
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nw

+ [ UGt @) - fra - =)l dr

wi(nw,  + t) + wy (nw, x — t)
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1
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[Gotp—ryt(@ + (t = 7)) = Qu_gerye(z — (t = 7))] dr

[ (5(r) + (7 — w))
+ / .

t
b
+ / 5 [wtt(—w,:c -+ t) — wtt(—w,x — t)] dr

+ [ SUtro+ ¢ =) - ilro = (= D)l dr

Applying this formula and the triangle inequality and estimate (5), we get TS \

[wee(E, )| < M (q, @) lan
!/ t /!
S 1) (R 1 %) I m&
M (@) [ el dr
nw ’
thtimate (6). Applying equation (4)
his completes the proof of Theorem 2.
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for any t € [nw, (n + 1) w]. By the integral inequality, we
and triangle inequality and estimate (6), we get estim
Moreover, we have that

[ee]
Theorem 3. Assume that [ «o(z)q(z)dz

—00

Then for the solution of problem (1) the follo ability estimates holds:
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Here L, (—00, 00) refers to the vector space of functions w(z) from the entire real line to R = (—o0, 00)
satisfy the condition

/ lw (2)]P dz < oo.

Conclusion

This paper is devoted to the time-dependent identification problems for delay hyperbolic partial
differential equations with unknown parameter p(t). The theorems on stability estimatesifor the

solution of this problem are established. . \
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2

! Bazvewezup yrusepcumemi, Cmambya, Typrus;
2 Peceti zasvxmap docmuien. yrusepcumemi, Mackey, Peceti @Pedeparu,
3 Mamemamunxa sicone mamemamuraissir modeavdey uncmumymol, Aimamo, [Ka3 a
4 Taay HTwevic yrusepcumemi, Hukocus, Typrus;
5 Mamemamuxa dakysvmemi, opma mexmen, Jyzox, Hpd

I'umntepbo1aJIBbIK, KEImiry TeH/eyJiepi YITiH C PJIBI eMec

coiikecTeHIipy ecebiHiH qﬁgpax I I
Iepbec TYyBIHABLIBL AU PEPEHITUANIBIK, KOHE AWBIPBIMJIBIK, T€ it iH yaKbITKa »KoHE KEeHICTiKKe

TOyeJI/Ii KO3/l AHBIKTAy ecenTepi KOJJaHOAJBI FBUIBIMIAD M KaJia MaHBI3/IbI OPBIH aJIajIbl YKOHE
Gipuere aBropJsiapmen 3eprresired. COHbIMEH KaTap, Kerlrl 2KOHE eCemnTeyill KypbUIFbLIaPhI
bap Kyp/eJi xyitesiepie TybIHIaiIbl, MYH/Ia aKnapal % Genriii 6ip yaksIT KaxkeT. Makasaia
Kermiryl 6ap rumepboJTaIbIK TeHJEY VIMH CTAIMOHAD, olikecTeHipy ecebi 3eprrenren. Kerriryi
CTAIMOHAPJIBI eMeC CONKEeCTEHIipy ecebin
aHBIKTAJIFaH. By Teopemasapapl Jpsesiey
BIK, TeHCI3aik yrmiu /lamambep dopmynacbiaa

runepboTaIbIK, auddepeHnnaaablk TeHIey MEeH 1
Heri3zesrex.

Kiam cesdep: runepboJIaIbIK, TEHIEY, ir, MIEOEPT KEHICTIri, KO3/ aHbIKTAY, TYPaKThLIBIK,.

& sipassiest 23, B, Xacol?
epcumem Bazruewexup, Cmambyns, Typuus;
c m dpyorcbv, Hapodos Poccuu, Mockea, Poccus;

3 Mnemumy MATUKY U MATNEMAMUYECK020 Mmodeauposanus, Aamamo, Kazaxcman;
Hnesocmounwvili yrnusepcumem, Huxocua, Typuyusa;

5 Cpednaa wxona, Jyzok, Hpax

Yceroiiu b HEeCTAaIlMOHAPHOI 3a/ja9n NAeHTUAOUKAINN 115
ep0oJIMYeCcKNX yPaBHEHUI C 3amna3 bIBAHNEM

OT BPEMEHM W IPOCTPAHCTBA 3aJa4d WJIEHTUMUKAIUNA HUCTOUYHHUKA I TUddEPEHITUATBHBIX
HBIX ypa.BHeHPII’I B YaCTHBIX IIPOU3BOAHBIX 3aHHMMAaIOT BaKHOE€ MECTO B IPHUKJIaJIHBIX HayKa,X n
TEeXHUKE W M3y4JajuCh HECKOJIbKMMHU aBTOpaMu. KpoMe TOro, 3aIepKKa BO3HUKAET B CJOXKHBIX CHCTEMAaxX
C JIOTUYECKUMU U BBIYUCJUTELHBIMUA YCTPONCTBAMHU, T/ie TPeOYETCsI ONpeieIeHHOE BpeMsl st 00paboTKu
nHdopmaruu. B HacTosmel paboTe uccie10BaHa HecTallMOHapHas 3a/1a4a UACHTU(MUKAIIIN JIJIs TUTIEPOOJIH-
YECKOr0 YPaBHEHNUS C 3al1a3IbIBAHNEM. YCTaHOBJIEHBI TEOPEMBI 00 OIEHKAX YCTONYNBOCTH PEIIEHUsT HECTAIIN-
OHAPHON 332491 UAEHTU(MUKAINA JJIsi OJITHOMEPHOT'O TUIEPOOIMIECKOTO MM PEPEHITNATBHOIO yPABHEHUS C
3ama3apiBanueM. /lokazaTebcTBa 9TUX TeopeM OCHOBaHbI Ha (popmyste lamambepa 1jist rurnepOoImIecKoro
nudPepeHITUATBLHOTO YPABHEHUSI I UHTETPAIbHOINO HEPABEHCTBA.

Karoueswie caoea: TUIepObOINIECcKOe ypaBHEHNE, 3al1a3/IbIBaHue, THIHL0EPTOBO IIPOCTPAHCTBO, NICHTH(MUKA-
U1 UCTOYHUKA, YCTONIUBOCTb.
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