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Abstract
Amethod of searching for high-order time-of-flight focusing conditions based on data of numerical
trajectory analysis of corpuscular-optical systems is presented. Themethodmakes it possible to
determine themaximumachievable order of focusing, the value of the independent variable (initial
coordinate, initial angle, initial velocity or energy) relative towhich the focusing is observed, as well as
the spatial position of focus. Themethod has been tested onmodel problems. The corpuscular-optical
properties of time-of-flight devices with known analytical solutions are investigated, and the
uniqueness of their parameters in their class is shown.

Introduction

The time-of-flight analysis of ion packets from the source to the collector is a recentlymastered practicalmethod
that underlies the operation ofmostmodernmass spectrometers [1]. However, time-of-flight analyzers have a
muchwider scope of application than commonly believed. For example, themechanismof time-of-flight
separation of electrons can be used in the construction of photoelectron spectrometers [2].

Inwork [3], a possible application of the time-focusing Time-of-Flight (tfTOF)method in combinationwith
energyfilters was investigated for theKarlsruhe TritiumNeutrino experiment KATRIN [4]. The study
demonstrated that the tfTOFmethod can be used in general and in particular tomodify the sensitivity to certain
energy and angular characteristics of a charged particle source. Additionally, TOF analyzers can be used as an
additional element of cameras [5]withwide instantaneous viewing angle tomeasure ionmasses in the study of
energy and angular distributions of hot space plasma.

Devices with very different electrode configurations (linear drift, post-source pulse focusing TOFmass
analyzers, single and double-stagemirror linear-reflectronwith normal and oblique incidence, cylindrical
mirror, single andmultiple spherical sector and poloidal electrostatic deflectors) are used to study the time-of-
flight characteristics of charged particle flows [6]. Linear time-of-flightmass spectrometers (TOFMS), which
have been around for over 50 years [7], are still used in practice and have been further developed [8]. It is well-
known that usingmulti-field linear TOFMS can improve the analyzer parameters due to the higher-order spatial
focusing relative to the initial ion position [9]. In this case, the focusing conditions in linear TOFMS are
traditionally determined using simple analytical formulas.

Amuch bettermass resolution is provided by the use of ionmirrors in the so-calledmass reflectrons, whose
role is reduced to compensation of the time offlight for ionswith different initial energies [10, 11]. In the
simplest single-stagemass reflectronswith a grid electrode at the input, it is possible to fulfill the conditions for
thefirst-order time-of-flight focusing by energy [10].More complex two-stage reflectrons have the property of
the second-order time-of-flight focusing and they are usedwith a significant energy spread of ions [12]. The
main parameters ofmass reflectrons are limited by the processes of ion scattering on input grids. It is worth
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noting that gridmass reflectrons allow the searching of time-of-flight focusing conditions based on an analytical
approximation.

Efficient reflectron designs without a gridwere proposed in the 1980s, consisting of three coaxial cylindrical
electrodes of the same diameter [13]. Inwork [14], the possibility of implementingfirst-order spatial-time-of-
flight focusing in a two-electrodemirror of rotational symmetry for two regimeswith large and small drift
distanceswas shown for thefirst time. The numerical-analytical technique [14] for searching for the conditions
for spatial-time-of-flight focusing in electrostaticmirrors, formed by several successive cylinders of the same
radius, was further developed in [15]. The aberration coefficients in suchmirrors are expressed by certain
integrals and evaluated numerically at each step of integration of the differential equation of the paraxial
trajectory. Since the turning point of the trajectory inmirrors has zero potential, the formulas for calculating the
aberration coefficients are similar to the known formulas for cathode lenses. This work proves the
implementation of up to third-order time-of-flight focusing by energy.

By now, ionmirrors have become an integral part of themost advancedmass spectrometric equipment, such
asQ-TOFmass spectrometers [16]. Q-TOFmass spectrometers combine TOF and quadrupole instruments, a
pairing that results in highmass accuracy for precursor and product ions, strong quantitation capability, and
fragmentation experiment applicability.

In electron optics, the quality of focusing is determined by aberrations, which are deviations from the
paraxial approximation. There are no aberration-free systems.One of themain problems in corpuscular optics
is to identify the types of aberrations inherent in a given system and then to eliminate or reduce themost
objectionable ones. Despite the quality of time-of-flight focusing being themain determinant of the parameters
of time-of-flight analyzers, there are currently no general approaches to establishing the conditions and level of
time-of-flight focusing for devices of arbitrary design. The purpose of this work is tofill this gap. In summary,
the proposedmethod answers the following questions:

- whether a simulated (arbitrary design) corpuscular-optical system can provide high- quality time-of-flight
focusing;

- what is the value of the initial parameter (spatial position of the particle source center, central initial angle,
central initial energy), nearwhich high-quality time-of-flight focusing is ensured;

- where to place the particle collector in order tomeet the conditions for high-quality time-of-flight focusing.

Mathematical description of focusing quality

The focusing properties of corpuscular-optical systems can be described in terms of aberration theory -
improvement of these properties is possible only by reducing aberration coefficients.

It ismore convenient tomeasure some parameters characterizing particles not relative to zero, but relative to
the corresponding parameters of the reference particle, which is sometimes called central one. The parameters of
this particle denoted by the superscript (ref). In each profile plane perpendicular to the z-axis, an arbitrary
particle in a beam is characterized by the following parameters [17]:

• x and y coordinates;

• angular coordinates a= atg = /dx dz = /p px z and b = btg = /dy dz = /p py z in x and y directions,

respectively; here a and b are initial angles with respect to x and y, p ,x py and pz are components of the

momentum along theCartesian axes;

• divergence in the time offlightT = ( )-t t ref (measured from some initial profile plane) of the considered
particle and the reference particle;

• relative deviation ( ) ( )( ) ( ) ( ) ( )d = -K q K q K qref ref ref ref of the ratio of kinetic energy K to charge q for the
considered particle with respect to the reference particle;

• relative deviation ( ) ( )( ) ( ) ( ) ( )g = -m q m q m qref ref ref ref of the ratio ofmass m to charge q for the
considered particle with respect to the reference particle.

Themotion of an arbitrary particle is completely described by its position vector: ( )X z = ( ( ) ( ) ( )x z a z y z, , ,
( ) ( ) ( ) ( ))d gb z T z z z, , , .Like all other components, the time component of the position vector ( )X z can be

written as a function of the initial parameters x, a, y, b, z, T , d , γ, markedwith the subscript «0», i.e. ( )T z =
( )d gT x a y b z T ; z, , , , , , , .0 0 0 0 0 0 0 0 The expansion of theT function in a power series (called the aberration

expansion)with respect to the initial parameters has the following form
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( ) ( | ) ( | ) ( | ) ( | )= + + +T z T x x T a a T y y T b b0 0 0 0

( | ) ( | ) ( | ) ( | )d d g g+ + + +T z z T T T T T0 0 0 0

( | ) ( | ) ( | ) ( | )+ + + +T xx x T xa x a T aa a T xy x y0
2

0 0 0
2

0 0

( | ) ( | ) ( | )d d+ + + + ¼T xb x b T xz x z T x x ,0 0 0 0 0 0

wherewe use the notation of partial derivatives accepted in charged particle optics [18].
The quality of focusing in the profile plane z can be expressed by the normof the ( )T z function, quantified,

for example, as [ ( )]am x T z , the value of which is determined by the interference of all aberration coefficients.
Note that ideal focusing occurs when ( )T z = ( )-t t ref = 0, inwhich case all particles with different initial data
cross the z -plane at the same time. To determine the degree of influence on focusing of the each position vector
components, the focusing order should be studied in relation to that component.

Method formalization

Let us denote any of parameters dx a y b z T, , , , , ,0 0 0 0 0 0 0 or g0 by x ,0 with respect to the variation of which the
time-of-flight focusing is studied. Then the time of arrival of the reference particle to the profile planewill be
expressed as ( )t ref = ( )xt ,0 and the time of arrival of the considered particle as t = ( )xt = ( ∆ )x x+t ,0 where ∆x
is the variation of the initial parameter x ,0 x = ∆x x+ .0 To simplify the presentation of the proposedmethod’s
mathematical and physical essence, we take the x0 = z0 initial position of the particle on the z -axis as an
independent variable.

Mathematically, the time-of-flight focusing order is expressed by the quantity of zero total derivatives in the
expansion of the time of a particle flight from a source S extended along the z-axis to a profile plane (collectorC)
(figure 1) in a Taylor series in the initial coordinates x = ∆x x+0

( ) ( ) ( ) ( ) /x x x x x+ D = + ¢ Dx + ¢¢ Dx +¼t t t t 2 ,0 0 0
2

where x0 is the central (unknown) coordinate of the source, relative towhich the particles are focused on the
collector in terms of the time offlight. The focusing order N occurs when ( )x¢t 0 = ( )x¢¢t 0 =¼= ( )( ) xt N

0 =
0.The total derivatives of time t with respect t0 the initial parameter x in the presented formulas are indicated by

the corresponding number of dash lines, for example, ( )x¢¢t =
x x=x

.d t

d

2

2

0

Themovement time ( )xt of a particle withmassm, emitted from a sourcewith a velocity v ,1 can be expressed
as the sum ( )xt = ( ) ( )x x+t t ,1 2 where ( )xt1 is the time ofmovement from the S source to the output electrode
2; ( )xt2 is the time ofmovement in thefieldless space between electrode 2 and the collectorC. In general, an
electric field


¹E 0 can be created between the input 1 and output 2 electrodes of the time-of-flight analyzer.

Since ( )xt2 = ( )/ xz v2 = · ( )xnz ,where z is the (unknown) distance from the output electrode 2 to the collector
С, the function ( )xn = ( )/ xv1 ,2 ( )xv ,2 is the velocity of the particle when it leaves the region of the non-zerofield
gradient, then thefirst-order focusing conditionwill look like this ( )x¢t = ( ) ( )x x¢ + ¢t t1 2 =

·( ) ( )x x¢ + n¢t z1 = 0 or

( ) ( ) ( )/x x= - ¢ n¢z t . 11

The second-order focusing condition (N = 2)will follow from the equality to zero of the second derivative
of time t with respect to x and substitution into this equality of the first- order focusing condition (1), i.e. from

Figure 1. Search for conditions of time-of-flight focusingwith respect to the initial coordinate on the z -axis: x = z .
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the equation ( )x¢¢t = ( ) ( )x x¢¢ + ¢¢t t1 2 = ·( ) ( )x x¢¢ + n¢¢t x1 = ·( ) ( ) ( ) ( )/x x x x¢¢ - ¢ n¢¢ n¢t t1 1 = 0 or
in amore convenient form

· ·( ) ( ) ( ) ( ) ( ) ( )x x x x x= ¢¢ n¢ - ¢ n¢¢ =F t t 0. 21 1

The solution x= x0 of the algebraic equation (2) determines the central coordinate of the source S extended
along the z -axis, and (see equation (1)) the value

( ) ( ) ( )/x n x= = - ¢ ¢z z t 3C 1 0 0

is a collector position providing second-order time-of-flight focusing. It is obvious that focusing of order N in
the plane z = zC will take place if the additional equalities

( )· ( ) ( )· ( ) ( )( ) ( )x x x xn¢ - ¢ n = = ¼t t n N0, 3, 4 . 4n n
1 0 1 0

In the numerical analysis of the focusing properties of corpuscular-optical systems, in accordancewith
equation (2), the function ( )xF is formed on a limited discrete set of initial coordinates xi of particlemotion
where the derivatives of the functions ( )xn i and ( )xt i1 are calculated using finite difference formulas. Then, the
discrete function ( )xF i is interpolated between any adjacent points, and equation (2) is solved numerically (e.g.,
by the dichotomymethod)with respect to the central coordinate of the source x = x .0 After that, the position of
the second-order focus (collector) z = zC is determined fromExpression (3), and the conditions (4) of
focusing of order >N 2 are checked.

To search for the conditions for time-of-flight focusing of an order higher than the second one, we
recommend using the formalism of correlation analysis, which is described in detail in the author’s work [19] as
applied to the search for angular focusing and can be easily extended to the problemunder study.

Furthermore, note that themethod presented here can be extended to study the time-of-flight properties
with respect to the remaining initial parameter, such as dx a y b T, , , , ,0 0 0 0 0 0 or g .0 As an example, figure 2
presents clarifyingmaterial for studying the time-of-flight properties of systemswith a point source emitting
particles at different initial angles a .0 In this case, the parameter x represents the initial angle of the particle
motion, and the velocity v2 is the projection of the velocity v of the particle onto the z -axis in the regionwhere
there is no potential gradient.

It should be noted that the time intervals t1 and t2 mentioned earlier were only introduced to simplify the
understanding of the essence of themethod, andwhen implementing themethod, we only need data on the time
duration t1of the each particle’smovement from the source to some arbitrarily given surface in the regionwhere
there is nofield gradient, as well as the projections v2 of their velocities onto the normal to this surface. Such an
arbitrary surface is the trajectory counting stop surface, and it is an essential component of any software
application formodeling corpuscular-optical systems.

Spatial focusing refers to the focusing of charged particles in a plane perpendicular to the axis of the
corpuscular-optical system. In axially-symmetric problems, such as thosewhere the z -axis is the axis of
symmetry. In this case, the order of spatial focusing is determined by the number N offirst zero terms in the
expansion of the arrival radius r on the x (initial particle position or angle).When N >1,wehave high-order
spatial focusing. Spatial focusing is directly related to spherical aberrations of charged particle optics systems.
Therefore, the physical principles of increasing the order of spatial focusing are based on the synthesis of fields,

Figure 2. Search for conditions of time-of-flight focusing in an electron-optical system (EOS)with respect to the initial angle x =α.
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that not only focusing but also compensate for the difference inmotion conditions of particles that start with
different initial data.

Testing and application of themethod

The proposedmethod is algorithmized and integrated into the author’s computer application ‘FOCUS’ [20]. In
this application, the outerDirichlet problemof potential theory is solved using the Boundary ElementsMethod
(BEM). The advantage of this approach is that each electrode in the external setting can have an arbitrary
thickness and complicate shape, which allows for simulating corpuscular-optical systems that are closer to real
devices. Additionally, the Boundary ElementsMethod offers high computational speed due to the organization
ofmulti-threaded calculations, with almost no additional ‘overhead,’unlike other commonly usedmethods
such asfinite difference (FDM) andfinite elementmethods (FEM). One of themain advantages of using the
BEM in the software application formodeling corpuscular-optical systems is the possibility of studying
multiscale designs including cathodes with small emission area, or electrodes of long lengthwith small isolation
gaps between them, etc.

In the software ‘FOCUS’, every i-th particle trajectory is calculated using numerical Runge–Kutta schemes.
Numerical differentiation of the functions ( )xn i and ( )xt i1 is carried out according tofinite-difference formulas
on afive-point template. The software ‘FOCUS’ offers twomodes of visualizing the results of trajectory analysis:
continuous trajectories of all launched particles and the spatial position of these particles at discrete instants
in time.

The proposed numericalmethodwas tested onmodel problems.
The choice of thefirst example is based on the fact that, due to its infinite symmetry, a spherical capacitor is

almost themain tool for testing software formodeling corpuscular-optics systems, bothwith respect to the
accuracy of calculating the electrostatic field and the trajectories of charged particles in this field.Whatmatters to
us is, that in a spherical capacitor (figure 3) charged particles emitted along radial trajectories from a point
source s located at the center of the spheres will return to the same center if their energy (in eV) is less than the
potential difference between the inner 1 (radius R1=1, potential is 0) and outer 2 (radius R2 = 2, potential is 1)
spheres.Moreover, the symmetry of problem implies the equivalence of the values of the return time to this
point for all particles, i.e. ideal time-of-flight focusingwill be observed at this point. In the test problem, particles
with energy of 0.9 eV, ‘launched’ from the capacitor center swithin the angle range of 10°−170°, reached an
equipotential with a potential value of 0.9 V, changed the direction ofmovement to the opposite one at a
moment in time at (positions of particles at subsequentmoments of time t ,b t ,c t ,d te are shown infigure 3) and,
having flown through the center s (tf ismoment of time after passing the center s onfigure 3), stoppedmoving
in an arbitrarily given plane 3, perpendicular to the r-axis and located at an arbitrary given distance from the
source s.Based on the results of calculations using the ‘FOCUS’ application, with an error in calculating the
components of the potential gradient of the order of 0.1%, it was concluded that the central trajectory, in
relation towhich the time-of-flight focusing is observed, has an initial angle x0 = 90 , i.e. it is located in the
middle of the analyzed angular range of 10°−170°. The focusing order isN= 6. In this case, we can only
confidently say about themagnitude of the order that it is sufficiently high, i.e. time-of-flight focusing is very
good. The error in calculating the time-of-flight focus position (the center s of the capacitor)was less than 5%.

The second test example demonstrates the capabilities of the proposedmethod in analyzing the quality of
time-of-flight focusing, which ismathematically expressed by the focusing ordering, in a systemwith a complex
electrode configuration, for which an analytical solution is hardly possible, or very difficult at best. This example
demonstrates the feasibility of high-quality time-of-flight focusing by the initial angle in a real non-idealized
system. In addition, in the simulated design, there is a unique combination of the time-of-flight focuswith the
spatial angular one. Figure 4 depicts the design of the axial-symmetric toroidal deflector that providesmore than
20 orders of time-of-flight focusingwith a central angle x0 = 59 and a distance between the source and collector
equal to 6.25. The cross-sectional radius of the inner electrode of the toroid is 1.5, and the outer one is 3, ratio
/K V = 1.Calculations of the dependence of the time of flight of particles on the initial angle x within the range

of - 56 62 at the established optimalmutual arrangement of the source and collector showed that the relative
time spread is really small:Δ /t t ≈ 0.8%.As an additional characteristic of the deflector, the fact of second-order
axis-axis type angular focusing is established near the angle x0 = 59 .

As previouslymentioned, the proposedmethod enables establishing the conditions for time-of-flight
focusingwith respect to the initial angle (see above sphericalmirror and toroidal deflector), initial position, and
initial particle energy. In the following test examples, the paperwill demonstrate themethod’s possibilities in the
analyzing schemeswith a spread of particles according to their position on the axis of symmetry (see below an
immersion objective) and according to their energy (see below three-electrode electrostaticmirror).
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Figure 3. Search for time-of-flight focusing in a spherical capacitor.

Figure 4. Search for time-of-flight focusing in a toroidal deflectorwith respect to the initial angle x=α.
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Classical numericalmethods formodeling corpuscular optics systems are ideal for solving analysis
problems.Whereas the problems of synthesizing systemswith new corpuscular-optical properties are solved
with great success by analyticalmethods, in particular,methods of paraxial optics using themeans of the
aberration theory to eliminate or reduce themost significant aberration coefficients. Inwork [21], a scheme of a
time-of-flight axially-symmetricmass analyzer with a straight optical axis is synthesized, inwhich the spatial and
time-of-flight foci are combined.However, the calculated parameters of the proposedmass analyzer can be
considered only approximate due to the low accuracy of paraxialmethods and the analytical approximation of
the axial potential distribution. Numerical analysis of the proposed scheme (figure 5)made it possible to refine
the results of analytical calculations. In this case, condition of spatial focusing, i.e. in our case, the focusing of
particles with different initial radii (x = r0)was also determined numerically (see author’smethod [19]). The
mass analyzer consists of an accelerating gap towhich a pulsed expulsive voltage ( )-V V0 1 is applied; an exit
window coveredwith afine-structuredmetalmeshwith a potentialV1= V1 , and two cylinders with potentials
V2 = 0.889V andV3 = V0 for the case of a positive charge of the analyzed particles. The length of the cylinder
with the potentialV2 is l = d0.743 .The size of the insulating gap between cylindrical electrodes is d0.001 .
Numerical studies show that when the distance between the electrodes is increased to d0.05 , the changes in the
calculated parameters do not exceed the limits of their calculation error. Figure 5 shows the trajectories 1 of
particles emitted by a plane source and focused at a distance z .f The source diameter is d0.2 ,where d is the inner
diameter of the cylindrical electrodes. The source plane coincides with the central plane of the accelerating gap.
The static trajectories of the immersion objective (figure 5) are overlaidwith axial charged particle packets 2
formed at the initialmoment t0 by a sourcewith sizesDz = 0.5s extended along the z -axis and fixed at different
moments t ,0 t1 t ,2 etc The positions of the spatial and time-of-flight foci on the z-axis depend on the value of the
expulsive voltage ( )-V V .0 1 The scheme infigure 5 provides spatial second-order focusing (with respect to the
parameter x = r0) and fourth-order time-of-flight focusing (with respect to the parameter x = z0); it is in
absolute agreement with the results of [21]. The coincidence of the positions of the corresponding foci according
to the results of calculations by the proposedmethod is observed at the value of the accelerating pulseV0 =
1.08V, and the value of the focal length in this case is zf = d11.04 , in contrast to the analytical value zf = d8.06
presented in [21]. The presented graphical results infigure 5 demonstrate the actual coincidence of the spatial
and time-of-flight foci at the distance zf = d11.04 and at the time point t .k

Here, we note the numericalmethod proposed in this work for searching time-of-flight focusing conditions
with the previously proposedmethod for spatial focusing search [19], hasmade it possible, in fact, to solve the
problemof synthesizing a scheme that combines the spatial and time-of-flight focusing conditions.

Let us demonstrate further the corpuscular-optical properties of a uniquemass analyzer by numerical
methods. Figure 6 shows the dynamics of a charged particle packet of the samemasswith an initial diameter ds

= d0.2 and an extensionDz = s0.5 along the z-axis in the considered time-of-flight device.We note right
now that the smallest packet width on the z-axis is observed at the time point tk at a distance zf = d11.04 and
coincides with the region of the smallest particle flow cross section. An analysis of theflow radial structuremakes

Figure 5.Time-of-flight and spatial focusing in an immersion objective.
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it possible to explain the phenomenon of simultaneous time-of-flight focusing (or along the z-axis) and
compression along the r -axis: the leading edge of a packet of the particles, which have lower initial energy when
leaving the ionizer (accelerating gap), ismore actively pressed by the lensfield to the z -axis (spatial focusing) and
moves along the axismore slowly (time-of-flight focusing) than particles of the trailing edge. From the analysis
made it is clear, in particular, that conditions (the length of the electrodes and their potentials) for combining the
spatial and time-of-flight foci can always be found for designs of this type, including using the proposed
numericalmethod.

Figure 7 shows the process of spatial separation of ion packets of differentmasses m1= 100Da and m2 =
102Da.The initial packet of ions, with the initial diameter ds = d0.04 and the axial extentDz = s0.5 , after
receiving energy in the accelerating gap, enters the focusing field of the immersion objective.When the packet
moves in the objective field, it is gradually divided into packets with m1 and m2 and each of them is compressed
along the z- and r-axes.Maximumcompression (time-of-flight and spatial focusing) is provided at a distance of
zf = d11.04 .Themass resolution of the analyzer, found by the formula R =

D
,t

t

0.5 is about R = 2000,where t is
themomentwhen the packet reaches the collector plane placed at the distance z ,f δt is the duration of the packet
when crossing the collector plane.

Due to the simplicity of the design, the considered device can be used not only as amass analyzer, but also as a
particle sourcewith a qualitativemass pre-separation.

In [15], electrostaticmirrors of rotational symmetrywith third-order time-of-flight focusing by energywere
studied using themethods of paraxial optics and the theory of aberrations. Themirrors consist of three
cylindrical electrodes isolated from each other by small gaps (figure 8). Variousmodes ofmirror operationwere
considered in detail: themode of focusing parallel beams, collimator and telescopicmodes. As a test example, we
use the results of [15] for the focusingmode of parallel beams. Thismode is provided by applying the following
potentialsV1= 1V, V2 = 1.952V, V3 = 2.378V to the corresponding electrodes in case of a positive particle
charge. The length of the first and third cylinders significantly exceeds their inner diameter d.The relative length
of the second electrode equal to /l d = 0.65.The size of the isolation gaps between the electrodes is d0.001 .

It is a fairly obvious fact that time-of-flight chromatic aberrations limit the resolving power of time-of-flight
mass spectrometers, while spatial and time-of-flight geometric aberrations limit their sensitivity. One of the
main properties of the proposed scheme is the combined spatial and time-of-flight foci provided that zT = zF =

d5.44 ,where zT is the coordinate of the object plane, zF is the focus position. The center of the gap between the
second and third electrodes was taken as the origin along the z-axis.

The results of numerical analysis of themirror design confirm the conclusions of work [15]. Specifically, for
particles with energy K = qV1 in the scheme shown infigure 8, a second-order spatial focusingwith respect to
the parameter x = r0 is observed. However, the value of the spatial focus zF = d5.35 is found to be1.5% less
than expected. The third order of time-of-flight focusing in terms of the initial particle energy (ξ= K0) also
coincides with the order stated in [15]. In this case, the object and focal planes are similarly aligned in space at
distance zT = zF ≈ d5.45 with respect to the origin of coordinates.

Figure 6.Movement of awide packet of charged particles in an immersion objective.
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The presented above parameters of time-of-flight focusingwere numerically estimated for the axial particle
beam. Figure 9 demonstrates the low level of longitudinal chromatic aberrations in the focal plane of themirror
for the off-axis beam, due to the qualitative time-of-flight focusing by energy demonstrated earlier.

Thefigure 9 depicts three particles s, a and h, launched at the timemoment t0 with initial energies Ks =
0.95 eV, aK = 1.0 eV, and Kh =1.05 eV at some distance from the axis ( )>r 00 from the positionwith
coordinate-z .T As the particlesmove towards the return point in themirror, theymove away from each other
(see timemoments t ,1 t ,2 t .3 At the timemoment t ,4 the direction of particlemotion changes and fast particles

Figure 7.Movement and separation of charged particle packets withmasses m1 = 100 Da and m2 = 102 Da.

Figure 8. Spatial focusing of a parallel beam in a three-electrode electrostaticmirrorwith energy K = qV1.
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begin to catch up slow ones along themovement path. At the timemoment t ,k particles s, a and h cross the focal
plane zF almost simultaneously.

Based on the combination of its properties, the scheme of the considered device was recommended in [15] as
a highly dispersivemass reflectron.However, despite the unique corpuscular-optical properties of the scheme,
when constructing a real device, the high level of transverse (along the r-axis) chromatic aberrations (seefigure 9)
must be taken into account, which the developers of gridless charged particlemirrors did not consider.

This article does not discussmulti-reflection time-of-flight systems, which are a natural extension of the
reflectrons. The authors here set themselves themain task of demonstrating the capabilities and advantages of a
newmethod for designing time-of-flightmass analyzers. However, the authors are planning numerical studies
of advanced time-of-flight systems, includingmulti-reflection time-of-flight ones, in particular, the device
described in [22], using the proposed numerical approach of search for time-of-flight focusing conditions. The
technique can be adapted to solve this type of problem since the counting stop plane inwhich the functions ( )xn i

and ( )xt1 i arefixed, is sufficient to declare transparent for particles on the required number offirst reflections
(turns). This variation of themethodwill allowone to determine the exact positions of the particle source and
the detector plane, which provide a high order of time-of-flight focusing after any number of reflections.
Additionally, it will establish the fact ofmigration of the plane of time-of-flight focusing in the process of
reflections; willmake it possible to quantify the degree of improvement or deterioration of the time-of-flight
focusing in a real electric field, taking into account edge effects and its other non uniformities at a significant
number of revolutions.

At the conclusion of our article, we highlight that the input data for the proposedmethod are the results of
trajectory analysis. The practice of using themethod has shown that the error in the calculation of the ordering
and geometrical parameters of focusing ismainly determined by the errors infinding themoment of time t1 of
the crossing of the particle with an arbitrarily chosen counting stop surface and the velocity v of the particle at
thismoment. Therefore, ultimately, the accuracy of determining the time-of-flight characteristics will depend
on the accuracy of calculating trajectories, taking into account all the specifics of the simulated corpuscular-
optical system.

Conclusion

Anumericalmethod of searching for conditions and estimating the order of time-of-flight focusing, based on a
trajectory analysis of systems of charged particle optics, was proposed. The defined focusing conditions
encompass the central value of the independent variable (source position, particle emission angle, initial energy

Figure 9.Time-of-flight focusing of particles s, a and h, launchedwith initial energies Ks = 0.95 eV, aK = 1.0 eV, Kh = 1.05 eV at
the timemoment t0.
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or velocity) in relation towhich focusing occurs, as well as the position of the focus itself. Themethodwas tested
onmodel problems and on problemswith known solutions. Themain conclusions are confirmed and the results
of studies carried out in the paraxial approximation and concerning the synthesis of schemeswith combined
high-order time-of-flight and spatial foci are refined.
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