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The issues of stability in solving nonlinear difference equations were consideredfy Based\on a generalized
difference analog of the well-known Bihari lemma, stability conditions for a trivial selution|based on initial
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The results were used to study the stability of solving explicit and implicit diffecefiée schemes approximating
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Ingroduction

Many applied problems are reduced to the solution of nonlinear difference equations. One of the
main issues in the theory of difference equatiens,is the study of the stability of their solution. Therefore,
it is of particular interest to study the st@bility of solutions of linear and nonlinear difference equations.
The concept of stability of solution$tovdifference equations was first formulated by O. Perron [1] as
an analog of the stability of diffeféntial®equations. Then, numerous works appeared devoted to the
study of the stability of differencelegnations. Currently, methods for studying the stability of linear
difference equations with constamtycoefficients are quite well-developed (we do not consider equations
with periodic coefficients). SHowever, the study of the stability of linear difference equations with
variable coefficientgfand noulinear difference equations were not sufficient, since there were no effective
criteria for the stabidity of their solutions. It should be noted that many problems are reduced to
the solution of differenée equations with variable coefficients and nonlinear difference equations. For
example, such problems are posed when numerically solving differential equations using finite difference
or finite element methods [2-6].

The stability of systems of linear difference equations with constant and variable coefficients was
studied in [7,8|. O. Perron [7| formulated the concept of stability of solutions of a system of difference
equations with constant coefficients by analogy with this concept for differential equations. In [§]
P.I. Koval studied the stability of linear difference equations with variable coefficients. He considered
the difference equation in vector-matrix form:

Yn+1 = Ayn + bn7 n= 1725 sy (1)
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where {y,} is the sought-for sequence of vectors, {A,} is the given sequence of matrices, and {b,} is
the given norm-bounded sequence of vectors. It was proven that the solution of system (1) is stable if
matrix A, of the corresponding homogeneous system

Ynt1 = AnYn

[e.°]
satisfies condition ||A,|| < 1+ gy, where > ¢, < oo, and asymptotically stable, if ||4,| < a < 1
n=ng

(n > ng). Next, the so-called limiting matrix A = lim A, is introduced and, on its basis, the stability
n—oo

and instability of difference equations of the form (1) are studied. In [8] P.I. Koval considered linear
difference equations that could be reduced to almost triangular form using linear substitutions. The
asymptotic behavior of linear difference equations with almost triangular matrices was also studied
there.

M.A. Skalkina in [9] showed the connection between the stability of differential and difference
equations. V.B. Demidovich in [10,11] studied the stability of nonlinear differende equations based on
the first Lyapunov method. At that point, the concept of characteristic aumbers*af a system of linear
difference equations was introduced. The concepts of reducible and regulartgystéms’of linear difference
equations were introduced. In particular, it was shown that every,red@@ible system is regular. In
addition, stability under the first approximation was studied. The main®fesult of these studies is the
theorem on the asymptotic stability of the system

Yn+1 = Snyn + fn(yn)’

where f,,(y,) is the nonlinear term, S,, is the transition opérator.

Nonlinear difference equations, the right-hand sides¥of which are linear combinations of power
functions of phase variables, were studied in [I2], In addition, similar studies for differential and
difference equations were carried out in [13-1§].

In this article, issues of stability of the s6lution of nonlinear difference equations are studied. Various
stability criteria are obtained, based én Which nonlinear two-layer difference schemes are studied.
A theorem on the stability of a trivial Selution with respect to initial data is proven. The difference
analog of Behari’s lemma is genefalized®and, on its basis, an a priori estimate of the stability under
permanent disturbances of @ ngnlifiear difference equation is obtained. Examples of application of the
theorem to explicit and impligit=difference schemes approximating nonlinear parabolic equations are
considered. Examples are giventhat confirm the theoretical results obtained.

1 Statement of the problem
Let us consider the Cauchy problem
at) + A@u(t) = F(t,w), u(0) = uo, @ = dt/du, (2)

where A is a slowly varying matrix.
Equation (1) is obtained by spatial discretization of a partial differential equation of parabolic type

0t/0u = Lu, u(0) = uy, (3)

where Lu € H is some general form of a nonlinear differential operator. Here, H is the Hilbert space
with scalar product (u,1)) and norm ||u|| = y/(u,u). Such problems arise in the mathematical modeling
of processes of chemical kinetics, combustion theory, biophysics, various kinds of biochemical reactions
(reaction-diffusion), convection-diffusion, processes of population growth and migration, etc.
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Any two-layer difference scheme [1| that approximates problem (2) or (3) can be written in the
following form of the difference equation:

Yn+1 = Snyn + Tfn(yn); y(O) =yo, n=0,1,.., (4)

where y is a grid function that approximates function u, y, = y(tn), tn € @y, Wy = {t, = n7,
n= 0,1,..}, 7> 0is a uniform grid in time ¢ € [0,77], S, is a certain operator (transition operator),
fn(yn) is a nonlinear term.

Let us study the stability of the trivial solution of equation (4).

Along with (4), we consider the following homogeneous equation:

Yn+1 = Sn¥n, y(O) =1yp, n=0,1,... (5)

The stability of solutions of the nonlinear non-homogeneous equation (4) is completely determined
by the stability of the trivial solution of its homogeneous equation (5) [10].

We consider the difference equation (4), where the nonlinear disturbance, f.(y,) satisfies the fol-
lowing conditions: * K

n—1 \
”fn(yn)H = Kn”yn”r: r>1, fn(o) =0, Z [K— < 00, (6)

where M; is some positive constant. In this case, the trivial &zce yn = 0 is a solution to equa-

tion (4). ’\
2 Stabili @s

Lemma 1. (The discrete analogue of Bihari’s ) [10]. Let

and @
1
@ avp(yp), n=1,2,...,

v=0
where ¢ is a positive con%%equence Yi > 0,a; >0, i=0,1,..., p(y) is a continuous monoton-
n—1

ically increasing pogifiye fungtion for y > 0, and ¢(0) > 0, and let the inequality >  a, < ¢(c0) be
v=0

3

dzy

) w(z1)

satisfied, where ()

. Then the following estimate is valid:

n—1
Yn S 90_1 <Zav> y = 1527"'
v=0

Corollary 1. Let p(y) = y" (r > 0), i.e. inequalities (7) be satisfied and

n—1

Yn S C+Zavyg7 n = 1727"' )
v=0

where the sequence y; > 0, a; > 0, ¢ =0,1,... Then, based on Lemma 1, we have:

n-1 1/(r—1)
yn < c/ [1 —(r=1)c1 Z av] ,
v=0
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only if
n—1
Zav <1/[(r—1)c].
v=0

Let us generalize Lemma 1.
Lemma 2. Let the following inequality hold

0<yo<co (cg>0),

n—1 (8)
y?’b S Cn + Zavgp(yv), n= 1727 ey
v=0
where y; > 0, ¢; > 0, a; > 0, i = 0,1,..., ¢ is a non-decreasing sequence (ciy1 > ¢), ¢(y) is a

homogeneous continuous monotonically increasing function (¢(0) > 0 ) of r-th order; and let the
following inequality be satisfied:

where ; @
[ @
Then the following estimate holds: \

Un < Cnp ! (c,_bl n=12,.., 9)
where a, = cja,. 5
Proof. We divide (8) by ¢, > 0:
v 0
— = < 1.
é’_ +y o), <
v=0
Since ¢, > ¢, then f@ ast inequality considering homogeneity of ¢(y) it follows that
1 n—1
y_ngH—Zc;W(%), Wy (10)
Cn Cn v—0 Cy €0

For inequality (10), we apply Lemma 1, which gives the following estimate:
Yn 41 S r
p— ¢ (E%Cvav) ;
where ¢~1(2) is the inverse function of ¢(z). This gives us estimate (9).

Corollary 2. Let ¢(y) =y (r > 1) and the following inequalities be satisfied

0<yo<cg (C()>0),

n—1

Un ot D awyl, T>1, n=1,2.,
v=0
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where y; > 0, ¢; >0, a; >0, i =0,1,... Therefore, if
n—1
_ 1
Zcz La, < T
v=0

then based on Lemma 2, we have that

1/(r=1)
Yn < cp/|1—(r—1)c 120%] )

Thus, the following theorem holds.

Theorem 1. Let the following conditions be satisfied:

a) the trivial solution of equation (5) is uniformly stable, i.e. Vj > 0, j < n, estimate
llynll < Mz ||y, holds; My is a positive constant;

b) the nonlinear right-hand side of equation (4) satisfies conditions (6);

¢) the initial disturbance g is small.
Then the trivial solution of equation (4) is stable, i.e. the following es@ holds:

ool < T ol ¥ =0.1,.., 4C)
where Mg is a positive constant. K

Proof. The solution of equation (4) satisfies the following Q hip:

Yn = ThoYo + @@/

where T, = Sp—1Sp - - - Sy is the resolvmg operator of equation (5) from layer m to layer n. Due to
assumptions a) and b) for the solution ( We ha e following estlmates

[Tl < Mz,® My [lyoll + Z MKy
x i~

Applying the discrete analog ari’s lemma (Lemma 1) to this inequality, we obtain

(11)

M [lyo
lynll < — 5 (12)
(llyoll)
where
n—1 1/(r—1)
= (r=1)( M2HZ/OHT1M2ZK] . ¢(0) =1.
m=0
Let us estimate the lower bound ¢ (||yo||). We assume that
n—1
(r = 1)M3 |lyol" ™" Z K, <4, 0<éd<1, (13)

m=0

ie. yp is a small value. Then ¢ (||yol]) > (1 — 6)1/(T_1). Inequality (13) is satisfied, for example, if
n—1
> K, < Ms, Yn > 1, and the initial data satisfies the following condition
m=0

lyoll < (8/1(r = )Mz Mz])Y Y, (14)
where Mj is a positive constant. From (12) and (14) for the solution (4), we obtain estimate (11), which
means stability based on the initial data of difference equation (4), where My = M)/ [( §Y =11,
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3 Stability under permanent disturbances

Let us study the stability of the trivial solution of the difference equation (4) under permanent
disturbances g,, i.e. consider the following difference equation:

Yn+1 = Snyn + fn(yn) + Gn, y(o) = Yo, gn(()) 7& 0, n=0,1,.. (15)

The nonlinear disturbance f,(yy) satisfies condition (6) and the permanent disturbance gj, is such
that

n=1
> llgmll < 6o, Ym, & >0, (16)
m=0

where §g is quite small.
The following theorem holds.

Theorem 2. Let the conditions of Theorem 1 be satisfied. In addition, a pesmamnent disturbance sat-
isfies condition (16). Then the trivial solution of equation (15) is stable & nent disturbances

and the following estimate is valid for its solution

vl < O (HyoH nS gm®ag (1)

Proof. The solution of equation (15) satisfies the follo\ ationship

?(ym) + 9m) -

Hence, considering conditions of the theor e have

lynll < M&&: [gm|l + Z K llyml" ) r>1 (18)

Let |lyoll + Z | gm| 6 en, applying Lemma 2 to inequality (18), we obtain
=0

0||

n=1 n=1 m=1 r—17 1/(r=1)
lynll < Mo ( [lyoll + Hgm!l) (r=1) Y KnM; (HyoH +> HgvH) :
m=0 m=0 v=0
ie.
llynll < (“ (IIyoll + Z ||9m||>
where 3(|lyoll) = (1 —8)", if
n=1 m=1 r—1
d=(r—1)) MyKn (IIyoll +) ||gv||> <4, 0<6 <1 (19)
m=0 v=0

We rewrite inequality (19) in the following form
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r—1

n=1 m=1
(r=1)M5 Y K, <||y0|| +> IIQUII) <&, 0<8 < 1.
m=0 v=0

Then
m=1
lyoll + >~ llgoll < (81/ [(r — 1) M5 M),
v=0
m=1
where Y K, < M3 < oo, forall m.

v=0
Consequently, estimate (17) of Theorem 2 holds.

4 Study of the stability of nonlinear difference schemes

Let us consider the Cauchy problem . \

a7 f() _u07

where u is a certain variable describing the state of the system, f {@&onhnear operator (functional).

Similar problems include equations of the following form: !
L 2

(20)

8
with linear derivative terms, but contamlng a nonlinearyin % term. For example, the following semilinear
equations [16,17]:

— Zeldovich’s equation, found in combustien theory, for which

q(u) = ku’( , v>1,q(u) >0, 0<u<l,

=\g(1) =0,¢'(0) =0, ¢'(1) <0;
— Semenov’s equation descfibi tocatalytic chain reactions:

=—ulu—a)(l—u),0<u<l, 0<a<l,

) = Q(a) = Q(l) = O7q/(0) <0, q/(a) >0, q,(l) < 0
— Fisher’s equation” (or Kolmogorov-Petrovsky-Piskunov’s equation) found in problems of mathe-
matical biology, for which
q(u) =ku(l —u), qlu) >0, 0 <u<l,
q(0) =¢(1) =0, ¢'(0) >0, ¢'(1) <0,

k > 0 is the constant.
1°. Let us approximate (20) with an explicit difference scheme of the following form (Eulerian
scheme)

Yt = f(yn), y(0) = yo, (21)

where Y = (Ynt1 — Yn) /7
The error of scheme (21) z =y —u (y = z + u) satisfies the following equation:

2 = f(yn) - f(un) +9n, 20= 07 (22)
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where g, = O(7) is the approximation error.
Using the Fréchet derivative for functional f, we obtain:

f) = fu) = flu+2) = f(u) = f(u)z + O(2),

i.e. from (22) it follows that
= f/(un)zn + Q(zn) + gn, 20 =0, (23)

where g(zn) = O ([|2n]]"), 7> 1.
From (23) it follows that

Zn+1 = Snzn + TQ(ZTL) + Tgn, 20 =0, (24)

where S, =1+ 7f/(uy,).

By Theorem 2, scheme (24) is stable, if the solution of its first approxiK' is uniformly stable
L 2

Znt1 = Snzn, 20 = 0. (25)

The condition for uniform stability of solution (25) is ||.Sy|| < &hls condition is met, we obtain
estimate
[znt1ll < M len

for all n > 0. Since f’(u) is the bounded linear functi \timate 11+ 7f (upn)|| < M holds, and
the remaining conditions of Theorem 2 are satisfie

Now we prove the convergence of the schemefSince)(21) is uniformly stable according to the initial
data (the first condition of Theorem 1), then from it follows that

lzntall < I+ 7 llgCzn)ll + 7 llgnll -

Hence

n—1 n—1
[zl < lzoll +7 D Ko llzall +7 ) Hgm|!>,
m=0 m=0
by Theorem 2, the @imate holds:

n—1
[2n41l < My <||20H +r > Hgml|> : (26)

m=0

From ||Sy,|| < 1 we obtain condition |1+ 7f"(u,)| <1 or =1 <14 7f"(u,) <1, ie.
a) inequality
1+ 7f (up) <1
fulfilled for f’(un) < 0;

b) inequalities —1 < 1+ 7f"(uy), 7|f'(un) | < 2, 7 < 2/|f'(uy)| are the conditions for uniform
stability of scheme (21). Thus, the following theorem is proven.

Theorem 3. Let conditions f’(u,) <0, 7 < 2/|f/(uy,)| be satisfied. Then the solution of the explicit
difference scheme (21) is stable with respect to the initial data and the right-hand side, and for its
solution, there is an a priori estimate (26).
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2°. Let us approximate problem (20) with the following implicit difference scheme

= f(®), (27)

where
g=y"t
Then for the error we get problem (z =y —u, y=z+ u):
A A
z=fY)—fu)+gn.

Using the Frechet derivative, we get

&t = f/(un—i—l)zn—i-l + (_I(Zn—i—l) + Gn,; (28)
where ||¢(zn+1)|| = Knt1llznt1ll”s 7 > 1(n = 0,1,...), f'(unt1) is a bounded inear operator (func-
tional). To study the convergence of scheme (28), we obtain the first apRr n equation

Znt1 = Snzn, Sp = (1 —7f (un+1 a
Let the solution to this equation be uniformly stable, i.e. ||Sy, & en we obtain the condition
for uniform stability of solution 1/ (1 — 7f(up+1)) < 1. This io 101 is always satisfied, if

, g
S (tns1) 0.
Therefore, taking (6) into account, the following, eStimate holds:

(29)

n—1
[2nll < My <||20H + zmpall"+7 HgmH) :
m=0

xzo
From here, we get

n—1 n—1
lensall (1= Mmi@ M1 ol +7 3 Kl +7 3 ugmu) (30)
Let
1— Mikp7l|zaa] " >6, 0<d<1.

Then, from (30)] @ ave the following estimate:

M n—1 n—1
1
lnsall < == (IIZoII +7 Y Kmpalzmal +7) ||ng|) :

Based on Lemma 2, we obtain the following estimate:

n—1
[znll < My (IIzoll +7 Y ||ng|> ; (31)

m=0

if

“ + || ! “ + || < ! o
z or z .
n+l - M K ntill = MlKn+1

Thus, the following theorem is proven.
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Theorem 4. Let condition (29) be satisfied. Then the solution of the implicit difference scheme (27)
is stable with respect to the initial data and the right-hand side, and its solution has a priori estimate
(31).

3° Let us approximate problem (20) with the following one-parameter difference scheme

Yo = Yn + 7 2 n)/ [(L+ @) f(yn) — af (yn + a7 f (yn))] - (32)

Here

Fly)=y+72W)/ A+ a)f(y) — af(y+arf(y))].

From (32) for @« = 0, we obtain difference scheme (21), for « = —1 and a = 1, we obtain
V.V. Bobkov’s A-stable difference schemes.
Let us obtain the problem for the scheme error (32)

zt = F(yn) — F(up) + gn, 20=0 \
Using the Fréchet derivative for F'(y), we obtain 6

2zt = F'(un)zn + q(2n) + gn, o@

where
F/
PO = raio 7'(w) + af () (33
—%f(u +arf(u)f (v ﬂ%'(u +arf(u) + o’ f'(u) f'(u + ar f(u)).
Thus, we obtained the first appn equations
(1+ f/ (un))zn-

Let us check, under Wh$ the uniform stability condition f’(u) < 0 is satisfied. From (33), it
follows that f/(u) < 10

! ! - 2—a u aT J\u ! u
fu) +af(u) f(u)f( +arf(u)f(u)+ (34)
+af (u+ar f(u)) + a*rf (u) f'(u+ a7 f(u))] < 0.

Applying the Taylor formula for f(u 4+ a7f(u)) and f'(u + a7 f(u)), we obtain the condition for
the fulfillment of inequality (34)

(w).f"(u) +O(%) < 0. (35)

F/(u) = a2r £ (w) + ar f(u) £ () + ST

This proves the following theorem.

Theorem 5. Let condition (35) be satisfied. Then the solution of the difference scheme (32) is stable

with respect to the initial data and the right-hand side, and for its solution, there is a priori estimate
(17).
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Let us check condition (35) using a test example. Let f(u) = —Au, A > 0.

Then, substituting f(u) = —Au,f'(u) = —A, f"(u) = 0 into (35), we obtain inequality,
—A — 722 <0, from which it follows that f/(u) < 0. Let now f(u) = k[A(1 — u) — Bu?], where
k>0, A>0,B>0. Hence f'(u) = —k[A + 2Bu], f"(u) = —2kB, and the remaining derivatives are

zero. Then to satisfy (35), we obtain the following condition:
—k[A+ 2Bu + 7kA% + 2AB7ku + 2B*rku® + 27k AB] < 0,

or
A+ 2Bu + 7kA? + 2AB7ku + 2B*1ku® 4+ 27kAB > 0,

which is valid for 0 < u < 1.
The results of Theorem 5 are also valid for the multi-parameter explicit absolutely A-stable Bobkov
difference scheme

fH iy, t + ar)

b=yt T At B R ar (gt + ar), 4 B7) + BV Tok)

where y ~ u(t), § = u(t + 7) are approximate solutions, u(t) is the sglutienwof equation o = f(¢,u),
A, B, a, (3, a, k are some parameters that control the order of accuracy ©f the scheme.

Conclusion

Stability conditions for solutions of nonlinear differenee equations are obtained. Based on the
generalized discrete analogue of Bihari’s lemma, ama prioriyestimate of the stability under permanent
disturbances of a nonlinear difference equation is obtaineds Theorems on the stability of the solution of
nonlinear difference equations are proven. Examples of application of the stability theorem to explicit
and implicit difference schemes that approximate nonlinear parabolic equations are considered. Based
on the proposed methodology for studyingathéstability of difference equations, it is possible to study
the stability of difference schemes for thgfabeve semi-linear equations of Zeldovich, Semenov and Fisher,
as well as the stability of difference $€heémes for nonlinear equations of pseudo-parabolic type [18-21].
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