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Source identification problems for the neutron transport equations
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In this study, the time-dependent source identification problem for the two-dimensional neutron transport
equation was studied. For the approximate solution of this problem a first order of accuracy difference
scheme was presented. Stability estimates for the solution of these differential and difference problems were
established. Numerical results were given.
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Introduction

The neutron transport equation describes the disteibution of neutrons in terms of their positions
in space and time, their energies and their travel dirégtions. The various neutron transport equations
are studied by many researchers (see, [1-4| and the references given therein). Identification problems
play an important role in applied sciences and engineering applications and have been investigated in
various papers (see, e.g., [5-27] and the referénces given therein). In the present paper, we consider
the time-dependent source identificatiog”preblem for two dimensional neutron transport equation

( Ou(t,z, Ou (B, Ou(t,x,
Gr) oluBey) 4 G20 1 (1) g (2,) + f (t,2,y),
te (02, ye(0,L),
w0, y) = ¢ (2,y), x, yel0,L], (1)

u(t,0,y) =0, wu(t,z,0)=0, t€]0,T], =,y €[0,L],

u(t,l,y) =a(ty), t€[0,T], yel0,L], L€ (0,L].

Here, w(t,z,y) and p(t) are unknown functions, f (¢t,z,y), q(z,y), ¢ (z,y), and «(t,y) are
given sufficiently smooth functions and all compatibility conditions are satisfied.

In the rest of paper, the theorem on the stability of differential problem (1) is established. For
the approximate solution of problem (1), a first order of accuracy difference scheme is proposed. The
theorem on stability of this difference scheme is established. Some results of numerical experiment are
presented.
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1 Stability of differential equation

To formulate our results, we introduce the Banach space C (E) = C ([0,T],E) of all abstract
continuous functions ¢ (¢) defined on [0, 7] with values in E equipped with the norm

16l = max [|¢ ()| -

0<t<T

Let E = Cy rjx[0,z) be the space of all continuous functions % (z,y) defined on [0, L] x [0, L] equipped
with norm

”wHC[O,L]X[O,L] = OSII.Z‘I,?/)EL |¢ (II:, y)‘
and C[(Ol )L]><[0 1) be the space of all continuously differentiable functions v (z,y) defined on [0, L] x [0, L]
equipped with norm
||¢||C[(01,)L]X[O7 ||¢||COL]X oz T . fﬂiLWJz (z,y)| + max |
We introduce the positive operator A, defined by formula \

() dulay) K
Au = ( ox + oy
with the domain ¢ A
D(A):{u:u,ux,uyEC’[&L]X[o’L], @M(ZE,O):O, 0<z,y L}.

Throughout the present paper, M denotes itive constants, which may differ in time and thus
are not a subject of precision. However, W(ﬁuse (o, B, 7,...) to stress the fact that the constant

IN

depends only on «, £, 7,... .

We have the following theorem on ability of problem (1):

Theorem 1. Assume that ¢ € c! ik f (t,z,y) is a continuously differentiable function in ¢ and
continuous in z and y, and « (¢, continuously differentiable function in ¢ and continuous in .
Then, for the solution of p the following stability estimates hold:

0 oo,y + Pl < M (a) [HsOII +

@ 0.2) x[0,Z] o1 o.c

FU O o T + [l (0, Mo,y + Nl oero,ny
C(C[O,le[o,m

Proof. We will use the following substitution

u(t,z,y) =w(t,z,y)+n)q(z,y),
where 7 (t) is the function defined by formula

t

n(t) = / p(s)ds, 1(0) = 0. (2)

0

It is clear that w (¢, z,y) is the solution of the following initial boundary value problem
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(Qulbry) _ Qulbew) 4 Q0rs) 4o (1) (g, (2,y) + gy (2.9)) + f (£ 2,y) |
€(0,7), z,y € (0,L),
w(0,2,y) =¢(z,y), ,y€[0,L],
w(t,0,y) =0, t€[0,T], y €[0,L], (3)
w(t,z,0)=0, t€[0,T], z €[0,L],

q(z,0) =0, ¢(0,y) =0, q(l,y) #0,

w(tly)=aty) —nt)qe(ly), t€[0,T], y€[0,L].

Applying the over determined condition u (t,l,y) = a(t,y) at substltutlon

From that and p (¢t) = 1/ (), it follows

IN

o (,0)] + o o o (1! y>r]

From that it follo%
Clor <M (q) [HatHC(C[O,T}, cpo.) + lwelleepr, C[O,L])] : (5)

Using operator A with the domain D (A) we can rewrite problem (3) in the abstract form as an initial
value problem

4 Aw = — 2ot gg 1 £ (1),

w (0) = ¢.

By the Cauchy formula, the solution can be written as

t
w —tA e—(t—s)A _a(57') —’LU(S,Z,.) s s
(1) = so+0/ {retl el ag s p o} a
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Taking derivative with respect to t and using Leibniz integral rule, we obtain
wp (1) = —Ae~thp 4 { - allrulbled 4g 4 7 (1)} +f e faledmuisld Ag - £ (5)} ds
Applying the integration by parts formula, we get
wi (t) = —Ae g et {ol0lwOL) 4g 4 £ o)} 4

t

t [ertma ] _asldoutald 4y 4 g (5) ) as
0

k=1

where

Go (1) = et { - 20lulbld Ag 4 £ (0)

G fe (t S)A{ as(s ws(szlv)Aq+ fl
Now, we estimate, G1, G2, and G3, separately. Using the tria iuahty, we obtain
lwillp < G () g + (|G tﬂ&z ®lg -

It is known (see [20]) that for any ¢ € [0,7]], 9
>0, 5> 0. (6)

le g <

Applying the definition of norm of the spaces, F' and"estimate (6), we get

1G (¢ )IIE = H—Ae_tA e g 140l 5 < Mi () 1 A¢]l 5 (7)
Let us estimate G2 (t) . Using th e inequality, we get
0,1,
||G2( )( g rof] <
E

0,1,.)
z, )

| badts + 15 1]

o) MH

162 Ol < [l |, {|AqM o llp + o O.L gy, <0>E} |

omin, g (i,

Hence,
1G2 ()l g < M2 (6, q) [[lev (0, )| g + lell g + [ (0)l] ] (8)
for any ¢, t€[0,7].
Let us estimate G3 (t) . Using the triangle inequality, we get

X las(s,.)] gy +llws(s, )l g
G (¢ >IIE<f e~ (= S>AHM{°< = o, 40 llAq||E+||f'<s>||E}dss
0<

(9)

t t
<
M 0.0) | | o, 190+ s, o (51| s+ [ 30 6. s 9 s,
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where E' C E .
Combining estimates (7), (8), and (9), we get

[well g < My (6) [[Apll g + Mz (6,4) [[le (0, )| g + llepll iz + 1 O) 2] +

t t
/
M3 (5,0) | [OgliXTllf () + g s (5, | s+ [ M 6.) s (5) | s s

Using Gronwall’s inequality, we can write

Jwill g < MyeMa0aT

where

Ms = Ms (4, q) [|’A90HE+HQ(07'>”E+ el + 11 (0 )||E+0133<XT||f' s)ll g + max as (s, .)

0<s<T
(10)
Finally, combining estimates (10) and (5) it completes the proof of The(ﬁr

2 Stability of difference schemegr
For the approximate solution of problem (1) we present the fi of accuracy difference scheme

k k—1 k _ .k k k
un,m_un,m un+1,m+1 un,m+1 un,m

T = I + p Gn,m + fﬁ,m7

frlfm = f (tk,$n,ym) y Qnom = ¢ ’ ) ., Ty = nh, Ym = mh,

ty=kr, 1<k<N, 1<n, M—1, Mh=L,Nr =T,

A\ (1)
ug,m:¢($n,ym)¢ mSM,
b =0, uf & k<N, 0<n,m<M,
u‘];rm_ ’ 0§k§N7OSmSM,3:|_}%J

ifference problem, we introduce the Banach space

To formulate the res@

of all grid functions

¢, (E) = C (0,1, E)

= {6 (te) }oso
defined on
[O,T]T:{tk: tp =k, 0<k<N, Nt=T}

with values in F equipped with the norm

16", (k) _oI<I}ca<XNH¢(tk)“E

Let C, = Cio,1, x[0,1), and C’( ) = C[(o )L]hx[O 1, be spaces of all grid functions " = {1, m}mn 1
defined on [0, L], x [0, L], = {zn = nh, ym =mh, 0 <n,m < M} equipped with the norms

J+]

o = Ogg,lr%};M W}n,ml s
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Hzﬁth,gn = [[v*]|¢, + 7 02%%1£33M|¢nm Vnm—1| + % max max [Ynm = Yol
respectively.
Moreover, we introduce difference neutron transport operator A,
Un+1,m+1 — Un,m+1 Un,m+1 — Un,m M1
n,m=1

acting in the space of grid functions u» = {u,, m} uom =0, upo =0, 0<n,m< M.

n,m=1"

Then, the following theorem on stability of problem (11) is established.
Theorem 2. For the solution of problem (11), the following stability estimates hold
M

N
uk ukl M
{{w} } H ”m}k 1 pm=0 ) e, <
k=1 n,m=0 Ca( a CT(Ch)

fk:
<M (@ [l + 17|, + {{ s

ok k1N M
+ { T }k2 +H{¢ clo,L],

m=0llc, (cp, L]h
Proof. For the solution of difference scheme ( @ader substitution

C

n m (12)
where
xn) ym) ,
and n¥ is the grid function determlk
k-1
=0 =TT pckew.
T
M
It is easy to see th } . is the solution of difference scheme
) n,m=
_wl’fch—W% w"ri 1,m 1_wfz,m 1 w"ri,m l_w!ri,m
- _ Wny +h +1 +h
"H?k |:QR+1,m+}L_Qn,m+l + Qn,m+}L_Qn,m:| + f (tk,iﬁn,ym);
szc,m =f (tk,xn,ym) y Qnm = ¢ (TnsYm) , Tn = nh, Yym = mh,
th=kr, 1<k<N, 1<nm<M—1, Mh=IL, Nr =T (13)

wO :w(xnaym)a OgnamSMa

n,m

wé“,m:O, ufw:(), 0<EkE<N,0<nm<M,

wk :a(tk,ym), 0<EkE<N, 0<m<M, SZL%J-

\ s,m
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Difference derivative of (12) can be written as

k k—1 k k—1 k k—1 k k—1
ur o —u — wk o —w wr o —w
n,m nm _ n n Gnm + n,m , = Do + n,m mm (14)
T T
Hence,
ulrcl m_uﬁ,_'ﬂ% wicz m_wﬁ’_'"%
Pr = = = (15)
dn,m
for n,mand k, 1 <n,m < M —1and 1 < k < N. Applying the overdetermined condition u];’m in
(15), we obtain that
u]; m_u{:;nl wl;: m_w];;’bl
PE = T —
qds,m
Using the triangle inequality, we obtain *
k k—1 k k—1
ut o —u wh o —w
|pk| < M7 ((]) [ s,m s,m + s,m - S,W%K\
for all 0 < k < N. From that it follows, K
N
<
H{pk}kzluo[o,T}T -
16
wh  —wkl N ( )
e
k=1
Now using substitution (14) we get
uflv @
Applying the triangle ineqx%@btain
Q5L e
- T
k=1lclo,1). k=1|lc_(c(10,L], x[0,L]
(c(o1x0.11,) -
M
N M
+ H{pk}kzl H H {{Qn,m}nzl}
e, m=tllc([o.L1,x[0.1],,)
for all 0 < k < N. We can rewrite difference scheme (13) in the abstract form as
wh—wy ! ko ok h
o+ Apwy, + 0 Ag = [ () )

wg:@ha 770:07 tk=kr, 1<k<N, Nr=T

in a Banach space C; (E) = C ([0,T],., E) with the positive operator A, defined by

M-—1
Un4+1,m+1 — Un,m+1 Un,m+1 — Un,m
Aput == { 3 I

)
n,m=1

Mathematics Series. No.3(115),/2024 143



A. Taskin

acting on grid functions u» such that satisfies the condition u» = {“n,m}ymzl sugm = 0, upo =0,
0<n,m< M.
For equation (18) we have that

) — wh
wl = Rwf™ + Rt (Aq—a( k) = s

s

i),
for all k, 1 <k < N, where R = (I + TAh)_l . By recurrence relations, we get

wh _RkSOh“‘Z:IRk z+17’ (tz)Aq_z:le l+1Tqu+ Z:le z+17,fh( )
1= 1= 1=

for any k, 1 < k < N. Taking the difference derivative of both sides, we obtain that

ko k—1

k
Wp—Wy,  _ RE_RF- p 1 k—i+1 _ pk—
hh = B () Ag + )0 (RMT o N

i=1

=1

Applying the formula, * \A

k k
S (RF=+1 = RE=1) i = 3 Q— R¥1) ¢ (s, ym) +
h —1

=1

b kit k:é I—wl”!
_1_2:1(R—Z+ _R—’L Ws ;Us T
1=
and changing the order of summati\gt

> (1 z? L= 3 (B B () +

i=1
it
QRIC i+1 Rk 1) wl 7’L—U T

Consequently, we obtain the following presentation for the solution of equation (13)

~bubg - 3 (RVE R LujAg+ £ ) + & R"’ a0

k_, k—1 _ k . .
wy 7?;Uh Rk_fk 1()0}1 + qlsa (tk) Aq + Z (Rk—H—l _ Rk—z) qlsa (tz) Aq_
=1
1.k b kit k—iy 1 h LA R k—i\ wi—wl ™!
—LuwkAq - Zl (RF = RFY) - Age" (w5, ym) — Zl P A
1= j=li=j
k . .
+fh (tk) + Zl (Rk—z—H _ Rk—z) fh (tz)

Applying the definition of norm of the spaces C; (E) = C ([0,T],, E) and methods of monograph [20],
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we can write,

k k=1 N fk _fkfl N M
‘ {—“’wﬂw} < My (@) [Il9" o + {—m "”“} -
k=1 h k=2 _

1h ak k-1 N M 1 M
+[ Hch+ {{ T }k=2}m:o o +H{am}mOHC[O,L}h

+(Clo,L],)

c-(c([0,L], x[0,L],,))

Finally, combining estimates (16), (17), and (19), it completes the proof of Theorem 2.

3 Numerical experiments
In this section, we study the numerical solution of the neutron trws@tlﬁcatlon problem
with initial condition

( 3U(gf,y) _ ( ,y) + (trr,y) +p(t)sinwzsinmy ﬁ@y

f(t,x,y) = —e ?(3sinmrsinTy + 7TCOS T @ T sinx cos Ty),

te (0,1, z,y € (0 Q\
u(0,z,y) = sinTxsinmy, = 0 (20)

u(t,0,) =0, t €| 01],y 0,1],

u(t,xz,0) =0, téOX € [O, 1],
(t, 1, y) @ tel0,1], ye[0,1].
The exact solution Ofé% is u(t,z,y) = e Xsinwrsinmy and for the control parameter

on of problem (20), we get the following first order of accuracy difference

scheme
k

u]:H»l m+1_u']r€1, m—+41 Uy, m+1_u’I’€lym k k
3 + 7 +p Qn,m+fn,ma

k
n,m

= —e 2k (3 sin 7wy, Sin Yy, + T COS TXy, SIN Yy, + T SINTEy, COS TYy ),

Gn,m = SINTTy SIN Yy, Ty = nh, Ym = mh, t, = kT,

1<k<N, 0<nm<M-1, Mh=1, Nr=1, (21)
ul  =sinwr, sinmy,, 0 < n,m < M,

n,m

m=0,ukg=0, 0<E<N, 0<nm< M,

ukb  =e2rsinmy,, 0<E<N,0<m<M,s= L%J
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For the solution of difference scheme (21), we consider the substitution
'UJ?kz; m nkq%m + wz,m7 (22)

where

k
=> "pi7. 0" =0, (23)
=1

w? . is the solution of difference scheme
I’
k— k k k k
( w'ﬁ,m_wn,m _ wn+1,m+1_wn,m+1 + wn,m+1_wn,m+
T - h h

+77k qdn+-1, m+}z dn,m+1 4 Qqn, m+}1 qdn, m] 4 f"r];:nl7

1<k<N, 1<nm<M, \ (24)
0 m = SINTLy SIN TYpy, O<nm<M@

wh, =0, wk, =0, 0<k<N, 0,84

s 7

- (wg,m - w];,;zl)]

1
T sin mx g Sin Ty,

for any k, 1 < k < N.

It is easy to see that (2@ can be written in the matrix form

. 1<k<N, v’ = {sinma,sinmyn,}"

n,m=0"

where

k _ =2t} | SINTTp41 SIN MYyt 1 —SINTTy SIN TYrpt1 + Sin &y, Sin 7Y, 41 —sin Txy, sin TYym
<pn,m =€ h h

e~ 2k (3 sin 7, Sin TYyy, + T COS MLy SIN Yy, + T SIN Ty, COS TYim ),
1<n,m< M, @lgym:O, <p7lfb70=(), 1<n,m< M.

Here A and B are (M +1) x (M + 1) x (N + 1) square matrices, w* and ¥ are (M +1) x (M +1) x 1
column matrices. First, we obtain w* by formula

F— A7 ' Buwb 4 A71F 1 <k < N, w® = {sin 7z, sin wyp, }!

n,m=0 *

Second, applying formulas (22) and (26), we get p* and u*.
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4 Error analysis

Now, we will give the results of the numerical analysis. In order to get the solution of (21), we used
MATLAB program. The errors are computed by

N,
Eyru = max  max

k N k
—~ ENp = ’ _ ’
0<K<N 0<n,m< M u(tls Tns Ym) — Unm| - p= max p(ty) —p

1<k<N

of the numerical solutions for different values of M and N, where u(tg, Zn, ym) represents the exact

solution, uflm represents the numerical solution at (tx, zn, ym), p(tx) represents the exact solution, and

p¥ represents the numerical solution at t;. Now, let us give the obtained numerical results (Table).
Table

Error analysis of first order DS

Error | N=M=10 | N=M=20 | N=M =40 | N =M = 80
ENuw | 0.1813 0.0952 0.0488 0.0247,
E¥p 1 0.0698 0.0481 0.0264 0.0187

The obtained results indicate that when the numerical parameters N and™™ are multiplied by two,
the errors in the solution for first order difference scheme (21) decrease hyfapproximately half.

Conclusion

In this study, we consider an inverse problem related %o the two-dimensional neutron transport
equation with a time-dependent source control parameter.Wor the approximate solution of this prob-
lem, a first-order accuracy difference scheme is constructed. A finite difference scheme is presented for
identifying the control parameter. Stability inequalities for the solution of this problem are established.
The results of a numerical experiment are presented, and the accuracy of the solution for this inverse
problem is discussed.
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