DOI 10.31489/2022M2/49-58
UDC 517.956

A .Kh. Attaev*

Institute of Applied Mathematics and Automation KBSC RAS, Nalchik, Russia
(E-mail: attaev.anatoly@yandex.ru)

Boundary control problem for a hyperbolic equation
loaded along one of its characteristics

is based on an analogue of the d’Alembert formula constructed for this equation. We
domain of definition for the solution of DE, when the initial and final Cauchy data
the same length is a square. The side of the squire is equal to the interval length.
are established by the components of an analogue of the d’Alembert formula, w
established by the initial and final Cauchy data. It should be noted that th ed distribution and
centering are employed in the final formulas of sought boundary controls, not typical for initial
and boundary value problems initiated by equations of hyperbolic type.

blem, gas/liquid flows, loaded

Keywords: hyperbolic equation, distributed oscillatory system@a ing
t formula, boundary controls,

equation, initial conditions, boundary conditions, analogue of thejd’
normal distribution, distribution function.

o t a:+t> (1)

with the following initial and boundasy c

u( ut(z, 0) = o(x), 0<z <, (2)
wu(t), wu(l, t) =wv(t), 0<t<T, (3)

where A is an arbitra number.

The boundar ol problem involves searching admissible boundary values u(t) and v(t), that
in a minimum timwe Mterval move the oscillatory system from the initial (2) to a predetermined final
phase

ions

u(z, T) = ¢i(x), ulz, T)=11(x), 0<z <L (4)

Co belongs to the class of loaded differential equations [1]. The point (“THO, %) lies
on the chafacteristic curve 2 — 3 = 0 of equation (1), for an arbitrary point (xg, to) € R2. The point
(xo, to) also moves to the point (@, ﬂ;ﬂl) along the characteristic curve x +y = xo + yo of (1).
The boundary control problem for the equation (1) with the right-hand side of the form A\ wuy(zo, t),
which, according to [2], is called an essentially loaded equation, was studied in [3|, [4]. Boundary
value problems for hyperbolic equations with a load along one of the characteristic curves are studied
in [5], [6]. For A = 0, the formulated problem is fully investigated in [7|. Here important special cases

*Corresponding author.
E-mail: attaev.anatoly@yandex.ru

Mathematics series. Ne 2(106) /2022 49



A Kh. Attaev

of the same problem were investigated, namely, the problem of complete oscillation excitation and
damping. The boundary control problem for equation (1) for A = 0 with various nonlocal, including
integral form conditions, were studied in [8-12].

A number of specific formulations for distributed control problems, with oscillatory nature of the
movement, are described in detail in the monograph [13], and moreover various solution methods are
proposed. For example, the damping fluid flow pulsation problem in automated long main pipelines
design and pipeline irrigation systems [14], [15]. As earliest works devoted to the study of boundary
control problems (1) at A = 0 the woks [16-18| are worth mentioning.

There are following main results in the work:

1. Necessary and sufficient conditions are established for the functions pg(x), 1o(z), ©1 () ¥1(x),

which ensure the existence of the desired boundary values. .
Yoll) + (1) — ¥1(0) — 24 (0) = 0, ’\\0 5)
$0(0) — h(0) — Y1 (1) + (1) = 0, 6)
A o) + ¢h(D) + 1(0) + £ (0)] = o@ ™)
A4l0) + (D) — £1(0) so?«\ ®)

©0(0) — 4(0) — @D &1 0, (9)

A2
©0(0) = 1 (1) 1(0)] e s +
1 (b ae 262
s3 [ F o0 - Qa5 [ e o) - it - e =0, (10)
0
2. Under conditions (5)—(10), a alytical form of the sought boundary controls is found

% 84 R )\)—%th(t, A, (11)
@ (=0 + B =1, 3) = S B —1, ), (12)

27 [po(0) — 1] + 5 [o(t) = 1l — 1) -

where

soo<§>—sol<l—£>]d§—§/o e
Byt ) = y/ X g (‘/TX t> 0(0) — 1 ()] +

[tho(§) — 1 (1 = §)] dE,

/056

/[900 N

@o(%) - %(?5)] £ po(6) — 11 - ©) dé

_)mr/t
8 Jo
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2m (1 vV A\ Ae2
+\/;/0 [‘%(Tt) “1’0<7’5>]e T [o(&) — (i — )] dg,

£ . o : . .
where ®y(z) = \/% fox e” 2 d€ is the distribution function for normalizing and centering processes.

1 Main part

1.1 An analogue of the d’Alembert formula
Using the characteristic variables { = x — ¢, n = x + ¢ equation (1) is written out as

A L 2

Ven = Z U(()? n)a \\ (13)
&4n n=¢

where v(&, n) = u( 5y T )
Any solution to equation (13) is a solution to the following loaded inte&

o6 n) - 3¢ [ o0 a7+ @ (14)

where f(£) and g(n) are arbitrary twice continuously diffe®nf ctions. Since for £ = 0 by (14)
it follows that v(0, n) = f(0) 4+ g(n), then solution (14) ta, ;\%r

v(&, n) = f(€) +gn) +

Replacing P(n) = [ [f g(t)] dt in the formula and then renaming P(n) by g(n), we obtain

o€ n) = 78 - F0) +9'(0) + 3 €9l

Or when using the old coordin et

u(z, t%& —f0)+g'(z+1)+ 2 (z—t)g(z+1). (15)
) @gue of the d’Alembert formula for equation (1).
i onvenient for further use. It should be noted that in (15) the functions
inuously differentiable.
m for u(t) and v(t)
r boundary controls, let us remember that when A = 0 the minimum time ¢
red control is uniquely equal to [. As noted in [12], this time is determined by the
charagte 3 of the initial equation that simulates the oscillation process. From a mathematical point
'm (2), (4) for equation (1) with A = 0 in the rectangle (0, 1) x (0, T') has a unique solution
if and only"if T'=1[. If T' < [, the problem is overdetermined, T' > [, the problem is underdetermined.
In our case when A # 0 the equation commands the condition T = [. This is due to the fact that
for any arbitrary point (z, t) € (0, 1) x (0, T'), belonging to the point (ZFf, Z+t) € (0, 1) x (0, T) is
possible if and only if T" = [. Therefore, further we assume that 7" = 1.
We introduce the following equation for the functions f(z) and g(x) in formula (15).

) fo(z), xze]0,1],
f(w) a {fl(x)v x € [_l? 0]’ (16)

We call formula (1
Formula (15

7(t) and g/(0) ;
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o gO(w)a LS [03 l]v
9(x) = {gl(x), zell, 21, (a7

We call the function u(z, t) € C* (Q) N C? () a regular solution to equation (1) where Q =

0, 1) % (0, 1).

Letting (15) satisfy (3) and taking into account (16), (17), we obtain

plE) = 1) = ol0) +gh(t) —  tao(0), £ € [0,1], (15)
v(t) = fol — 1) —fo(0)+96(l+t)+%(l—t)go(lﬂ), t [0, 1]. (19)

Letting (15) satisfy (2) and (4) for T' = [ we obtain ’\\
fola) — fol0) + gh(a) + 5 2 a0(e) = pol) 6 (20)

(@) + g4 (@)~ Joole) + 2 gh(a) = w@& (1)
Fie = 1)~ fof0) + gh @+ 1)+ 5 (= 4) =%1(@), (22)
il =D+ gl +) — S oo ) <xxa<x+z>=wl<x>, (23)
where z € [0, I].

Differentiating (20), (22), subtracting and adding term by term with (21), (23), respectively, obtain

A 1
fo(z) 1 ($)=§<P6( )—5%( )
1
Qﬂb’ 9ol 806(93) t5 Yo(z), (24)
1, 1
+ = 91$+l §<P1(93)—§¢1($)a
1, 1
e gile ) = L) + S nle). (25)
Employmgt@ equation of (24) we obtain
M/ 1 2.2
D | =5 [eha) + o).
x):gg(())e—%+§e 5 e%gofo(t)dwie—% /&%(ﬁ)dt
0 0

Using integration by parts for the first integral and taking into account that g(0) = ¢o(0), obtain

]. A2 ]. )\ A2 z

/ _2a® _xa? At? 1 _xa2 [T a2
go(z) = 5 wo(0)e™ 8 + 3 wo(x) — g€ ° te s @o(t)dt+ 3¢ ® e s o(t)dt. (26)
0 0

1 T a2 1 [*
90(56)290(0)+5900(0)/ te s dt+§/ wo(t)dt—
0 0
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Changing the order of integration in the last two integrals, get

x 2 13 2 1 x 2 £ 2
—3/ e—ﬁ/te%¢0(t)dtd§+—/ Ai/ ™5 wo(t) dt de.
8 Jo 0 2 Jo 0
/‘Po(t)dt—
0

go(z) = go(0) + QTW ©0(0) ®g <\/7X w) +

By (20) we have

A

fo(z) = @o(x) — go(x) — 7 £ 90(z) + fo(0)

ol — 1) = ol — 1) ~ gh(1 — 1) — 5 (1 — 1) go(d- R gBlo). (28)

Employing the second relation of (25) we obtain

o / Fe gy (1— 1) dt. (29)

0
Hence

/ 1 2 A a2 [T a2
91(21_517):5901(1) 5@1(Z—$)+§€ 8 te 8 gol(l—t)dt—f-
0
x )\12 x

1 a2 1 x
>:gl<2z>+—¢1<z>/ Jers dt+—/ or(l—t)di—
2 0 2 Jo

52

2 € 2 1 /= 3 2
A5/te*égol(l—t)dtdui/ e”s/ ™5 (1 — t) dt de.
0 0 0

e integration order in the last two integrals we get

9121 —2) 291(2l)+\/¥w1(l)%<\gm) +% /Oxsal(l—t)dt—
—\/% Ox [@0(@%) —(I)()(gt)] te% gol(l—t)dt—i-
ﬂ/? Ox [@0(‘996) —@0(@t>] e il — 1) d. (30)
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By (22) we have

file —1) = o1(@) + fol0) —gi(e +1) 3 (D r (o +1)

or
Fut) = @1l = 1) + fo(0) — gy (20— 1) + J tan(2L —1). (31)
Substituting f1(—t) by (31) into (18), and fo(l — ¢) by (28) into (19), we obtain

p(t) = el =) +go(t) — g1 (21 = t) — gt l90(t) — g1 (21 = 1)], (32)

u(t) = ol — )~ [abt ~ 1) ~ dh(1+8)] = 2 (L~ ) ot~ 1)~ a1 T (33)

Substituting g;(t), go(t), g1(21 —1t), gi1(21 —t) calculated by (26), (27), (@ to formulas
a

(32), (33), and taking into account, due to the assumed continuity of f/(x)

A
5 190(0) = 91(20)] = ¥ — — 1 (1) +
obtain the sought result (11), (12).
In order for the solution to be regular, sufficient conditi t be satisfied that ensure the
existence of a boundary control. It is therefore only natural th ions provide the functions f(x)
and g(z) with required smoothness determined by rule espectlvely, and by the initial and

boundary conditions

fo(0) = f1(0), fol@= f1(0) f5(0) = f1'(0)

g0(1) = g1(D), g0(D) =1 (1), go(1) = g1(1), g0'(1) = 91" (D),

u(0) = 900(0®= 21(0), v(0) = poll), v(l) = 1),
xw

(1) = 41(0), V'(0) =o(), V'(I) =v1(D).

Satisfying the expre the function fo(x), fi(x), go(x), g1(z), p(z), v(z) represented by
formulas (28), ( 7), (32), (33) according to the conditions above and after some simple
transformations @b 10). It should be noted that for A = 0 the obtained results in this work
coincide with the Tesult® obtained in [7].
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A X. ArTacs

PFA KBFO Koadanbaav, mamemamuka sicone agmomammandopy uncmumymot, Harvuuk, Pecet

I'mnepbosalbiK TeH ey YIIIH OHBIH CUIaTTaMaJIapbIHBIH, 0ipi
OOMBIHIIIA >KYKTEJITeH IMeKapaJIbIK, 0aKblIay ecedi

Maxkasafa perysnsipjbl melnM TYPFBICBIHAH OIip eJimeMzl »KoJIIblH TepOesic TeHaeyl YIIiH chmarramasia-
PBIHBIH 6ipi GOMBIHINA KYKTEJTeH IeKapaJIbIK, Obakbliay ecebinin Gipereit mremrimi 3eprrenren. lemry omici
OCBI TeH,Iey VIl Kypbliran Janambep popMyIachIHBIH aHAJIOTBIHA HETI3/e/ITeH. ¥ 3bIHIBIFLI Oipieii Keei
minep OGoiibiHITa GacTanKbl YKoHe COHFBI Kommum mepekTepi Gepinrenme Oy TeHIEYIIH MIENTIMIHIH aHbBI
JIy OOJIBICHI KBaJIpaT OOJATHIHGI aTal eTiared. KBaaparTeiH KabbIprachkl Oepiiren KeciHmiHig
teH,. [Ilekapasbik GakpLiayabiH o3i lamambep popMmy tachbIHBIH, AHAJTOTBIHBIH, KypPaMIac Wi
I aHBIKTAJIFaH, oap o3 ke3eriage Kommumin 6acTankbl »KoHe COHFBI JepeKTepi Coitbraia 6i
AHBIKTAIAIbI. [37e/MiHal meKkapasblK OakblIayIapra apHaJIFaH COHFBI (DOpMyJIaIapia H

OPTAJIBIKTAHIBIPBLIFAH YIECTipiMAEepIiH Tapasy (YyHKIUICH KATHICATHIHBIH aTal OTKEH Ki

afiTkana TUepboIAIbIK, TUNITI TeHIEYIepMeH 6acTalaThiH GACTANKbI JKOHE IIeKap it YIIiH ToH
eMec.

Kiam cesdep: TunepboIAIBIK, TEHIEY, TapaJfaH TepbeMerti XKyiie, ra3 HeMe K [H/TAPBIHBIH ITYJTb-
CaIUsCHIH OoCceHIeTy ecebi, XKYKTETeH TeH/ 1€y, OaCTAIKbI IIIapTTap, IIeK Tap, Jamambep dop-
MYJIACBIHBIH AHAJIOThI, IEKAPAJIBIK, OAKbLIAY, KAJIBIITHI YIECTIPIM, YIeCTIPiM SICBI.

A.X. Arrae \

Hremumym npukiadnoti Mamemamury u as a yuu KBHI[ PAH, Harvuuk, Poccus

3asava TpaHUYIHOTO yI d JIJis Harpy>KeHHOTO
B/IOJIb OJTHOII M3 CB XapaKTEePUCTUK
TUIepooJIMIECKOr0o YpaBHEHUS

B crarbe nccienosana onHo3HAY e OCTb 33J1a49¥ I'PAHUYHOIO YIIPABJIEHUS I HAIDYKEHHOTO
BJIOJIb OJTHOM M3 CBOMX XapaKTep OMEPHOTO ypaBHEHUsI KOJIeOaHUs CTPYHBI B TEPMUHAX PETyJIsp-
Horo pemrenusi. Merom pe Ha aHasiore dopmynsl Jlamambepa, TOCTPOEHHOTO JJIsS JTAHHOTO
ypasaenusi. OTmedeHo, 9To THIO OlIpe/Ie/IEHNs] PEIIEHUs JJAHHOIO YPaBHEHUS, KOI/1a HadasIbHble U Du-
HaJIbHBbIEe HaHHbIe Kot
paBHA JJIUHE JAHHOTO k@) CaMy TpaHUYHbBIE YIIPABJICHUS ONPEJEJIEHbl Yepe3 KOMIIOHEHTHI aHaJIora
TOpBIe, B CBOIO OYepes]b, OJHO3HAYHO OIIPEJIENISIOTCA Yepe3 HadaJlbHble U hu-
€JlyeT OTMETHUTh, YTO B OKOHYATEJbHBIX (DOPMYJIaX JJIsi MCKOMBIX T'PAHUIHBIX

HKIUSA paclpe/esieHnss HOPDMHUPOBAHHOI'O U IIEHTPUPOBAHHOIO paclpeesleHusd,
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