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THE GRAVITATIONAL MODELS ON THE BASE OF TENSOR FIELD IN
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The class of classical gravitational tensor field in the Minkowski space-time models based on
universal procedure of theories «free lagrangian” gravitational “dressing” has been developed.
The procedure consists in operation of a "gravitational™ operator on a "free lagrangian”. The
"gravitational” operator is specific for each model of the class. The common structure of those
operators has been shown. The possible models are discussed. The construction of A. Einstein’s
theory of general relativity (GRT) is represented as an example of the used method.
Mathematical realization of “co-variantization” principle for GRT has been given.
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Gravitational “dressing”
Let’s consider the gravitational field as a tensor field, described by the potential ¢,, (a

symmetrical tensor potential) in the Minkowski space-time; and bring in the simplest interaction,
satisfying the principle of equivalency in the form of equality of the inertial and gravitational

masses (Moshinsky’s lagrangian [1])23 Oy _©) (0)
L = L —_ ¢,uv T'u (1)

Here YL isa lagrangian, “dressed” by the gravitation in the first order ong, ,

OL - afree lagrangian of theory (“‘substance” fields + non-self-acting gravitational field), ©)pav.
is an energy impulse tensor of. the “free” theory (IET-0). This is a traditional first step to
construction of field formulation of GRT (Birkhoff [2], Thirring[3], Deser[4]).

Let us present ©T#v_asha variation derivative of  the “free” functional operation
according to Murkowski’s .~ metric (“metrical” TEI):

o2 3= L)
e ©

Let us-substitute (2) in (1):

(1)L:(o)|_+\/2_% 5(\/—77(0')L)
-n "oy,

Then multiply this equality by /—7 and move to a lagrangian’s density:

N=4-n7L

We obtain:
(0)
ON_ON +2¢,W5( N) 3)
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Paid attention to the right part of equation (3), it is possible to suppose that there the expansion
in series of some operator takes place (which converts the lagrangian density of “free” theory into
the lagrangian’s density with interaction) into a series according to variation derivative:

Fo)
Z(PMW
uv

Let us view the general expression for the lagrangian density, constructed by the given way

2 3
N =1+ 2¢#V%++Kz[2¢)w%j +K3[2¢W§77i] .. SON (4)
uv uv

uv

where the coefficients Ki(i =2,...,oo) generally define an integro-differential “gravitational”
operator:

. S (0)
N(n@)=F|20-=0]| N 5
(n,p) [40&’7} (7 )

The most important property of this operator is its regularity (a;,a, are the constants)

F(@)@N, + AN,) =aF(@)N, +a,F(@)N,

Let us consider the lagrangian densities, which do not depend on the derivatives of metrical
tensor on coordinates (or it is equivalent to on the Kristoffel’s connections). Let us present a “free”
lagrangian density as a series of metrical tensor.

ON = =D N7", (6)

where the omitted space-time indexes and n mean a number of multipliers in summand. N, is
the expansion coefficients, which entirely defined by dynamic “substance” variables.

Substituting (6) into (5)-and taking into consideration the operator If(qo) regularities we obtain:

N =3 N.F@{/~7m"} (7)

Thus, the‘only metrical coefficients of Lagrangian change to the lagrangian density of theory
influenced. by gravitational field while the “substance” coefficients do not change. Hence, the
common form« of laws of “substance” field dynamics under the action of gravity leaves
unchangeable (gravitational «universality»). However, as we shall show that the gravitational
«universality» does not result to the possibility of “geometrization” of any classes’ model.

Classes’ model “geometrization” possibility

Let us formulate the conditions of “geometrization” (transition to the pseudo-Rimanov time) of
the lagrangian density (7). If it is possible in some case, the expression (7) presents the form of (6)
with a metrical tensor:

NG Mg ®
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Having compared (7) and (8) it is clear that the following conditions will be correct in this case:

J-99" = F(@{&/-m"} ©)

Therefore, the metrical coefficients for some n; and n, become the interconnected ones in a

certain way. It is clear that the interconnection is impossible for arbitrary k; in the operator F .
Let us consider a lagrangian of massive scalar electrodynamics (in fact, the choice of a definite
“substance” lagrangian is not important due to the gravitational “universality” shown above.)

1, 1o, _

Ly =5 1" DDy —5myy +ien” 7D,y ~D,yy)A +
v— 1 a, va

+e277” 1//1//AHAV —ZU” n FWFaﬁ

It does not depend on Kristoffel’s symbols and represents the expansion (6) in series.
The appropriate lagrangian density with gravitational interaction has the following form

N = —m—t/7wif(\/3)+{E 5wa¢// +ie(yD, =Dy A, +
+e2yA, A Y (V=) - Bl e e

Having compared this expression with the analogous “geometrizated” lagrangian density:

m2 o 1 L . _

N = _7,/,1,,(‘/_ 9)+{; DyD,y+ie(FD,y ~D,yy)A +
P 1V FtvFa AV

+ewyA, AT- 99" —‘Tﬁx/—gg” 9"

we obtain:

F()W-1{=+-0
E(@)W—mm" |=\-9g"" (10)

n+2¢p

Let us.introduce the denotations:

*°Q=F(p)-n]
Q= F ()= mn"| (12)
20Quet = F(g) = nm"“n" |

where the first preindex at metric coefficients Q means the number of multiplied metrical
tensors, and the second one means the number of multiplied Kristoffel’s symbols.
From (10) the “geometrization” conditions on the value Q follows:

O,OQ — (det (l,OQ,u v))1/6
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10 ua 1,0 VS8
2,0 avf _ Q ) Q
QM =——— (12)
0,0Q
The next quantity plays the role of a metrical tensor
1,0 v
,_ QF
9" = (13)
0,0Q

If the terms with n multipliers take place in lagrangian, at “geometrization “ after-“dressing”
by gravitational interaction they will be connected” by the following ratio:

no IY n_fOQ
= 14
Q= T (14)

where the space-time indexes and n>1 are omitted.
For instance, let us assign the second expression of “geometrization” (12) conditions by means
of the coefficients of “gravitational” operator.

5 o Vv
{1+2%ﬂ5—+k2(2% 5 —)% +k, (2%4577 }{\/ nn* nﬂ}

ol 7761 ol
) P
1+2¢, —+k, (20, ) +K; (20, N—mn”
_ o [eZ2 o 2 5 al *
) ) )
1420, ——+k, 20, —<) +ky(2p_, —)° +... {\/—
{ ¢GA 5770'2. 2( (pal 5’7 ol ) 3( (pal 577 oA ) } 77}
1)
* {l"' 20, —+k,(2¢,, ) +k (2(05/1 }{\/ nn" }
5 ol 6 ol
Comparing the coefficients at the same terms in the left and right parts, we obtain:
K-35 Ko=¢=3
22 2 6 3

(15)
K, are the exponent expansion coefficients in Taylor’s series .At any other coefficients in a
“gravitational” operator, the models do not allow “geometrization”.

Models’ metric coefficients interrelation

It is'important fact that different metrical coefficients in the lagrangians, which are similar to
the lagrangian of massive scalar electrodynamics are interrelated owing to the following relations
from differential geometry (the used techniques of differentiation on metric tensor is given in

Supplement A):
oG=m f
on,, (16)
oWmn™) dJ_WW _ fnen

877;”/ 877;,/1 (17)
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oWnmn™) _,o6=m™n") _,o6-m™n") _oG-nn"n")

anyv anya anyﬂ 877#0_
0G0 0™, oW-mm™n™) _,o(-nn""n")
677/10' aﬂ,uﬂ. 877 anav
o OG=nn”) oG-y oW=nn"n™)  oW-mm" ")
877;10 anva anaﬂ 8770(,6'
[ upav
+38( 7777 77 ) \/_n#v oA
0 etc. (18)

Let us denote the metrical coefficients in the lagrangian as following:
o,oq _ H
1,0q,uv _ Hnyv
204 = H’?”aﬂvﬂ

3,0quaﬁ'ga — Hn,uaﬂvﬂnou

Then, from (16),(17),(18) it follows:

1,quv — 2 a(oyoq)
O, (19)
2,0q,uzaﬁ' a(:I-quﬂ) a(10 !IV)
aﬂﬂv 577;% (20)
3,0quaﬁgﬂ, 2 8(20 ao‘ﬁﬂ) 8(20 o‘ﬂvl) (20 o‘awl) 8(20 aﬁvﬁ) ]
9 877,” an,ua 877;¢ﬁ 677/10'
2,0 yavpd 2,0 yafov 2,0 ao‘ﬁv 2,0  upfor 2,0 y afior
2],007°9""7) 50 9%™) o ) 07 q"™) o(a") |, (21)
9 877/10' 677‘112. 677;1/1 877/1‘/ 877/10'
2,0 yuapi 2,0 quovi 2,0 q uvol 20 quavp
2 —26( 4 )+28( q )+6( q )+38( ") and etc.
9 anva anaﬂ anaﬁ’ 6770],

Thus, all “free” metrical coefficients in the considered lagrangian are finally expressed in term
of the “zero” coefficient®®q. It is worth to emphasize, that this interrelation of “free” metrical

coefficients does not relate to gravitation at all.
As an assumption it is possible to regard the idea of considering such lagrangians as a result of
some operator’s effect in the form of derivatives expansion on metrical tensor with coefficients as

functions of “substance” fields on prelagrangian *°q .
Let us consider the “dressed” (by gravitation) metrical coefficients:

Q= F (¢)("0)
Q" = F(p)(*°a*")
20Qu ! = F (p)(*g")
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From (19),(20),(21) we obtain:

wQr =F e D)
1,0 yaf 1.0 yav
o =) AN I angete
uv up

Here, the question arises: how are the “dressed” metrical coefficients interrelated?/Is it,
perhaps, in the same way as “free” ones? Therefore, we should discuss the questions' with

commutation of “gravitational” operator and derivative on metrical tensor.

Taking into consideration that the operator F(p) is one of the functions<of variational
derivative it becomes clear that everything comes to the research of commutation of variational
derivative and the derivative on metric tensor. However, these operators commutate and therefore
the commutation follows:

. 0 0 =
F ((p)a— = F(o)
77/11/ npv

Thus, the relations (19), (20), and etc. are still true for the “’dressed” (by. gravitation) metrical

coefficients and the construction of model of lagrangian leads to the research of the effect of

“gravitational” operator on “zero” metrical coefficient.

The construction of Einstein general relativity theory (GRT)

We have already studied the case when one of the classes” models allows the “geometrization”.
Using the coefficients from (15) for “gravitational” operator, we obtain:

2 3
N=11+2¢ 2 1 2¢ Vi ) B 2¢ Vi +.r ON (22)
vom,, 2\ o, ) 3 T an,,

where the sum of terms of series.in the square brackets will give obviously the operator
exponent:

o
N=expq2¢,,
{ g 577;[‘/} ON (23)

The lagrangian density N is a function of metrical tensor 7, and its first derivatives on

coordinates (Kristoffel’s symbols). The exponent (obtained above) makes a functional metric shift
by double gravitational tensor:

N(7¢) = “N(7 + 2¢9) (24)

Thus, we have the theory, which is analogous to “free” one, but in space-time with the
metrics + 2¢, that is in some pseudo-Rimanov space-time. The received model is equivalent to the
Einstein formulation of GRT field ([2-4]).

Let us show the derivation of the Einstein gravitational field equations in the given model. As it
is known (Landau-Lifshitz [5]), the given equations follow from Gilbert lagrangian (scalar
curvature of space-time). Let the “free” (that is without gravitational interrelation) lagrangian
density of all fields except gravitational one be equal to“N__ (r7). We add the scalar of the

Minkowski space-time curvature to this density:
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ON(17)="N e (7) + /- 7R () (25)

Now, let us apply the operational exponent on this density: (23)

N(7,9) =exp {Zcoﬂvéﬂi}w N () = eXp{Z%v&]i}(“)Nmat (7)+~=11R(m))

The exponent effect leads to “co-variantization” of free density that is to transition to space-
time with the metric g ,, =7, +2¢,,

N(9) = N, (9) ++/~ gR(9) (26)

Thus, we have the lagrangian density (GRT), where the Einstein equations follow:

Conclusion

The procedure of gravitational “dressing” of a free lagrangian, expressed by the formulas (4)
and (5) allows creating subsequent models of gravitational field as a tensor field in the Minkowski
space-time. Thus, all created models satisfy to the most part of the classical experimental tests
(GRT) as they coincide with it in the first order in the series of the “gravitational” operator.
However, the most known test refers to exception. It is a shift of Mercury perihelion, which requires
higher corrections. Thus, our main task is to search the leading principle, which let us to form
theory. Further, we shall try to discuss this principle
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aprwd

! The “free” lagrangian means a lagrangian without interaction of gravitational field with fields of
“substance” and itself .

% Here, the system of units has been.chosen, where the speed of light ¢ and the Plank constant are
equal to 1.

Supplement A
In the article, the following rule of differentiation on metric tensor component is accepted:
ey _1
O,y
Using (A1) together with the basic property of the metrical tensor 7,,7”" =&, itis easy to
obtain the formula for the derivatives from contra-variant metrical tensor components
on” (g ™) (A2)
on 2

uv
In addition, the great role in the article belongs to the formula

(615, +5:5%) (A1)

o) . (A3)
2

on,,





