There are actual the issues related to the mathematical modeling
of thermophysical processes in the electric arc of high-current dis-
connecting apparatuses. The heat equation is a tool for describing
the physics of processes in an arc. The equation takes into account
the influence of thermal sources in the arc and the effect of shrinking
the arc axial section in the cathode region into a contact spot. The
diameter of the contact spot is several orders of magnitude smaller
than the diameter of the section of the developed arc column. This
fact makes it possible to consider the spot as a mathematical point.
The domain of solution changes over time according to the law
determined by the conditions of contact opening. At the initial
moment of time, the contacts are in a closed state and there is
no domain of solution to the problem. From the mathematical
point of view, the problematical character of the problem under
consideration is exactly in the presence of a mobile boundary and
degeneration of the solution domain at the initial moment [19].

Problems in evolutionary domains similar to considered problems
are very relevant not only for modeling the processes of electrical
contact vehicles, but also in the adjacent field of plasma torch
design. Similar problems arise when creating new technologies in
metallurgy, crystal production, laser technology and other industries.
Mathematical modeling of such processes allows to carry out an
optimum choice of parameters and modes of operation of tech-
nological equipment and to achieve maximum economic and ‘en-
vironmental benefits.

It should be emphasized that for parabolic equations in domains
with a moving boundary the boundary value problems are funda-
mentally different from classical problems. Due to:the dependence
of the domain size on time, the methods of separation of variables
and integral transformations are not applicable to this type of
problems: remaining within the framework of classical methods of
mathematical physics it is not possible to coordinate a solution of
the heat equation with the movement of the boundary for a heat
transfer domain.

The application of the method of thermal potentials allows
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Singularity of equation (1) is incompressibility of the kernel and
is expressed in the fact that the corresponding nonhomogeneous
equation cannot be solved by the method of successive approxima-
tions. Equations of this type are first considered in the paper of
S.N. Kharin [4] when studying the thermal field of liquid contact
bridges. In this paper, he constructed the asymptotic of integrals
of the double layer potential type was studied and approximate
solutions of some applied problems. Also, S.N. Kharin proposed and
justified thesmethod in which the solution of the integral equation is
representediin the form of asymptotic expansion in the half-integer
powers of the time variable.

He also proved the theorem on the permutability (in the sense
of Dirihile formula) of singular integral operators included in the
reduced equations. This allowed to reduce the system of integral
equations to one equation relative to one of a unknown function.
Assuming that the solution exists and is unique, S.N. Kharin found
the asymptotic solution of the obtained integral equation at small
values of time. The asymptotic solution is acceptable to obtaine
engineering calculation formulas.

Furthermore, integral equation (1) is the subject in papers by
Kavokin A.A., Otelbaev M.O., Omarov T.E., Djenaliyev M.T., Ra-
mazanov M.I., Shpadi Yu.R., Gorodnichev S.P., Koilyshov U.K.
and other authors. Note that the issues of unique solvability for
such integral equations in certain weight spaces are studied in [5]—-
[8]: it is shown that the weight function of solutions depend on
the weight functions of the right parts of the equation. The study
of similar integral equations, in particular, the study of spectral
issues of the corresponding integral operators was also carried out
in [9]-15].

It should also be noted that when the load line moves according
to the law z = ¢ [16]-[18] boundary value problems for the spectral
loaded parabolic equation are reduced to such singular integral
equations as (1).

Identification of peculiarities of thermal fields in the intercontact
space has not only a theoretical value, but also an applied value.
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mentally impossible to determine the temperature field of the con-
tact system and the dynamics of its change over time. Therefore,
it is necessary to study the processes of heat and mass exchange
between electrodes [2].

At the moment of opening the contacts, the power lines are
not interrupted immediately, the contacts are heated to a melting
point, and a liquid metal bridge is created between them. When
the contacts are opened, the bridge is divided into two parts, i.e.
the contact material is transferred from one electrode to another,
this leads to bridge erosion. Eventually, the smooth surface of the
contacts is destroyed, this means that their normal operation is
disturbed. This phenomenon can lead to disaster.

There is a need to study the temperature field of the bursting
liquid bridge.

Note that solving the boundary value problems for heat equation
in degenerating domain leads to the need to study of a singular
Volterra integral equation of the second kind:

(1) - / K(t, 7) o(r) dr = £(), (1)
0

where

1 t+7 (t+7)?
K(t, )= QGﬁ{(tT)g exp <_4a2(t—r)> +

+() (') }

If the domain degenerates, the integral operators become sin-
gular, i.e. operator does not tends to zero as the upper limit tends
to the lower limit.

E.I. Kim [3| developed constructive methods of solving the con-
sidered thermal problems for parabolic equations. These methods
are based on the use of thermal potentials and reduction of initial
boundary value problems to integral equations.
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DESIGNATIONS AND ABBREVIATIONS

R"™ — n-dimensional space,

R'={-co<ap<o0;k=1,2,...,n}

C — set of complex numbers;

G — Green’s function;

t — time variable;

u(x, t) — required function, solution of the equation (problem)
of mathematical physics;

d(z) — Dirac delta function;

2 z
erfz = — [exp (—CQ) d¢ — error function integral;
To

oo
erfcz = — [exp (—CQ) d( — complementary error function
VT
integral;

L — differential operator;

L1(Q) — space (of classes) of functions summable in a domain
Q

L (€2) — space (of classes) of essentially bounded functions in
a domain 2;

Ker {L} — kernel of an operator L;

Coker {L} — cokernel of an operator L;

res f(2) — residue of a function f(z) at the point 2.

=Z0

PREFACE

This monograph paper is devoted to the formulation and study
of boundary value problems for heat equation in non-cylindrical
domain degenerating to a point at the initial time of the time.
The paper also considers and studies a singular Volterra integral
equations that arise in solving boundary value problems.

Current state of the topic and its relevance

There is. necessity of studying boundary value problems for
the equations of unsteady transfer in the domains with a mobile
boundary. These problems have numerous practical applications in
thetheoretical study of the processes of energy or mass transfer.
The processes associated with changes in aggregate state of a sub-
stance, in the theory of brittle fracture in study of surface crack
growth, in the theory of dams, in soil mechanics, in the thermo-
graphy of oil reservoirs, etc.

In [1] S.N. Kharin obtains approximate solutions to heat equat-
ion for a domain with a moving boundary; and the approximation
error is estimated based on the principle of maximum. The most
important result of [1] is to obtain an analytical solution to the
two-phase Stefan problem with a flow boundary condition in the
form of a series of Hartrean functions.

At present, the use of contact technique is constantly increasing.
Therefore, the study of thermophysical processes occurring in con-
tacts is a necessary condition for new advances in automation and
instrumentation, welding technology, electrical equipment and in
various devices, where the contact elements serve as one of the
main segments. In technology the current use of ultra-high and
ultra-low currents in many electrical devices leads to necessitates
the study of new phenomena that have remained in the shadows for
the conventional current range. The experimental study of thermal
processes is often difficult due to their transience. Therefore, in
some cases, only a mathematical model can serve as the basis
for obtaining additional information about dynamics of thermal
processes.

Because of the short duration of the thermal process, it is experi-
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The classes of uniqueness are
u(x,t) <C- 7€(x7t)7 7€(x>t) >2, 620, e1+e2+e3#0,
where

(1—51)(75—:6)} "

a2

Vi ot —z\? 1
X max — exp i — -— —e3t p;
t—=x 2a t

1+exp{_“—51><t‘ﬂ”>}], fo,t} € G.

a?

Ye = €Xp {

Direct verification of the obtained solution (10) of homogeneous
singular Volterra integral equation (6) is given in [30].

Remark 1.3

The solution of the second boundary value problem for the heat
equation in a degenerating domain is given in [32].

Theorem 1.3

In the domain of G = {(x; t): t>0, 0<uazx<t} thesecond
homogeneous boundary value problem for the heat equation

o a0

o T2
ouf o
O =0 O =t

has a solution

2

¢

Ch / 1 o) T

2a /7 ) Vt—T P 4a?(t — 1)
0

u(z,t) =

} v (r)dr+

t
C 1 (z —71)?
+2a\1/EO/\/t—T P [_4a2(t—7)] %
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to reduce boundary value problem to a Volterra equation of the
second kind. It is established that if in the boundary value problem
the variable domain does not degenerate to a point at the initial
moment of time, the equivalent integral equation is solved by the
method of successive approximations. Otherwise, the integral equa-
tion of the boundary value problem can have additional solutions,
and the implementation of the Picard method is associated with
serious mathematical difficulties.

Note that the study of boundary value problems for the heat
equation in non-cylindrical domains was considered in [20]—[24].
In these papers solutions of the boundary value problems are built
in_a domain with a uniformly moving boundary: G = {x, t|t >
0;0< =z < a+kt,a # 0}.

Therefore, the issue about the study of boundary value problems
in a domain with degeneracy at the initial time is not fully theoreti-
cally studied and, accordingly, is relevant.

The "starting points"for our studies are: in degenerating domains
boundary value problems of heat conduction are reducing to the
integral equations with a variable upper limit of integration, and the
dependence of the solution to integral equations on the peculiarities
of integral operators. The methods of solving such equations (when
the upper and lower limits of integration coincide, the operator is
not equal to zero) are not specific for the usual Volterra equations,
so they were called singular integral equations of the Volterra type
of the second kind.

The peculiarity of the problems under study in this Monograph
is the degeneration of the domain at the initial time. As a result,
homogeneous boundary value problems have a nontrivial solution
in certain classes.

The main purpose of the study is to formulate and solve
boundary value problems for the heat equation in domains degene-
rating at the initial time; to solve singular Volterra integral equations
of the second kind; to study issues of their solvability.

Objectives of the study:

- give a statement of direct and adjoint boundary value problems
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for the heat equation in degenerating angular domain and describe
the spaces of solution and of given functions;

- solve singular Volterra integral equations of the second kind
by the Karleman-Vecua regularization method;

- establish an integral representation of the solution to the
boundary value problem and show that the boundary value problem
is Noether;

- find the multiplicity of eigenvalues and eigenfunctions for an
integral operator, show that the multiplicity depends on the value
of the spectral parameter;

- determine the classes of uniqueness solution for the boundary
value problems under study.

The authors express the deep gratitude and appreciation to
Doctors of Physical and Mathematical Sciences, Professors M.T.
Djenaliyev, M.I. Ramazanov for attention and valuable comments.

Summary of the work

The first section is devoted to the study of the first boundary
value problem for the heat equation in a degenerating angular
domain: statement of the problem, its reduction to a singular Volter-
ra integral equation of the second kind by using of thermal potentials,
solving the integral equation by method of regularization, determina-
tion of the solution uniqueness classes and formulation of the main
result of the study (the boundary value problem is Noether). Alse,
in the section, the second boundary value problem for the heat
equation in the degenerating domain is set and the result, of the
study is formulated.

It turned out that the issues under consideration are-closely
related to the problem of establishing the solution uniqueness classes
from [52]-[55]|. This problem is actively continued, for example, in
[56]-]63].

This section provides a brief overview of some papers on the
solution uniqueness classes for parabolic equations.

Statement of the problem

Thus, we consider the first boundary value problem of heat
conduction in a degenerating domain (a domain with a moving

10

has a non-zero solution that is determined by the formula:

$2

u(z,t) = exp {—4a2(t_7)} v(r)dr+

Njw

4a31ﬁ 0/ (t —xr)

1 / r—T (:z:—7‘)2
+4a3ﬁ0/(t7)§ exp{—4a2(t_7_>}<p(7)d7, (12)

where

7_2

=g | oo o a0

and the function (t) is determined by formula (11).
To set the class of non-trivial solution u(z,t) (12) the following
estimate has been established:

u(z,t) < Cry(x,t)

here

t 2 t—
v(z,t) = max [t\—[x exp{—lﬁ;zt}; 1—|—exp{ Cﬂx}] 7

v(z,t) > 2, {x,t} € G. (14)

The following Proposition is true.
Proposition 1.3
For the problem L (2) — (3) in class (4)

dim{Ker {L}} = 1.

The classes of uniqueness for boundary value problem (2) —
(3) are defined by the following Proposition.
Proposition 1.4
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to be equal to 1):

So, the theorem is established:
Theorem 1.1
Function (11) is a solution of a singular integral equation

(1) - / K(t, 7) p(r) dr =0,
0

where

N 1 . < t—7'>
b (- 7
TEE TS

t
in the weight class of functions v/t exp <—42> ©(t) € Loo(0, 00).
a

Taking into account that the required function u(z, t) is represent-
ed as a sum of potentials of a double layer with densities v (t) and
@(t), solution to boundary value problem (2) — (3) is obtained in an
explicit form according to the following theorem.

Theorem 1.2

In the domain G = {(z; t): t>0, 0<x<t} the homo-
geneous boundary value problem

ou 0%
ot ¢ ox2

U({L‘, t)|x:0 =0, U(SL‘, t)|x:t =0,

=0,

14

boundary):
In the domain of G ={(z;t): t>0, 0<xz<t} tofinda
solution to the heat conduction equation

ou 0%
E =a @7 (2>

the following boundary conditions must be satisfied:
u(z, t)|,_o=0, wu(z,t),_, =0, (3)

wherew(zyt) belongs to the class:

It is required to show that boundary value problem (2) — (3) has
only one non-trivial solution in class (4) up to constant factor .

Reducing the problem to the integral equation

A solution of problem (2) — (3) is looking for as a sum of
thermal potentials of the double layer with densities v (t) and ¢(t)
[64].

As a result, problem (2) — (3) is reduced to the study of the
following integral equation:

o(t) - / K(t, 7) p(r) dr =0, (5)
0

where




+(t—17)% exp <—t4;27> }

A singularity of the equation under study is a property of the
kernel K (t, 7):

¢ ¢
lim | K(t, 7)dr =1, lim [ K(t, 7)dr =1,

t—0 t—00
0 0

and the singularity is expressed in the fact that the corresponding
homogeneous equation cannot be solved by the method of successive
approximations.

Due to [65], to study equation (5) it is enough to find a solution
of the "simplified"equation:

o(t) - / K(t,7) p(r) dr =0, (6)
0

where

1 2t tT
T = e e [(t e <_a2(t—f)> -

sl

Equation (6) is studied by the Karleman-Vekua regularization
method [66], [67]. For this purpose, its characteristic part is distin-
guished:

(1) — / kot 7) (7) dr = Fi(8), (7)
0

where
t

kot 7) = power R {_az(;T_T)} ,
12

Njw

fit) = / Ea(t,7) o(r) dr. (s)
0

wma ot e laisa )

The following proposition is valid.
Proposition 1.1
The. following limit relations hold

where

kn(t,7) =

[NIES

t t
lim [ ko(t, 7)dr =1; lim [ kp(t, 7)dr = 0.
t—0

t—0
0 0

By virtue of the previous Proposition we have:

Proposition 1.2

Equation (7) is a characteristic equation for (6).

Using the Carleman-Vecua regularization method, the lemma
was proved

Lemma 1.1

Integral equation (6) is equivalent to the Abel equation

1 [ el _C
gp(t)—zaﬁo/mdf_ﬂ. ()

The solution of the Abel equation (9), i.e. the solution of the
"simplified" equations (6), has the form

1 7 t Vit VT t
t)=C|—+ Y= LI Y A 2.
plt) =C [\/Z + 2q P (4a2> o <2a> + 2 P <4a2>}
(10)
The solution of initial equation (5) is obtained after multiplying

t
equality (10) by exp (—42> (for convenience, const C' is assumed
a

13



Along with the operator L consider the operator
(1.1.3)

M(v) = *Vaq + vy
We introduce a fundamental solution to the heat equation
)2
(z - ¢) ) (1.1.4)

Go(z, t, &, 1) = 2a\ﬁﬁe)(p(

It is known that any solution to the heat equation can be presented

(1.1.5)

C4a?(t—7)

as [64]:
u(z, t)—/uGodf—/ungf—l—/uGodf—F

AB AP BQ
ou (9G
2 0
d
+a / (GO ot " oe > T

BQ+PA
The following integrals for interior points of the domain PABQ

satisfy heat equation

Sy - (—(ZC;(?_(TT))) ) @z, Y'L6)
0
Wz, t) = 2a® / aac? (1)dr =
0
1 T — X1 73') exp (_(Z;(}f_(?)) > (r)dr (117)

)+ yr| i

<[ () et () +
v(t) = 2a1\/7?0/ (t —TT)g P {_4“2(22_ T)} "

1 VT (VT VT
— —erf —d
X{\/FeXp( 42>+2a <2a>+2a} T
Next, we consider an adjoint boundary value problem of heat
t>0, 0<xz<t} tofinda

condaction L*.
In the domain of G = {(z; t)
solution to the adjoint boundary value problem for the equation
(15)

2 82'&*
Ox?’

_(9u* .
ot

,=0.  (16)

with boundary conditions
0, u*(z, t)],_, =0, u(x, t)|

u*(z, t)],—o
Boundary value problem (15)—(16) is reduced to the study of

the Volterra equation of the second kind
/K*tT T)dr =0, t >0, (17)
where
s St
: <T_1t)é eXp{_Zj}]’ .

and singularity of the obtained equation is the properties of the
17



kernel:

[e.o] o0

lim [ K*(¢t, 7)dr =1, lim [ K*(t, 7)dr =3
t—+oo t—0
t t

The study of equation (17) is reduced to the study of the integral
equation:

W (t) — / k¥ (¢, T (F) dr = 0, £ > 0, (19)

where

2ai/%{ (T —2;)3/2 eXp{ N a2(77:t— t) }+

E*(t,7) =

(1o - ) |

P =e{ - e, K@) =KEnen{ -

The solution of homogeneous equation (19) is the function

¢*(t) = a\r 4a2

00 2
€S (2n+1)exp (- Mt). (20)
T n=0

Direct verification of the obtained solution (20) ef homogeneous
singular Volterra equation of the second kind (19).is'done in [30].

The solution u*(z,t) of adjoint boundary value problem (15)—
(16) is determined by the function *(t) (20) However, this solu-
tion u*(x,t) does not belong to the class which is conjugate to
class (4) of solutions to the direct boundary value problem:

a2

exp{ =12 ] (o) € (),

18

1 Boundary value problems of heat conduc-
tion in degenerating domain

1.1 Method of thermal potentials and uniqueness clas-
ses of solutions to boundary value problems

1.1.1 Application of thermal potentials to solving boun-
dary value problems

The Fourier method and the method of integral transforms
allow uswone to obtain an explicit representation of the solution
to boundary value problems if domains are domains of the simplest
form. The thermal potential method allows us reduce boundary
value,problems to integral equations. Therefore, the determination
of thermal potentials and investigation of their properties are impor-
tant prerequisites for solving the boundary value problems.

Consider a boundary value problem for the heat equation with
one spatial variable

L(M) = a*uge — ug = 0 (1.1.1)
Following [64], consider the domain BAEF (Fig. 1.1), limited

Figure 1.1 — Domain with moving boundaries

by characteristics AB u EF (t = const) and curves defined by
the equations

x = x1(t) for AE.

and
x = xa(t) for BF.

The first boundary problem in this domain is to determine the
solution to heat equation (1.1.1), satisfying initial and boundary
conditions

{ w(@, ) i—ap = #(@),

U(ZL‘, t)‘xin(t) = ﬂl(t)a U(ZL‘, t)’a::XQ(t) = NQ(t)'
23

(1.1.2)



We introduce a notation.

fQ(t) = exp {t/(4a2)} f(t) + )\/r(t, T) exp {7’/(4@2)} f(r)dr
0

(24)
Theorem 2.1
Homogeneous integral equation (21) is solvable in the class

Vto(t) € Loo(0,00)

for each Tight part

Vt f(t) € Loo(0; 00)

and for each
Al > exp(larg Al), arg\ € [~ 7]

Corresponding homogeneous equation has (N1 + No+ 1) eigenfunc-

tions ) .
Pk
)= — LI
o-delh )
A 2 _ - /—pr —
N ﬁexp A t A 2a pY ,
2a 4q? a Qa\f

where the numbers py, are determined by equality (23) and the general
solution of integral equation (21) can be written as

t

2 204 _ 1 No
o) = F0)+ 2y [ o (27) P ar £ 30y,
0 k==,
where .
F(t) = falt) — 2 [ 20 g

2a/m | VJt—T
0

a function /t-exp{—t/(4a®)} - fa(t) € Loo(0,00) defined by formu-
la (24).

22

where
t ot —z\? 1 t—
v(z,t) = max [t\—[xeXp{_< 2ax) 't}; 1—|—exp{_ azx}],
{z, t} € G,
1.e.

&p { ! af} (1) -z, 1) & L1 (G).

The following Proposition has been established.
Proposition 1.5
Forsthe problem L* (2) — (3) in a class conjugated with (4),

dim{Ker {L*}} = 0.

Thus, from Propositions 1.3 and 1.5 it follows main result of
the section:

Theorem 1.4

The problem L (2) — (3) is Noetherian, i.e.

ind{L} = dim{Ker {L}} — dim{Coker {L}} = 1.
In the second section integral equation (1) is investigated

with spectral parameter A, |A| > 1.
It is shown that the corresponding homogeneous equation at

Al > exp(largAl, arg € [~ )

has continuous spectrum, and the multiplicity of characteristic num-
bers increases with the increase of |A|.
The eigenfunctions of the equation are found in an explicit form.
Solving model problems for parabolic equations in domains with

19



a moving boundary the following singular integral equations arise

o(t) — )\/K(t,T)ap(T) dr = f(t), t>0, (21)
0

where

1 t4 T (t 4 7)
K1) = 2aﬁ{ (-2 P <_4a2(t - T)> *

N G el
(t—71)1/2 P 4a? '

From the property

¢ ¢
lim | K(t, 7)dr =1, lim [ K(t, 7)dr =1

t—0 t——+o00
0 0

it follows that in (21) the norm of the integral operator, acting in
the class of essentially limited functions, is equal to unity.

Problem

Find in the class v/t (t) € Loo(0,00) a solution ¢(t) of integral
equation (21) for any given function \/t f(t) € Loo(0,00) and ‘any
given complex parameter

A€ CON{|N < exp(|argA|)},arg A € [—a 7).

In the study of integral equation (21), the method of regulari-
zation of Karleman-Vekua is used [66], [67].

The solution of the homogeneous equation corresponding to
initial equation (21) is given by

No 1 » ;
_ = Pk %
p(t) =) Ck{ﬁeXp<t 4a2>+

k=—N;
20

_.I_

21 =Dk 2a/—pi —
AT exp A t— AV -erfc Zay=pr = M , (22)
2a 4a? a 2an\/t

where for k =0,1,2,...

CL2

2
—p = o (%A = (arg A+ 2km)? ) + i In |A? (arg A+ 2kr)
(23)
N, — [ln]/\| + arg /\} Ny = [ln\)\\ — arg)\] ’
2 27

N1 + Na+1 is the number of eigenfunctions and [a] is an integral
part of the'a. Obviously, the more |\| the more of eigenfunctions.

The function v/t - p(t) is belong to Ls(0,00). Indeed, the first
summands of sum (22)

t
exp <pk - ) € Lso(0,00).
a
For the second term of sum (22), the following containment is valid:

2 _ — . —
Vi T exp A 175 AV=Ds erfe 2a+/—pr — M
2a 4a? a 2a\/t

It is enough to take into account that the numbers pg, k € [—Ny, Na],
are roots of an equation

> € Loo(0,00).

2
1— dexp {a\/p} =0,

for each fixed complex spectral parameter A € C, and use an asympto-
tics of the function erfc(z) for large values z ([68], p.890, 8.2548;
[64], p.708). Obviously, there is a limit relation

_ 2a\/—pi — At
2aﬁ

z — {IP} by t— oo andforany |A\ > 1.
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1 PR (Here: £ = x1(7) is a moving lateral boundary.)
+ exp| ——— | X Functions (1.1.6) and (1.1.7) are called thermal potentials of the
da3 \/m / t—T ( 4a? > ,
\/— 0 \/—

simple and double layer, respectively ([64]).
d We consider the first boundary-value problem for a semi-bounded
Xp(T)dr domain z > x1(t): find a solution to the equation
t
o(t) 1 / 1 t—r1 ou 0%
- + e - dr. — =q? > >
2w Tiwyr ) e O\ e ) - Ta Moz, izt
0
As a result, we obtain the following system of integral satistyindygmdQons:
equations relatively unknown densities v (t) and ¢(t) [29]: { (@, B,y = (@), x> x1(to);
( t 1 t 2 u(z, t)|ac: = pu(t), t=>tp.
0= 1/2(2) ~Ta ] — eXP{—4zT—} p (T)dr, o
a 0 VT (tt —7)? a*(t — 1) Without loss of generality, we assume that ¢(x) = 0.
e (t 1 1 T We present the solution in the form
0=— + expi — 7)dr+ p
2a? 4a3ﬁ0f(t_7-)§ p{ 4a? } 2 (1) .
1Lt ¢ 1 dGy
N . ) t) =W ) t) = e ) ta 9 [t dr =
SR e ( e T>> v (7)dr u(e, ) = 55 Wz, 1 / e (2t (), () dr
(5) °
Excluding f th t 5 t find: ¢
xcluding from the system (5) v (t), we fin 1 z—xa(r) . (w0 (1) -
| 7- i 4a3ﬁt (t—71)3 4a?(t — 1) '
0
t) = _ d 6
v (1) 2a \/7_1'/ (t — 7_)% exp{ 4a?(t — 7-)} v (r)dr, (6) This function satisfies the equation for = > x1(¢), is bounded
0 at infinity and has zero initial value for any choice fi(t). When
o (t) x = x1(t) u(z, t) is discontinuous and her ultimate value at = =
0= _W—'— x1(t) + 0 should be equal p(t)
fi(t)
1 1 t— u(z, t) |p= =5t
+ / T exp | — T o (1)dr+ @) o= y+0 2a2
4ad\/m (t—r7)2 4a? )
’ x1(7) _a®=xa)™) oo .
4a3\f . exp 1a2( — 1) A(r)dr = p(t),
w |x:x1(t)+0: w ‘mle(t) +ﬂ(t)
32
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and 1 . ( 2) de =7 (t)
u(x? t) = ﬁW(.ﬁC, t)' - (12 ﬁ exp < z = 2(12 :
The relati °
¢ remhon When we use the second boundary condition then in the
_ t second integral operator in representation (4) the kernel has
B, 1 a0 one mtegral op P @)
22 T 13 /r 3 such singularity. .
to T)® After the introduction of the replacement

—t (x —t)?
a®) = am)? e R )
P <_ 4a?(t — 1) Ar) dr = p(t) © 2a/t — 7’ T 4a222 '
is an integral equation of Volterra type of the second kind for (= 1)2 (z — 1)?
finding a function fi(¢) that determines the required solution T=1-— ;odr = dz
(z, 1) 4a?z? 2a?23
In the case of a fixed boundary of the domain: y;(t) = xg and representation v — 7 = (z — ¢) — (¢ — 7) for the second

integral is equal to zero and term in (4) we have:

t =
u(z, t) / T — 900 _ (v — 360)2 (r)d ua(, )|x—>t—0
i Qa\/_ t—7)2 exp 4a?(t — 1) BT T —o0 )
= lim / exp _22_x—t_ (z 1) X
a? \/_a:—>t 0 2a? 16a*2?

Cosidered issues are closely related to the problem of estas > (t _ (x — t)2) J

1.1.2 About uniqueness classes

blishing uniqueness classes in [52]-[55]. This problem has an 4a2z2
active continuation, for example, in works|56]-[63]. .
Let us give a brief overview of some works.on uniqueness 1 / 1 t—T1
exp
ad /T t—T

classes for parabolic equations.
In the domain of @ = {R" x (0,7} for the boundary value
problem

__») 0 exp (—2%) dz
u(w,t) — Au(x,t) =0, u(z,t)y=0 =0 - aQﬁ_l p(—2")d

the following classes of uniqueness are established:
u(x,t) < C - exp{klz|*(In|z])*}, « € [0,1], (Holmgren E.
[52]).
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form of a sum of thermal double layer potentials [64]:
22
t) —— d
e e R
r—T (x — 7)2
—— dr.
4(W_‘/t_ﬂep{ @%ﬂﬂﬁ}wv>f

Is known [64, p. 471] that function (4) satisfies equation (1)
at any v (t) and ¢(t). Note that every solution to heat equation
(1) can be represented by (4). This assertion is justified, for
example, in |64, p. 476-480).

We use conditions (2).

Note that as x tend to 0 on the right the kernel in the
first integral operator in representation (4) has a Cauchy type

singularity ; , since \/ze™* < const, =z >0, in particular

2
when z = ——, O0<z<t.
4a(t — 1)

To apply the first condition, we introduce the replacement:

x x? x? x?

= t—T=——; T=t———; dr =
20/t — T 4a?22 4a?z2 2a2z3

Then for the first term in (4) we get:

dz.

uy(z, t)|

=040 —
+o00 9
1 9 T
= “N%>”G‘@@)“:
2az\/f
30

u(z,t) < C - exp{ar|z|?}, (Tikhonov A.N. [53]).
u(z,t) < C - exp{|z|h(|z|)}, /% = 00, (Técklind S.
r
1

[54]).
For the boundary value problem in @ = {R" x (0,7)} :

u(w,t) + Au(x,t) = 0, up—o =0,

where A s a linear elliptic operator of orders 2p, the following
classes-of uniqueness are established:

u(z,t) < C-exp {k|x|Tgl} , (Ladyzhenskaya O.A. [56] for
one equation with coefficients, depending only on t).

u(z,t) < C-exp {k:|x|%} , (Oleynik O.A. [57| for systems
of parabolic equations with coefficients depending on x and

[58] for the Cauchy-Neumann problem in an unbounded
domain, arbitrarily "tapering" at infinity).

We also note works of Oleinik O.A. and Radkevich E.V.[59],
Gagnidze A.G. [60], Kozhevnikova L.M. [61]-[63], and others,
devoted to the establishment of classes of uniqueness for para-
bolic equations and systems.

V.P. Mikhailov’s example on the existence of a non-
trivial solution for the homogeneous Dirichlet problem
in the degenerating domain.

Let Q C R? be domain bounded by a closed curve I': 22 =
—2t Int, passing through the origin of coordinates and the
point {x = 0, t = 1} and symmetrical with respect to the axis
0t.

The boundary value problem |[55]

U (2, 1) — Uge(x,1) = 0, up =0,
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has a non-trivial solution

2

u(z,t) =t Y2 exp {—Z—t} — 1€ Ly(Q).

Note that although u;, u., ¢ L2(Q), the following inclusions
hold:
Puy(z,1), tPug(z,t) € Ly(Q).

1.2 Reducing the boundary value problems to a sin-
gular Volterra integral equation

In this section, we consider the problems of heat conduction
in an infinite angle, namely in the domain G = {(z, t)|t >
0, 0 < z < t} that degenerates to a point at the initial moment
of time. The main goal: find classes of solutions to direct and
conjugate boundary value problems, show the existence of a
nontrivial solution to the homogeneous direct boundary value
problem, and also define classes uniqueness.

After the statement of the direct boundary value problem
with the introduction of the class of solutions, we reduce this
problem to an integral Volterra equation of the second kind.
After transforming this integral equation it is reduced to the
Abel equation. The solution of the Abel equation allows us
obtain an explicit integral representation of the solution to
the boundary value problem. Next, for the obtained solution
we establish estimates and weight class. It is proved.that the
solution of the boundary value problem belongs.to the required
class. Then we give the conjugate boundary problem with
introducing the corresponding class solutions, and we reduce
the conjugate boundary problem to an integral equation. Next
we find a solution to the integral equation. It is shown that
the solution of the conjugate boundary value problem does not
belongs to the required class. The main result of the section is
formulated as a theorem.

28

1.2.1 Dirichlet problem for the heat equation in an infinite
angular domain

In the domain G = {(z; t): t>0, 0<z<t} (Fig
1.2) find a solution to the heat equation

ou 0%u
E = aQ@, (1>

satisfying the boundary conditions:

U(ZE, t>|1‘:0 - 07 u('r7 t)|z:t = 07 (2>

where u(x,t), (x,t) € G belongs to the class :

Figure 1.2 — Domain G

(. 1)] SCeXp{t;Qx}x
X max [t\—/i exp{— (2t2;$)2%}; 1+exp{—t;2x}] |
(3)

It is required to show that in class (3) problem (1) — (2)
has only one non-trivial solution up to a constant factor .
Note that, for example, the functions

1‘2

t) = 2 +2a%t t) =112 e t)eG
U1<x, ) "+ 2a ’ UQ(ZE, ) exXp Aa2t ,(ZE, ) )

satisfying equation (1), belong to class (3).
Reducing the problem to an integral equation
We are looking for a solution of problem (1) — (2) in the
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namely:

o(t) - / Kolt, 7) o(r) dr = fi(1), (15)

where
t tr
oltom) = a/m(t— 7')% o {_az(t —7) } ’
fi0) = [ (e, elr)dr, (16)
where

iyt (onla))

Proposition 1.1
There are relations

N

¢ ¢
%g% ko(t, T)dr = 1; %g% kn(t, 7)dr = 0.
0 0

Indeed:

1. t tT
= lim [ ——— exp{——5——= ¢ dT =
ay/Ti=0) (f—7)2 a’(t—)
0

40

t

N 1/ t t? y
- exp | ————
8at (t — 7-)% P 4a?(t — 1)
0

T

« / (L exp[ T—f} o () dr | dr. (7)

We introduce the following notation:

t

= 8;”()/(75 —tT)i eXp{_WQ—ﬂ} *

% /TL ox o (r)dr | d
(r—7)? Pl -y 7
0

Changing the order of integration, we obtain:

() = 86;7? /ttﬁ(p(ﬁ) (r/t (t — 7-)‘31(7 _7-1)% %

0 1

X exp {— < - (f_ St (:12_ n))} dT> . (8)

For the inner integral:

t

I(t’ﬁ):/<t—7>3<7—ﬁ>3x

T1

X exp {_ (4a2(f— o 4a2(77'—12— Tl)) } ar
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the replacement s given by the formula

t—7 22T+t 22(m — t)dz r
Z= T= ; - 2 2 = R (z,t
T—T 22 +1 (22+1)
" 22<t — 7'1) t— T1
2241 ! 241 where R (x,t) is the resolvent (resolving kernel) of equations (13),

th lut th i1
and the table integral en solution of the equation

oo

[ ool /s -

0

—l—/K(:c,t) @y (t) dt = f(x)

has the form:

1 /7
25\/56}(1){_2\//'”7}’ :u>0a 77>0, z

lead to the result:

I(t,m) = This fact also holds for the corresponding homogeneous equation.
o0 22 224 1) ) 2024 1) 2024 1) o ) uz‘;l(e);(esi‘:ore, it is enough to find a solution to the "simplified"
_ T UA22(F T A2(F — Z= d '
2(t—1)? 4a?2%(t — )  4a*(t —m) ¢
0
o(t) — [ k) p(r)dr =0, (14)
2 T+t "
At =— L
B ( 77_1) (t—’Tl)Z exp{ 4@2(75—7'1)}7 9 Where
- ) 5 =
71
a(t, T ) L, 1) = —%5 7~ 1 2t tT
B T A T} Kem) =5 \/E{ e ()

(e ()

Solving a characteristic equation
According to the Carleman-Vekua regularization method
to study equation (14) we distinguish its characteristic part,
34 39



according to the law x = ¢ [16]-[18] boundary value problems
for the spectral loaded parabolic equation are reduced to such
singular integral equations as (10).

We consider the homogeneous equation (10):

47 (t+7)°
ot 2a\/_/ t—T {_4a2(t—7)}+

exp{ t_T}]¢(T)dT:o, (t>0) (11)

_|_

4a?

(NI

@—T)
Using the ratios:

(t+7)?  tr t—7

thT=2t—(t— =
T C=7 W - @G- i

we get:

_(t —17)% o (_%) !

T _1T>; } exp (—t 4;27> o(r) 2D N (12)

Remark 1.1 (65, ?|
If the solution of the integral equation

+ [ K@)y d = £ (13)

38

s 2
1
Alt, ) /Z L ploalt, m)2 — Bt 7)) 22 dz —
0

o

= A(t,m) /exp{—a(t,71)22 — B(t, 1) /2* 2+

0
oo

+ A(ty7) /exp{—ﬁ(zﬁ,ﬁ)z2 —alt,n)/2*}dz =

0

t t+m)?

tmy (t—ﬁ)% da?(t — 1)

Substituting (¢, ;) into (8), we have:

t—|—7'1 _ (t+71)2 - -
4a3\/_/ t—7‘1 { 4&2(t—71)} QO( 1) dn.
(9)

Taking into account (9) we rewrite (7) in the form:

(1) — / K(t, 7) o(r) dr = 0, (10)

where

1 t+7 (t+7)*
BTG {<t—7> o (‘W)*

T —17)% o <_t4_a;) }

The kernel K (¢, 7) has properties:
1) K(t, 7) > 0 and continuously as 0 < 7 < t < 00;
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¢
2) lim [ K(t, 7)dr =0, ty > e > 0;

t%toto
¢
3) ll_rgofK(t, T)dr = 1.

Property 1) is obvious. Let us prove the validity of property
3), i.e. show that

¢
. 1 t+7 (t+7)* N
im exp | ————
t—=0 | 2a+/T (t — 7-)% P 4a®(t — 1)
0

1 t—
+——exp | — T dr = 1.
(t—7)2 4a2

We introduce a replacement:

T =+\t—T.

Then we get:

36

Here, calculating the first integral, we used the replacement

t x t 1
R T <aa:2 2a> ©

and, calculating the first integral, we used the replacement

Besides, we have

t

lim [ K(t, 7)dr = 1.
t—o0
0

The last limit relation follows from the asymptotic formula
for erfc(z) as large z [64, ?|.
Similarly, we obtain

t
2t t—t Vi—1
/K(t, T)dT = exp | — | erfc el I +erf ).
a? 2a+/t — 1 2a
to

This implies the validity of property 2).

Study of the integral equation

Singularity of the equation under study is the property 3)
of the kernel K (¢, 7), and this singularity is expressed in the
fact that the corresponding homogeneous equation cannot be
solved by the method of successive approximations.

Issues of unique solvability for such integral equations in
certain weight spaces are studied in [5]—[8]: it is shown that the
weight function of solutions depend on the weight functions of
the right parts of the equation. The study of similar integral
equations, in particular, the study of spectral issues of the cor-
responding integral operators was also carried out in [9]-[15].

It should also be noted that when the load line moves
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Finally, we get:

L [ eln) _C
go(t)—Qaﬁo/\/de—%. (24)

Thus, "simplified" integral equation (14) is reduced to equa-
tion (24), i.e., to the Abel integral equation of the second kind.

So, the lemma is proved.

Lemma 1.1

The integral equation

t

o(t) — / K(t,7) plr) dr =0,

0

where

2t

2a1\/?{(t—7)3 eXp{_%%

(el )

18 equivalently reduced to the Abel equation

k(t,T) =

o(7) C

dr = —.

1 t
“O(t)‘gaﬁo/ Vie =i

Solving the Abel equation
Remark 1.2 [65, 7]

48

The validity of the equality:

t

lim [ kp(t, 7)dr =0

t—0
0

follows from an estimate:

Bult ) = 2aﬁ(1t—7) (1_8Xp{_ﬁ}) =

< ! 7
2a/7 (t —7)2

i.e. function ky, (¢, 7) has a weak singularity. By virtue of Propo-
sition 1.1, it follows

Proposition 1.2

Equation (15) is a characteristic equation for (14).

Furthermore, we consider that the right side of equation (15)
is known; we find its solution, i.e., we find solution to the
characteristic equation for (14).

Integral equation (15) we reduce to equation with a diffe-
rence kernel. To do this, we make replacements:

= e - e(5) B (5).
(in

o=

)
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Then we obtain an equation of the form:

[e.9]

1

Wi

Y

—}wx)da: (),

e
D
>

ko)
—N
|

=)

)
—
)
|
<
S~—

(y > 0) (18)

The solution to equation (18) can be found either by the
operational method [29] or by reducing it to the Riemann
boundary value problem [16]. In this case the index of the
boundary value problem is equal to 1 [16], and the function
P(y) = C (C — const) is a solution of the homogeneous
equation:

o0

w@)—y/ ﬁ exp{—m} Y () dz =0,

corresponding to equation(18).
A solution of nonhomogeneous equation (18) has the form

[16]:

Y(y) = fg(y)—l-/?"_(y — ) fo(x)dz+C, (C~ eonst), (19)

Y

where

oS )

Taking into account replacements (17) from (19) we get a

42

For calculating the second integral, we use the known result:

oo

/exp {—,ux2 - %} dx = %% exp{—2/un}.

0

Then:
L2t 7) =

__a/r (n+1)2tr
‘me’{p{‘m}'

So,
L(t; ) =1 (t; 1) — It 1) =

_ #\é; (exp{—%} _eXp{_%}) '

Substituting into (23), we get:

0= ()

. { (n+1)%r } 1 . { tT }
— ex A = — X e —— .
P a*(t —7) 2a\/7(t — ) P a’(t—)
Then equation (22) takes the form:

t

so(t)o/{mée){p{%})jL

1 tr C
+—2a o P exp {_—cﬂ(t — T)} }30(7) dr + \ﬁ
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(t—71) 22 t—1 5l t22+71

N R S . _ .
noT 1422 7 1 14227 t—mn t—71
T t22 47 (t—r71)-22

n—7 (t—7)z (1+22)

After substitution, the last integrals take the form:

2 ntr / n?t? 22 p
= expy ————— expy ———— ¢ dz,
t—r P\ T2t — 1) PV @t —1)
0

2 241t
1(2)(75; T):t exp{——(n +1) T}x

-7 a’(t — )

. % 024252 -2 ]
PVt - @t -_n2f
0

Now, using replacement

for the first integral, we get:

IOt ) =

2 fr——
:%exp{—aQntT }a t /exp{ f}df—

t— (t

- ntci/{Tr {_%}

46

solution of nonhomogeneous equation (15):

t

p(t) = fl(t)+/r(t,r) Fi(r) dr +

0

C

%7 (2())

where the resolvent r(t,7) is a function

Pt m = a\/_ - ;n exp{ (ET_ﬂ}. (21)

Reducing a "simplified" equation to Abel equation

Now, we solve equation (14), i.e., a "simplified" variant of
equation (11).

Using the formula for the solution of characteristic equat-
ion (20), Taking into account relations (16) for the function
f1(t), we obtain:

t

:!m (1—exp{—%}) o(7) dr+

t

Jren ([ (O-efaizs):

0

x(11) d7'1>

dT—l-g.

Vit

Changing the integration order on the right side of the
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obtained equation and changing roles 7 ang 7, we have:

t

plt) = 0/ {m (1 _eXp{_ﬁ}) '

t

.y (

X¢um7+§% (22)

We calculate the inner integral in (22):

J(t,T) =

t

t—Tl

or.

44

1 2 tTl
3 eXpqy—"n DY) X
/ (t—m)2/T—T a*(t — )

T t —
X (1—exp{—m}) dT1 = mZnIn(t,T)

Consider the integral:

<o n’t n T d
X — .
PU\@t=—n) " am-n) "

We calculate the integrals L(ll)(t; 7) and 1Y (t; 7).
We make a replacement:

™n—T t22+ 7
z = ;T =
t—7 1+ 22

45




= Hz =1+ y2)1/2|| = The solution of the Abel equation of the second kind:

gjexp{%}dz y(fv)“] \/y%dt—f(x)

—g /1 exp {_%} dx < has the form: Z
< g exp{t/(2a”)} 7 exp {_é (2% + 1/22)} dz = " S\ MQQ/ sl mnlro@ )
- gexp{t/ (2a%)} - %ﬁ% exp{—2t/(4d*)} = g F(z) = f(z) = A / \/f%dt.

Thus, we obtain: The solution of equation (24) according to formula (25) can

C, be written as:
Vl(t) S %, l/g(t) S Cg. (1232) ¢
1 t—T
Using (1.2.32), we estimate terms u(z,t) and uys(x,t) of p(t) = F(t) + m/exp ( A2 ) F(r)dr,
the solution 0
. ¢ ) where
x x
t) = —_ dr <
uas (2, ) 4a3ﬁ/ (t—7)32 exp{ 4a2(t—7)}yl(7) -~ 1 1 [ dr 1 VT
) F(t) = - — _o L vl
\/% 2a \/7_T / T(t — 7') \/% 2a
t
< Cq T . x? ) N
X _—_ g
TNV BN s TR WP s Then
0 p(t) =
o) t
T Ci\/x Y { :UyQ} 1y 1 t—T1 1 7
= ||y = = expq ——— pdy = =0 —+ =+ — =+ =) drp =
Hy t—7| " 2a3/x T PY a2 (WY C 7i 2 4a2/exp<4a2> (\/F+2a) T
x/t 0
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dr \/_ T .
X /exp( 4a2) /exp —4— d . We have:
0
1 t
After simplifications we get: 1 (t) = 5 ﬁ/ i _\/;3/2 exp {_WT—T)} dr =
1 7 t N AN ¢ ’
)y=0Cq—+ — — | erf ~— —
e(t) {\/fr 2a exp(4a2)er <2 >+ 2a p(4a2>} _ .

(26) = Hy— / Xp{——y2} dv/ty =
the solution of Abel equation (24), i.e. the solution of "simplified" t=7 2av L+y da
equations (14). -

t 2 t

Note that after multiplying equality (26) by exp (—@ , N / exp { 4@2} (\g_a_y) —
we get (Remark 1.1) a solution of initial equation (11) (for 0
convenience, const C' is equal to 1): o 1 /a2 iz .
T Sexpy ——— ¢ d < —.
1 t VT Vit N Vvt ) 1+z 4a 2a 1
go(t):7exp 1z ) T o erf 9 | T on (27) 0
t @ @ @ Furthermore,
So, the theorem is proved: :
Theorem 1.1 (t) 1 T { 72 } (r)dr <
t Uy(t) = expy ————— T)dT <
In the weight class of functions \/t exp (—p> o(t) € ? 2a /T ) (t— 7-)% P 4a?(t — 1) 72
a
L (0, 00) function (27) is a solution to the singular integral
equation <llr=t—(t—7), y= T <
< | S
— | K(t, 7)o(r)dr =0, oo
JER - W,
0 —_— p— —
— 92¢2 (1 +y2)1/2 p 4@2(1 _|_y2) Yy
where 0
1 t+7 (t+71)° Vit 7 2y tyt
K(t, )= —_— —— | —— —— b dy =
) 2a\/_{ (t—7)2 o ( 12t —1)) " @) vy P12 ) [ Y
0
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1
H22($,t>|w:t = _ﬁ erfc <—%) .

Thus, we have:

|u(1)(:c t)|<C’3iexp =
2= 4at |’

2
@) Vi v
e 1

T

t —
|uge(z,t)] < Cj exp{ = } . (1.2.30)

The first two inequalities can be replaced by the following:

Vit x?

. — 1.2.31
g P 4a2t} ’ (12.31)
1 Vit

since %<m, Vit>axz>0.
Furthermore, for the first term of function u(x,t) (1.2.29)
we have:

g1 ()] < OGt

.1'2

w (i, ) 4@3\/_/ o7 Xp{—m}y(f)dr.

We represent the function v(t) as a sum:

v(t) = v1(t) + 1a(t),

where

2

54

T —17)% o <_t4;27) }

Solution of the initial boundary value problem

Since the desired function u(zx,t) is represented as a sum of
potentials of double layer with densities v (¢) and ¢(t) (4), v (t)
and ¢(t) are defined by formulas (6) and (27), accordingly, we
find a solution of boundary value problem (1) — (2) explicitly
according te.the following theorem.

Theorem 1.2

In"thendomain G = {(x;t): t>0, 0<x<t} the
homogeneous boundary value problem

u(z, t)],_o =0, wu(z,t),_,=0,

has a nonzero solution, which is determined by the formula:

1'2

u(z,t) 4@3\/_/ t_T% exp{—m} v(T)dr+

1 r—T (x —7)°
+4a3ﬁ0/(t_7)3 eXP{—m}w(T)dT, (1.2.28)

where

() 2a\/_/t_Tg e { = e

and function (t) is determined according to formula (27).
Estimate of a non-trivial solution
To establish a class of the nontrivial solution u(zx, t) (1.2.28)

o1



we establish its estimate in order of growth:

u(z,t) = uy(z,t) + us(x, t), (1.2.29)

o(t) = %exp {—é}qﬁg—j [erf (2—\/5) + 1} = @1(t)+pa(t).

We estimate the second term from (1.2.29). We have for
pa(t) :

U (z,t) = 1 9”__7)73/2 exp {—%} X

- a3\/_ { th}
X L/xtt 1 exp{—a y}dy-l—o/mexp{a?y}dy] _

=ul (2, t) +uP(2,t), o=

1
x—exp{—i}drz Hy— T
t—T7

%

Next,
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1 Vit x?
= — - ——expy — ;.
202 t—=x P 4a?t

4a3\/'/ f_;@m p{‘%} o

o (L) 1] ar <

VT

For ¢y (1):

UQQ(CC t

TaK Kak wa(1) < , VO<7‘<t<ooH

% x—g/z {_%}Ch_gﬂn(%t}.

[e=]

From here it follows:

_ 1 t \/E
Una (2, 1) ]o=0 = 52 exp {ﬁ} erfc (—7> ,



As
d ( t N Vit — 4a2x2> 3t — 20a° >
dt \ av/t — 4a222 2a 4a (t — 4(12.7:2)3/2
and
t P ? 2 LB
= —-— [ — x
av't — 4ax? 2a a®(t — 4a?2?)  4a? ’

then (1.2.41) can be rewritten in the form

L
/ 3t — 20a%x? 12 p
- T =
— 4a222)*? P a?(t — 4a?x?)
0

_ Z—Zerfc (%) _ 2—\/\Zexp (-%) (1.2.42)

We introduce the notation for the left side of equality (1.2.42):

¥
f 3t — 200222 #2
Jit)= | ———— —_ | dx.
) / (t — 4a2z2)*? b ( a’(t — 4@2332)) .
0

We introduce a replacement z = v/t — 4a?2z2. Then

Vit

2a
5(t — 4a’x?) — 2t t2
() = / (t — 4a222)*? P a?(t — 4a2a?) do =
0

==l
Y t—1l|
Gy i 2, v\ Csm T

"o ) p{—@y }d<%y>  4a? “erfe 2avt)

€
Thus, we have
1 22
uy(z,t) < |:Cg +Cip - %exp {—MH : (1.2.33)

Estimates for functions (they are exact in order of growth)
uy(z,t), ugr(x,t) and ugg(z,t) (1.2.30), (1.2.31) u (1.2.33) de-
termine the following estimate:

lu(z, )] < Cy(x,t), (1.2.34)
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where

t 2 t—
v(z,t) = max [t{$exp{—£—2t}; 1+exp{ afH,

v(z,t) > 2, {z,t} € G, (1.2.35)

ie.,
Vi z?
mexp —m s {SE,t} c G17
Y(z,t) = .
-z
1+exp{ 5 }, {z,t} € GL US;
where

x? 14 t—=x
—— = ex :
P T 12t P17 & '
x? t—x))
exp Ry > 1+ exp 2 ;

s
— G\ {G,US).

The following proposition is established
Proposition 1.3
For the problem L (1) — (2) in the class (3)

dim{Ker {L}} = 1.

It follows from the foregoing that for boundary value prob-
lem (1) — (2) the solution uniqueness classes are defined
by the following proposition.

Proposition 1.4

For boundary value problem (1) — (2) the solution uniqueness
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fications we get the equality

t Vit —4a?x?
exp erfc + dr =
a

0
ot t t
= ﬁ exp | —— | erfc i — erfc ﬁ )
2 4a? a 2a
We'differentiate the last equality with respect to ¢ from two
sides
1 ( t ) Y
——exp|—— | lim
4@\/7_f P 4a? x—)%

<erfc( t N \/t—4a2x2>) B
avt — 4a?x? 2a

Vit — 4a2x? 2a

X ex
P a t—4ax2 2a

/fexp (a t n Vit — 4a2x2) o

Vit — 4@21:2)2) dp —

(2 (D) ()

2@\/_ <—ﬁ>> (1.2.41)

In the first term on the left side of equality (1.2.41) the
limit is equal to zero.
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Consider the integral I5(t). Since

0/ "

erf(t

3\

then

Xexp( a2(t—7' )/exp da:dT—
0

—l/e / t+T o _ tT n T drd
a *P (t_T)% P a’(t—71) 4a? 7oL

0 40222

To calculate the inner integral, we introduce a replace-
ment z =/t — 7. After that, we change the integration order
z
_l_
2a
Then, similarly as in the 1ntegral I3(t), we get

and use a replacement £ =

\/Z

L(t) = 2v/T exp ( ot ) /exp(—x2)><

( t Vit — 4a2x2>
xerfc + dx.
ay/t — 4a?x? 2a

We substitute (1.2.38)—(1.2.40) into (1.2.37). After simpli-

(1.2.40)

62

classes are

u(r,t) < C-ve(w,t), Ve(w,t) 22, & >0, e1+e2+e3#0,

%:exp{(l—el)(t—x)}x

where

a?

NN 26—\ 1
X max m eXp § — % . ; —eat ;

1+exp{—(1_81>(t_x)}], (2t} € G.

a?

Analyzing the previous expression for a function 7. (x,t),
we get:

L ye(z,t) < v(x,t), {z,t} € G;2.3G. C G, meas{G.} >
0: ve(z,t) < vy(z,t).

A direct verification of obtained solution (26) to singular
homogeneous integral Volterra (14) equation was carried out
in [30].

Indeed, after substituting the function (26) into equation
(14), taking into account the fact that function (26) is a solution
of Abel equations (24), it is necessary to show that function (26)
satisfies the equation:

2@\/_/ tt_—l—:3 exp (—%) (1) dr = %, (t>0).

We substitute (26) into (1.2.36):
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t
ﬁ/ t+7 tr (7’) T
— — — fl—)d
+2a (t—T)% exp P T exp 102 er 90 T+
0
t
+7T/t—|—7'e T e(T)d—l
2a ) (t—71)2 P a?(t—) PA\g2) WVt
0
Thus, it is necessary to show correctness of the equality
1 1
Li(t) + L(t) + I (t) + I =—, (t>0), (1.2.37
5 (B0 + L)+ h(1) + 1(t) = —=. (1> 0). (1237
where
/ 1
t+ 7 tT
L(t) = - — —d
0= [ o () 72
0
t Jr
T t+7 tT T T
Ir(t) = 5~ - — Jerf (| d
2(1) 2a/(t_r)§ exp( a2(t—7)+4a2 “ (2@) "
0
tT T
+@)d7.

—~
~
|
9
~—
|

t
/ t+T1
exp | ————
3 OXP a’(t — )
0
is introduced.

For the first integral, a replacement z = .
=~
Then
L) 2/ t2d+2/22 L2)
= exp | ——= 2 exp | ——=2 z.
! P\ & 211 0P\ T
0 0
In I;(t) the first integral is the Euler-Poisson integral. For
the second integral we use formula 3.466(2) [68]. As a result,

60

we obtain
! ) erfc <g) (1.2.38)

2a+/T
L(t) = Ny — T exp (a2
For the integral I3(¢) a replacement z = v/t — 7 is introduced.

Then
\/_ \/E 2 2
i 5t 2t — 2 t z
Ig(t) — 7 exp (@) / 2 exp (__a2z2 — @) dz
0
Since )
12 22 t 2z t
- - = N + - —,
a2z? = 4a? az  2a a?
2t t z
— —1)dz=—-2ad| —+ —
(22 ) © ¢ <az * 2a> ’
then
ot v t 2
z
I;(t) = =2 — — —+ =
)= —2vrens (1) | exp{ (L+2)
0
t z
dl —+—.
(az * Qa)

After a replacement £ = — + — we get
az
3
\/> [(1.2.39)

I(t) = mexp (@) rf< at
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With the help of relationships:

(T +t)? Tt T—t
t=2r— (1t -
T T (=, 4a?(t —t)  a?(r—1t) T

the study of equation (1.2.52) is reduced to the study of the
integral equations:

o0

Pr(t) — /k*(t, )W (1)dr =0, t >0, (1.2.55)

t

where

2T

k() = 2a1/7_r{ (1 — )3/ exp{ B #t—t)}_l_

+

At e

P*(t) = exp {—#}ﬁ(t), K*(t,7) = k*(t,7) exp{—T — t}.

4a?

1 1
With replacements ¢ = o T=o and the notation y(t,) =
1 71

1
—=* (—) we transform integral equation (1.2.55) to the

equation with a difference kernel:
ty-ya(t)—

_2a1/7_r/ (t _171)1/2 (1 - eXp{ - m}>y(71) dr—

72

Vit

t 1 12 y
—— | ———exp [ ———— | dz.
a | 22yt — 22 P a?z?
0

2

After a replacement y = z* we get

t

o —1/2 —-1/2 £
J(t)ZE y It —y) Cexp | — dy—

a’y
0
t

—i/y?’”(t—y)mexp Yy,
2a a’y
0

For the first integral we apply formulas (3.471(2)) and
(9.224), for the second integral — (3.471(3)) from [68].
Then the integral J(t) takes the form

W[ gy VT t
J(t):ﬂ u=?e du—z—\/%exp )

a2

S

Using sequentially formulas (3.381(3)) and (8.359(3)) from
[68] we get

0 e () (1)

The result coincides with the right side of equality (1.2.42).

So, from proved identity (1.2.42) it follows that function (26)
satisfies equation (14) and, accordingly, function (27) is a solu-
tion to equation (11).

Remark 1.3

Solving the second boundary value problem for the heat
equation in a degenerating domain is given in [32].

Theorem 1.3
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In the domain G = {(z;t): t>0, 0<az<t} the

second homogeneous boundary value problem for the heat equation

ou 0%
o o
or|,_, or|,_,

has a solution

t
2

Cl 1 _ X
2am ) VJt—T P 4a?(t — 1)
0

u(z,t) =

bvnars

o [ o1 { (z — 1)’

(Lo ( )+ Lt (L) Bl

1.2.2 To the solution of an adjoint boundary value problem.

Main result

Statement of the problem
We consider an adjoint boundary value problem of heat
conduction L*.
In the domain G = {(x; t): t>0, 0<x <t} to find
66

Then we obtain

k[

2 2exp{¢—%2t/a2}_ Z exp{—y’}dy + %Z exp{—y}dy =

=2exp{—2t/a’} +1, t > 0. (1.2.54)

From (1.2.54) it follows that K*(¢, 7) (1.2.53) has properties:
1) K*(t, 7) > 0 and continuously at 0 < 7 <t <t < oo, u
Vi>0 K(t,7) € Li(Ry);

2) the integral [ K*(¢, 7) dr is a strictly decreasing function
t

in the variable ¢ at (0, c0);

3) tLlanOOth (t, 7)dr = 1;

4) 1151_1301{K (t, 7)dr = 3.

Investigation of integral equation(1.2.52)

Singularity of the equation under study is the property 3)
of the kernel K(¢, 7) and is expressed in the fact that the
corresponding nonhomogeneous equation cannot be solved by
method of successive approximations.
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2(1\/_7'1—1-15 { (11 +t)? }
Tlt Tl—t 4a* 7—1_15
i.e.

2 t t
I*(t,m) = 2a/m(n +1) exp { 12 (71 + } . (1.2.50)

TltTl—t (11— 1)

Substituting (1.2.50) into (1.2.49), we have:

1 7 7'1+t T1+t
t) = * dry.
) 2@\/%/ Tl—t { 4a27'—t}90(7'1) T
(1.2.51)

Taking into account (1.2.49) and (1.2.51), (1.2.48) can be re-
written in the form:

/K* 7)dr =0, t >0, (1.2.52)
where
1 T+t (T +1)*
K*(t —_—_
(t, 7) = 2a/T (T—t) exp{ 4a?(T —t) +

+ ; jt)% exp {—74;; } } . (1.2:53)

Let’s calculate the integral from the function K*(#;7) (1.2.53).
We introduce a replacement

4a(7’—t)% ar  2a
(r+t)?* [t x\ 2
4a2(t —t)  \azx 2a a?’
70

a solution to the adjoint boundary value problem for the equation

ou* o*u*
v =a® AR (1.2.43)

with the boundary conditions:

u(z, t)],ee =0, u*(z, )],y =0, u(z, t)],_,=0.
(1.2.44)
Reducing the problem to an integral equation
Similar to direct problem a solution of problem (1.2.43)-
(1.2.44)-we are looking for as a sum of potentials of the double
layer:

LE2

wlat) = 4a3f/7_tz o~y } ¥ e+

a3\/_/ TT__: {—%} @*(r)dr. (1.2.45)

Using conditions (1.2.48) and properties of thermal potentials,
we have the following system of integral equations relative to
unknown densities v* (t) and ¢*(t) [34]:

( [e’e}
v (t) B 1 T 72 .
202 _4a3ﬁ/ (T—t)% eXp{_4a2(T—t) }SO (r)dr,
¢

v () = ! ! exp Tt ©" (1) dT—
2a? 4dad\/7 (r — t)% 4a?
t
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Excluding from system (1.2.46) v* (t), we find: and a tabular integral

1 r T T2 r 9 9 1 |m
(t) =— - (1) d —pz” — dz = —,|— -2 , >0, n7>0,
V™ (t) 2aﬁ/(7_t)3' eXp{ 4@2(T_t)} @* (7)dr, /exp{ pz"—n/z"tdz 2\/;exp{ Vi, U]
t 0
(1.2.47)
for the inner integral from (1.2.49), we get
©* (1) 1 70 1 T—t !
0=— — “(1)d 1
22 TR p— exXpq = ¢ ¢ (T)dT+ I*(t,ﬁ):/ i _x
M | i -
+ ! / ! exp{ —tQ }x 2 2
Satm Y Cda2(r —t — - 1 dr =
f (1 —1) ( ) X exp { 4a?(t —t)  4a?(m —1t) } ’
oo 2 o
X /—T1 T exp {——4 2(T1 3 } ©* (1) drdr. (1.2.48) _ / M exp 222+ 1) B 22?2 + 1) Qs —
(rn—7)2 A =T 22(my — t)?2 4a222(1 — 1) 4a?(my — 1)

We introduce the following notation:

2 72 + 12
* N | A=)
J (t) = 402 7 tTlSD (Tl) ( t)§ ( )§ X - ,7-12 +2
T — 2 ™ — T 2 t — . t —
t t 1 a(Tla ) 4@2(7'1 t)a 6(7_17 ) 4@2(7_1 _ t)
X exp ¢ — v - i dr|drm. (1.2.49) 2241 5 9
da?(t —t)  4a®(m — 1) = A(Tl,t>/ = exp{—a(m,t)z* — B(m,t) /2" }dz =
0
Using substitutions: 00
o 21+t 22(r —1)dz = A1) /e}q){_om’t)z2 = Aln. )/ =
z= T = AT = —————; s
T —T 22 +1 (22 +1)2 o0
2
S G k) t>; ==t + A7y, 1) /exp{—ﬁ(%t)zz —a(r,t)/2*}dz =
2241 2241

0
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So, from (1.2.69), (1.2.71), and (1.2.74) we finally have:
© [ z—7 (x —71)2
hom (T 1) 4a3 Z/ [ 3/26 p{ 4a2(7'—t)}+

T+T (x4 7)? . B
*mexp{—m}lw "=

=CD U p(@,1). (1.2.75)

Each summand ¢*(t), n = 0,1,2, ..., of series (1.2.65),
and the kernel of integral expression (1.2.75) are non-negative.
Then for breaking the condition

exp {t a‘f} (1) - u (2, 1) € Li(G),

i.e., for breaking the condition (1.2.66), it is sufficient a viola-
tion of this condition for a single summand wj,,,, (7, t) of seri-
es (1.2.75) that represents the solution uj,,. (z,t) (1.2.75) to
initial homogeneous boundary problem (1.2.43)—-(1.2.44). Let
us show this for a summand with an index 0, corresponding
to the first summand of series (1.2.65). This summand.is a
constant. Thus, taking into account the inequality v(z3t) > 2,
the replacement

VT —1 t—x
2a 2a\/T — t

z =

and the representation

T—x (r—t)+ (t —2)
o T T e T
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g [ men| - i dn =0
1 QGﬁ (t1—71)3/2 XPp a2(t1—7'1) y(m1)ar = U.
0

(1.2.56)
Applying the Laplace transform to (1.2.56), we get

oy (1o (= 22F) )+

+dip{exp< 2\/—)@( )} 0,

—¥'(p) —

i.e., werhave:

y(p) =0. (1.2.57)

The general solution of differential equation (1.2.57) is de-
termined by the following formula:

y(p) = ——=, C = const.

To find the original of this function, we rewrite it as a series:
(2n+1
. chexp( " )\/_). (1.2.58)

Applying the inverse Laplace transform to (1.2.58), we have:

¢ i(?n 1) exp ( - M) (1.2.59)

t
y( 1) a\/_t3/2 — 4a2t1
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1 1
By virtue of the reverse substitutions ¢t = T and
1 1
1 1
the notation y(t;) = =2V (t_) equality (1.2.58) takes the
3 1

form:

af;% i@n +1)exp ( - %t). (1.2.60)

Thus, formula (1.2.60) determines the solution of homo-
geneous equations (1.2.55).

Direct verification of obtained solution (1.2.60) to singular
Volterra homogeneous integral equation (1.2.55) we have made

Pr(t) =

in [30]. Indeed, substitute function (1.2.60) into equation (1.2.55):

W) = 5o S0 1) (Bl 1) + Do 1) — I, 1),
i (1.2.61)
where

o)
nlCatn) o

Furthermore, using the replacement:

T—1

we get

2 x? + 62 y
= X — T
O —12 P\ 1200 — 1)
02 2
2 v 1
& [/exp ( 4a2(0 — t) c 4a?(0 —t) 22) dzt
0
4a2 420 —t) ~  4a2(0—1t) 2) 2|
0

2a/7(z + 0) (x4 6)?
T 0120 P {_4a2(9 - )}' (1.2.73)

Here, calculating improper integrals we use formula (3.472(3))
from [68, ¢.355]:

Y

7eXp{—uy2—%}— \/\/__exp{ 2/}

Substituting expression (1.2.73) into integral (1.2.72), we get

1
4a’ \/_

ur,(x,t) =

[e.9]

xt/%exp{—éf;(t—?;}@;mdr (1.2.74)
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tation (1.2.45)):

uy o (2, 1) [Z uyy (1) +Zun2 x,t) ] (1.2.69)

where
U:n(x t) =

372

_ 46131\/% 7 i _—;3/2 exp {—m} V(1) dr, (1.2.70)

T—z (1 — x)* .
uro(x,t) 4@3\/_ nEE exp {—m} or (1) dr.

Substituting (1.2.68) into (1.2.70), we have:

et = i | gt )

2a\/_/ 7)3/2 exp {_#2_9)} 0 (0)dOdT =

o

1
=S /x@cp;‘l(ﬁ)](x,t,e)de, (1.2.72)
atm

t

where

I(z,t,0) =

_ / (r - t)3/21(0 — e P {— o (ﬁg_ S (z2_ 5 } dr.

t
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2 1)
X exp (—MT) dr.

4a?
After the replacement /7 — ¢ the integral I5(n,t) takes the
form
2a/T (2n +1)?
I t ——t . 1.2.62
d(n,t) = 5oV exp (21 (12:62)

For the‘integral I;(n,t) we have

1> 2o (1) e (2500 [
o~z ) e (20 )
o] )

o (-5 ) o]

After replacing /7 — t and applying the known ratios:

T 1 [«
/eXp{—ufﬂ2—n/x2}dw = 5\/;exp{—2\/ﬁw7}, p>0,n>0;
0

[e.9]

de 1 [m
/exp{—wQ—n/fﬁz}; = §\Eexp{—2\/un}, p>0,n>0,

0
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the integral I;(n,t) takes the form

Li(n,t) = %inl—i_?))exp (—%t). (1.2.63)

We get in the same way:

L(n, 1) = 20VT p(—Mt>. (1.2.64)

2n + 1 4a?

After substitution (1.2.62)—(1.2.64) in (1.2.61) we’ll get it:
C & (2n + 3)?
*(t) = 2 2 ———1
v (o) aﬁ;{<n+)exp< )

(222}
— GCW (exp( 42) +Z (2n + 3) exp( %0) -

(2
¢ Z (2n + 3) exp( n+3 t>
a~N/ T

n=-—1

_ a%i(znﬂ) exp( 2"+ t)
(

Thus, function ¢*(¢) (1.2.60) satisfies equation (1.2.55) and,
by virtue of Remark 1.1, the function

" 2+n —
© a\/_z (2n+1) exp( )zC’nZ:Ogon(t)

(1.2.65)

is a solution to full equation (1.2.52).
The solution u*(z, t) of adjoint boundary problem (1.2.43)—
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(1.2.44) is defined by function ¢* (t) (1.2.65). This solution
u*(z,t) does not belong to the class, that is conjugate to
class (3) of solutions to the direct boundary value problem:

e {120} b0 ulot) € ()

where o
— e [t*_ﬁw exp{_ (”2;5’7)2 . %} 1+exp{_ta‘f}] |
{z,t} € G,
exp {t;f} A t) (@) & Li(G). (1.2.66)

Indeed, the last relation is valid. First of all, according to
formula (1.2.47) we define the function v* (t):

— Oiy;(t), (1.2.67)

where
vy (t) =

,7_2

- 2a\/_/ T—t% p{_m

Then the solution to initial boundary value problem
(1.2.43) —(1.2.44) is determined by the formula (see represen-

} or(T)d7.(1.2.68)

7



To study equation (2.2.2) we isolate its characteristic part,

namely
t

B() — A / ho(t.7) G(r)dr = fult),  (2.2.4)

where

where

Equation (2.2.4) is a characteristic equation for the equation
(2.2.1), because

t

%g% ko(t,7)dr =1, %I_I}é/kh(tﬁ) dr = 0.
0

Assume that the right side of equation (2.2:4)%s known.
We find its solution, i.e., a solution of characteristic equation
(2.2.4).

Similarly [16] integral equation (2.2.4) we reduce to the
equation with a difference kernel. For this aim we make re-
placements:

=g = -6 (5)s R -0 (5).
(2.2.6)
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(e ) oo (e 25),

(r—2? (=) +(t—=)
da®(T —t) 4a®(T — 1)

VT =t t—x g
:< 2a _Za\/T—t) * a?

for the inner integral, we get:

//ry(:u t) ' uZom,O(xu t) drdt >
0 0

+ﬁexp{—%}] dr dx dt >

t

_Q;W/// x_zﬁep{—%} dr d dt =

0 0
}dwdt

:a3f//eXp{

So, homogeneous boundary problem L* (1.2.43) — (1.2.44)
in the class, conjugated with class (3), has only a trivial solution.

The following proposition is established

Proposition 1.5

For problem L* (1) — (2) in a class that is conjugated to
class (3),

g

dim{Ker {L*}} = 0.
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From Propositions 1.3 and 1.5 it follows the main result
of the section:

Theorem 1.4

Boundary value problem L (1) —(2) is a Noetherian problem,
i.e.,

ind {L} = dim{Ker {L}} — dim{Coker {L}} = 1.

The results presented in this section are published in [29],
[30].

Thus, by using the Carleman-Vecua regularization method
for the singular Volterra integral equation of the second kind,
a solution has been found in a closed form. Also in the angular
domain we find a solution of the first boundary value problem
(direct problem); and we show the existence of the trivial
solution to the corresponding conjugate boundary problem in
the given class. It is established that the problem is Noetherian.
These results are developed for the second boundary value
problem in a degenerating domain.
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equation (2.1.1) rewrite in another form

o) - / 2a1ﬁ{ (t _2;3/2 o {_%} :

0

_*_ﬁ} - exp {—t4;27_} gp(T) dr = f(t) (2.2.1)

(t—T

Erom [65, 7| we have that it is enough to find a solution to
the "simplified" equation,

o(t) — )\/k(t, T)p(T)dr = f(1), (2.2.2)

where

)]

Classes for "simplified"equation (2.2.2) are:

Vit exp{—t/(4a®)} - 4(t) € Loo(0, 00),

\/Z 1 €Xp {_t/(4a2)} : f(t) S Loo(oa 00)7 (223>
Vit-exp{—(t—7)/(4a®)} - k(t,7) € Li(0,00).
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integral:

VT

Vi Vi
1 / de 1 / dy B
a\/%0 m_zaﬁo y(t_y)_2a'

Problem. Find in a class Vto(t) € Loo(0,00) a solution
©(t) of integral equation (21) for any given function Vtf(t) €
Lo (0,00) and any given complex parameter X € C\{|\| <
exp(larg A|)}, arg A € [—m; 7).

Note that integral equations of the form (2.1.1) arise when
studying boundary value problems of the heat equation in an
infinite angular domain degenerating at the initial moment of
time. Such equations are called by us Volterra integral equations
with "incompressible" kernel. The singularity of the studied
equation is in property 3) for the kernel K (¢, 7) and is expressed
in the fact that the corresponding nonhomogeneous equation
cannot be solved by the method of successive approximations
at [A\| > 1. Obviously, if |A\| < 1, then equation (2.1.1) has
a unique solution that is found by the method of successive
approximations. The case |A| = 1 is considered in papers [29];
[30], [32], [34] and in previous section, where it is shown that
equation (2.1.1) has one non-trivial solution for f(t) = 0 (up.to
a constant factor). Therefore, further we assume that |A[->.1.

2.2 Characteristic equation

We use the Carleman-Vekua regularization method [66],

[67]. To do this, we transform equation (2.1.1). Using relations:
(t+7)?  tr Lt
4a2(t—7) a?(t—71) 4a?’

t+17=2t—(t—71),
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2 Singular Volterra integral equation of the
second kind with spectral parameter

The mathematical description of the thermal processes ac-
companying bridge erosion leads to solving the boundary value
problems for the heat equation in domains with a moving
boundary, namely, in domains degenerating to a point at the
initial moment of time. Using the apparatus of thermal po-
tentials, “thevsolution of the problems under consideration is
reduced to the study singular Volterra integral equations of the
second kind, when the norm integral operator is equal to one.
Singularity of these equations lies in the "incompressibility"of
the kernel, and this singularity indicates inapplicability of clas-
sie'methods for solving. Furthermore, we assume that |A| > 1.
It is shown that the corresponding homogeneous equation at

Al > exp(|arg A, argA € [—m; 7))

has a continuous spectrum, and the multiplicity of characteris-
tic numbers grows with increasing |A|. Using the Carleman-
Vekua method the singular Volterra integral equation is redu-
ced to the Abel equation. Eigenfunctions of the equation are
found in the explicit form.

Similar integral equations also arise in the study of spectral-
ly loaded heat equations.

2.1 Statement of the problem

When solving model problems for parabolic equations in
domains with a moving boundary, singular integral equations
of the following form arise

o(t) — /\/K(t,T)go(T) dr— f(t), t>0, (211
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1 t+7 (t+7)*
K(t, 1) = 2aﬁ{(t—r)3/2 exp <_—4a2(t—7)> +

1 t—1T
TP\ T ) (¢

The kernel K(¢, 7) has properties:
1) K(t, 7) > 0 and continuously at 0 < 7 < t < +o0;
¢

: _ S .
Q)EL%Y{KG,T)dT 0, tg > e > 0;

¢ ¢
3) %%{K(t, T)dr =1, t£+moo{K(t, T)dr = 1.

To prove the property 3) we introduce a replacement x =

v/t — 7. We have

/KtT :_% {ﬁ}x
[ool- (o) Jolis)
Z { 4a2}d<2x_a>:
—exp{zt}erf (32f)+ f(;f) (2.1.2)

Then correctness of property 3) directly follows from relat-
ion (2.1.2). In addition, it also follows that the norm of the
integral operator in (2.1.1), acting in the class of essentially
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| =

[\

bounded functions is equal to unity.

The kernel K(t,7) is integrable with weight function ¢~1/2
[25], [27]. Really,

1 1 72
I T exp{‘@}d*”:fl<t>+fz<t>+fs<t>.
0

After a replacement y = 1/x for the first integral we get
an estimate:

L) < 2\/592(\1;{_15/(12} / exp {_i_?f B 4a1y2 } dy.

+—1/2

For small values t the last integral is bounded. For large
values t >> 0 we have the following estimate:

2 2,2
Qﬂexp{t/a } / { 7y L} dy = 1 < const.

@ da?y? Vit

So, the boundedness of the first integral I;(¢) is established.
The integrals I5(t) and I3(t) we estimate using the following
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We calculate an inner integral in (2.3.1)

J(t, T \) =

t

T

t
t o0 / n { 2 tTl }
= —F exXp§—"n X
7 2 | N ()

X exp { —n? i — nr dr
a2t—m) a(n-—7) 07

Using a replacement z = /(11 — 7)/(t — 1), we calculate the
integrals ]7(11)(25, 7) and I (¢, 7). We have

2 n2tr r n?t?z?
DGt A ey I s ) S
0
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Then we obtain an equation of the form

Vi 1 1
Mw_AJ?¢ﬂx—wwem{_@u—w}x
xY(x)de = fo(y), y >0, (2.2.7)

where

{ exp {-1/(4a%)} - ¥(y) € Luo(0, ), (2.2.8)

exp {—1/(4a’y)} - fa(y) € Leo(0, 00).

A'solution to equation (2.2.7) can be found either by opera-
tional method [29], [30], [32], [34] or by reducing it to the Rie-
mann boundary value problem [16].

We introduce notion for Laplace transform of the function
Y(y) as L[ (y)] = ¥(p). Then the formula for convolution of
functions is valid |72]

L /K@—mwmm —R(pPm). (229
where .
F@mszvmm@ﬂw
Since

b b?
L {W exXp {—4—15}‘| = exp{—b\/]_)}, b= COHSt,
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then by virtue (2.2.9) equation (2.2.7) is converted to the form

¥(p) - (1 - /\exp{—gx/—_p}) = f»(p).

The corresponding homogeneous equation is:

¥(p) - (1 — Aexp {—2\/—_19}) = 0. (2.2.10)

In case of

2
1— Xexp {——\/—p} =0, (2.2.11)
a
nonzero solutions of equation (2.2.10) are

U(p) = Ck - 6(p — pr),

where 0(x) is the delta function, C} = const, pp(k = 0, %1,
+2,...) are roots of equation (2.2.11). Applying to last equality
the inverse Laplace transform, we obtain:

o+100

Y(y) = L 6(p — pr) exp{py} dp = exp{pry}

2w
o+i00
(the integral is taken along a straight line Rep = a, and“is
understood in the sense of the principal value).
Therefore, if p = pj, are roots of equation (2.2.11), then the
eigenfunctions of equation (2.2.8) have the form [16, 85-897]

Yr(y) = Crexp{pry}, C} = const. (2.2.12)

We find roots of equation (2.2.11). If |A| > 1, we have
exp {—2\/=p} = A | 85-89?|. Taking the logarithm, we get
2
—v—p=In|\+ilarg A+ 2k7); k£=0,1,2,..
a
90

function fi(t), we get

5(t) f(t)ﬂo/tm (1_exp{_%}> .

t

x@(1T) dr + A / r(t, T) (f(7)+

0

I /ﬁ (e E—— @(mdﬁ)

+ Z Ck-%-exp{%}.

Changing the order of integration on the right side of this
equation and changing roles 7 and 71, we have

t

B(t) = AO/{%\/% (1 —exp{—%}) +

1
—l—)\/r t, 1) ———=xX
( 1)2a m(r —7)

—l—)\/r(t,T)f(T) dr + i Cr % exp{]&} (2.3.1)
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zeros of its denominator are numbers pg, £k = 0,£1,+2, ...,
that are bypassed twice in opposite direction. Therefore, according
to [16] we have

00 . 1 > n nQ
Pe) =2 e A = o D e {‘cﬂ(—y)}'

So, the solution of nonhomogeneous equation (2.2.8) has
the form:

o0

U(y) = f2(y) + A / ra-(y — x) fo(x) do + i Ck exp(pry),

Y k=—N

(2.2.14)
where C}, — const and the resolvent r,_(y) is defined above.
By accomplishing reverse replacements (2.2.6) to (2.2.14),
we obtain the solution of nonhomogeneous equation (2.2.4)

t

p(t) = f1(t) +>\/r(t,7)f1(7) dr+ Y % exp <%>
O o (2.2.15)

t = n 9 T
ritr) = m;wm{—" T
(2.2.16)

2.3 Reducing to Abel equation

Using the formula for the solution of the the characteristic
equation (2.2.15), taking into account ratio (2.2.5) for the
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2 2
“Z (In® |A| — (arg A + 2kr)?) HGZ In |\]? (arg A + 2k7) ;

(2.2.13)

—Pr =

k=0,1,2,..
For boundedness of function (2.2.12) at infinity it is necessary
Re(—py) >0, i.e., In? |\ > (arg A + 2k7)* or

—In|A| <arg A+ 2km <In|\|.
Therefore;»—N; < k < N5, where

In || —|—arg)\] N, = {lnw —argA] 7

Ny =
27 27

Ny+ Ny + 1 is a number of eigenfunctions (2.2.12), and [a] is
the integral part of a number a. Obviously the more |A|, the
more eigenfunctions.

Thus, the following lemma holds.

Lemma 3.1

Figenfunctions of an equation with a difference kernel

U(y)—> 7 P T (o=} v = ),

Y

y >0,

have the form

Ur(y) = Crexp(pry), Ci = const,

where py are roots of the equation

2 2
—pp = az (In® |A] — (arg A + 2k7r)2)+iaz In |A|* (arg A + 2k7) ;

91



and —N; < k < N,, where

In |\l +arg)\} N, = [ln\)\] — arg)\} 7

Ny =
2 2

Ny + Ny + 1 is a number of is a number of eigenfunctions and
la] is the integral part of a number a.
In this way, VA, |A| > 1 we have

Na
wabout(y) = Z Ck exp{pk’y}

k=—N1

Turning back to variables (2.2.6), we obtain the solution of
homogeneous equation (2.2.4)

Ny
~ 1 Dk
@06,0;(H.(t) = kZN Ck : % + €Xp {7} ;
=—N

where Re py < 0 by virtue of (2.2.13).

Note that if A = 1, then pg = 0. This case is detailed
discussed in previous section.

So, the following result is obtained:

Lemma 3.2

The homogeneous integral equation

t

s -2 aﬁ(tt— e P {_%} 7 0

0

has a non-trivial solution

No
~ 1 Dk
o(t) = Cr-—=-expy— 1,
k:z;\h Vi {t}
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in a function class \/t-exp {—t/(4a®)}-3(t) € Loo(0,00), where

In || —I—arg/\] N, = {ln|/\| —arg/\] 7

N1:|: 2
T 2T

and p, are determined by the relation
a? o .a?
P = (In? || — (arg A + 2k) )Jrzz In|\|? (arg A + 2k7) .

We rewrite the nonhomogeneous operator equation in the
form

\ 7 _ /\exp{—g\/__p}
P(p) = fa(p) + 1— Xexp {—%\/—_p}7

Introducing the notation

Ta(p) = eXp{—%\/—_p}
A-\P 1—)\exp{—§\/—_p}’

we find the original of this image

where Rep < 0.

- [ el
MW 0r ) T Nexp {2yt

—1

where r,_(y) =0, if y > 0.

In the last integral, we integrate along the contour, bypass-
ing on the left the points py, defined by formula (2.2.13). The
integral is understood in sense of Cauchy principal value. Since
y < 0, then we close the contour on the right, cutting off the
half-plane (the cut along the positive real semi-axis). For the

function { ) }
— . exp{—2y/-p
Alp) = 1—Xexp {—%«/—p}
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2 _ _ —
A gy (2 AT o (2T

2a - 20/t

4a? a
€ C is an infinitely remote

2a+/—pr — Mt

where {IP} = lim '
t—+40 2a

point, and the following formally designated expression

{1P}

2a+/—pr — )xt) def 2 / 2
fo 2OV PR Z AT del 2 _eVde,
B

is an integral along an opened contour from the starting point
2a/—pr — At
2a\/t

So the function

to the infinitely remote pointt {IP}.

i () {1+ 4o (30
xerte (%) } (2:38)

is an eigenfunction of "simplified" equation (2.2.2) for each k;
—N1 S k S NQ, where

In |\l +arg/\] N, = {1n|)\| - arg)\} ,

Nl -
21 27

and [a] is an integral part of a number a.
Then the function

p(t)= > Crir(t) (2.3.9)

is a solution of Abel equation (2.3.4) at fo(t) = 0, that is, the
104

2
VIS SN
nt\/t — 71 a’(t —7)

2 (n? + D)t
_[T(L2)(t,7') = t—TeXp{_m} X

2 O/exp {—a;z(itizi) Ca2(t 7;27')22} =
= %exp{_%}'

When calculating the integral Y (t,7) we have used formula
(3.325) from [68, ?]:

[e.e]

_ z_ﬁ}zﬁ _
/eXp{ pat = = QﬁeXp{ 2y/pm}, >0, n>0.
0

So for the difference Lgl)(t, T) — 1Y (t,7) we get
10t 7) — 1Pt 7) = —
y ntr (n+ 1)
eXpl ————— ¢ —expy ————— ¢ | .
i I PU @i—7)
Substituting into (2.3.2), we have

1
J(t, T \) = ——=X

2a/7(t — T)
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= L ——tT /\ﬁ 4a? 2 — Dk
exp . _xa _
20\ \/m(t = 7) { aQ(t—T)} 2a [ A2 exp( 4a2t) erfc( Vit >+

Then equation (2.3.1) can be rewritten as Vi
8a%\/— A2 1
0 A/{ 1 (1 { tr }) . N 102”7 T 2) 2
o(t) = ———— |l -exp{ 5 0
2a+/m(t — a*(t —7
0 ay/m(t = 7) ( ) After simple transformations we get
1 tr . 1 Pk
t——— exp{ — T)dr + f(t)+ gpk(t)——exp{ }+
2a\/m(t — 1) p{ a?(t — )}}90( ) 1) Vi t
¢ N Vit
x - 1 Pk A2 A%t A o Dr 2a/ =Pk
+)\/r(t,7)f(7)d7+ Z C’k-%-exp{?}. +ﬁexp 12 exp | =% +; 1+T dz =
9 k=—N; 0
Finally, after the introduction of the notation Vi
1 Di A At A Dk
" :—exp{—}—i-—exp — exp | — 2" + =
~ ~ B Vit t a 4a? 4a? 22
RO = F0 42 [reniedn @33 0
A — 1
0 X (2——|- 2}%) dz:%exp{%}—
a z
where r(t, 7) is defined by formula (2.2.16), we get
Vit
t N A )\2t Pr /\2 2 — Pk A
. A o(7) ; - 1 Pk —_exp <_2) /eXP (—2 — 42t )4 — 5.7
1) — dr = f,(t . — {_}7 a da z da z 2a
A0 gagm | e RO 2 GG ety o
, -
V- A
o ntroducing a replacement £ = —— — —2z we obtaln
where a solution and a right side of equation (2:3.4) belong to z
classes (2.2.3). 2
1 /.
Thus, initial "simplified" integral equation (2.2.2) is reduced Qr(t) = —=exp {&} + A exp (g A pk) X
to equation (2.3.4), i.e., to a nonhomogeneous Abel equation Vi t a a a
of the second kind. (1P}
According to [65, 7] the solution to an Abel equation of the " / exp(—€?) dé — 1 exp {@} N
Vit t
2a./—pp—At
2a+/t
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We calculate the integral Io;(¢; \) by parts:

yau )\2
u:erfc( pk) ; dv = exp (—— ) dr;
a
A

PR S\
—DPk Dk ) . a
du:mexp{?} dT, v——vexp (_?T

Then using (2.3.7), we have

4a A2 — Dk
Lo (t; A ——t fi
ok (t; A) = )\Qexp( 42> erc(\/%>—|—
AV Pk / exp ( pk) —; dr.
73/2

After a replacement z = /7 we get

4 A2 N
Ly(t; ) = ; exp (—pt> - erfc ( \/g)k> +

A2 /7 22

Substituting expressions for 15 (¢; \) and ok (t; \) into:(2:3.6)
we have

NG
8a2\/— A2
—I—u/exp ——z2+pk d
4a? 22
0
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second kind

has the form

y(z) = G(x) + 7m2/exp [Tz — )] G(t) dt, (2.3.5)

a

where

G(z) =

g
dt
v —1

We find a solution to Abel equation (2.3.4) at fo(t) =
0, that is, we find a solution to corresponding homogeneous
equation (2.2.2) for each k; —N; < k < N, (eigenfunctions).
Under this condition, for each k; —N; < k < Ns, equation (2.3.4)
has the form

~ A / @i (T) 1 Dk
05 B b ()

We write a solution of the last equation in the form (see

(2.3.5))




1 /.
:—eXp{@}+)\ﬁerfc( pk) .
Vit t 2a Vit

Calculating the last integral, we have used formulas 3.471
(2), 9.224 from [68|. Indeed, according to the first of these
equations, we obtain

A [ en{n)

2a/7 ) Tt —T)
A [ —Dk i/ Dk — Dk
=o () e W ().

and for the second formula we have:

_ _p \ 174 _ Y
W_1/4,1/4 <%> =/ (%) exp {%}-erfc (Tpk> ,

where W, (z) is the Whittaker function.
Function Gj(t) is bounded V¢ € [0;+00) as t — 400 and
Gr(0) = 0.

So, the eigenfunctions of equation (2.2.2) have the form

Pr(t) = %eXp {B)+ /\ferfc <%> +

¢
+)\2 /e N (t—T) y
4a? *P 4q2
0

] Tom {2+ 2 Ferte (Y2 )

We rewrite the last function in the form

P(t) = %exp {%} + /\ferfc (\/\;?) +

dr =

100

or

Pr(t) = %GXP {%} + Agferfc (%) +

+ )‘—Qexp (i—;) {Im(t; A)+ /\ffzk(t; /\)}, (2.3.6)

4q? a

where

i) = / (LI o (- 2)

After a replacement z = /7 the integral I1x(¢; \) can be
rewritten as

Vi

)\2
[1k(t; )\) = 2/exp (—@22 + ZZ)_];) dz.

0
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solution of the "simplified homogeneous equation (2.2.2), and
functions @ (t) and values py are defined by formulas (2.3.8)
and (2.2.13) respectively.

Note that multiplying equality (2.3.9) by the exp (—t/(4a?)),
we obtain a solution of the homogeneous equation corresponding
to initial equation (2.1.1):

()= i Ck{%exp (% _ 4%2) 4

k=—N;

2 _ /— [, —
+)\ﬁexp <)\ 1t— A pk) - erfc (—2(1 Pk At)}.
a

2a 4a? 2a+/t
(2.3.10)

A function v/#-¢(t) belongs to the class Ly, (0, 00). Indeed,
for the first summand in curly brackets of (2.3.10)

t
exp (@ - —) € Loo(0,00).

t 42

For the second summand in curly brackets of (2.3.10) the
following inclusion is valid:

AT -1 AN —ps 2a\/—pr — M\t
.V D t— cerfe [ 22 PR 7
\/' 50 exp ( 1a? a eric 2@\6 €

€ L (0,00).

It’s enough to take into account that the numbers p,, k €
[— N1, N, are roots of equation (2.2.11) for each fixed complex
spectral parameter A € C, and to use the asymptotics of the
function erfc(z) for large values z (see 8.254% in 68, p.890] or
[64, p.708]). Obviously, there is a limit relation

2a+/t

t — oo and for each |A| > 1.
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2.4 Main result

Thus, the following theorem holds.

Teopema 2.1

Nonhomogeneous integral —equation (2.1.1) is solvable in
the class

VEp(t) € Log(0,00)
for each right side \/tf(t) € Lo(0;00) and for each

Al > exp(|arg A[), argA € [—; 7]

The corresponding homogeneous equation has (Ny + Ny + 1)
eigenfunctions of the form

. 1 Pr t
= (B )
2 _ — — 0, —
+)\ﬁexp A 175—)“/ PEY ot 2a+/—pir — M ’
4a? a 2a+/t

2a
and the general solution of integral equation (2.1.1) can be
written as

o) = 0+ 5 [ e (MUZ7 ) Fare 3 cupde

where
P = 0 - 5 [ AL

and function \/t - exp{—t/(4a2)} - fo(t) € Loo(0,00) is defined
by formula (2.3.3).

dr,

The results presented in this section are published in [27],
[28].
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CONCLUSION

In degenerating domains we considered the existence and
uniqueness issues of a solution to the boundary value problem
for the heat equation in the weight class of essentially bounded
functions. These problems were reduced to singular Volterra
integral equations of the second kind; for solving integral equat-
ions the Carleman-Vekua regularization method was used.

The main results are concerned the solvability of boundary
value problems for the heat equation in domains degenerating
to a point at the initial time. These results were reduced to
the following:

1° Formulations of direct and conjugate boundary value
problems in weight functional classes were given, solving the
problems was reduced to the study and solving a singular
Volterra integral equation;

20 The characteristic equation was introduced and solved
according to the Carleman-Vekua regularization method;

3% The singular Volterra integral equation of the second
kind was reduced to the Abel equation of the second kind;

4% Using the integral representation of the solution to the
posed boundary value problem, the Noetherian property of
this problem in the defined functional spaces is established;

5% The multiplicity of eigenvalues and eigenfunctions for
the Volterra integral operator is found depending on the value
of the spectral parameter;

6° Weight solution uniqueness classes for‘the studied bo-
undary value problems are found.

The results obtained in the monograph have further con-
tinuation and development in Refs [73]-[86]. There are atte-
mpts to develop the obtained results for boundary value pro-
blems in the two-dimensional domain in [82], [86]. Study of
singular Volterra integral equations of the second kind with
other kernels is carried out in [83]-[85]. Some results of the
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study of boundary value problems for a essentially loaded
equation of heat conduction are published in [73].

109



74 Axwmanosa JI.M., Txxenagues M.T., Kocmakosa M.T., Pa-
mazanoB M.M. O HeTpUBHAJLHBIX PEIIEHUSX OJHOPOIHON 3a1a-
qu JJI YPaBHEHHUS TEIIONPOBOIHOCTH B BBIPOXKJAIONIeiicsa oba-
CTHu //TeOpI/IH " 9UCJIEHHbIE€ METO/Ibl PeIIeHU A O6paTHbIX 1 HEKOp-
PEKTHBIX 3aJiad: MaTepuaJsbl Te3ucoB 8 MexyHap. MOJIOJ. Hayd.
mkoJb-KoHGD. — HoBocubupck, 2016. — C. 22.

75 Jenaliyev M.T., Kosmakova M.T., Ramazanov M.I. On a
singular integral equation of the heat conductivity theory in infinite
degenerating domain // The second international conference on
"Application of Mathematics and Informatics in Natural Sciences
and Engineering - AMINSE 2 dedicated to the birthday centenary
of Andro Bitsadze. — Thilisi, 2016.

76 Kocmakosa M.T., UckakoB C.A., Xaitpkynosa A.A. K wnc-
CJIEJIOBAHUIO JIPOOHO-HATDY?KEHHBIX KPAEBbIX 33J1a4 IS ypaBHe-
uus rertonposogsoctu // CoBpeMeHHbIe TPOGIEMBI MATEMATHKH,
Mexanuku u nabopmaTukn: Marepuasnsr mexayn. Haya. koude-
penrun, nocssr. 25-meruio Hesasuc. PK. — Kaparanna, 2016. —
C.30.

77 Kocmakosa M.T., Pamazanos M.U., Tokemmesa A.C., Xaiip-
kysoBa A.A. O HeeIMHCTBEHHOCTH PEIIEeHNUsT OJHOPOTHON KpaeBoii
3aJ1a4u JJisl YPABHEHHsI TEIUIONPOBOJHOCTH B YIJIOBOI obsiactu //
Bulletin of the Karaganda University-Mathematics. — 2016. — Ne4
(84). — C.81-87.

78 Kocmakosa M.T., Mckakos C.A. VccieoBanne crieKTpaJib-
HBIX BOIPOCOB OJHOTO KJIACCa OCOOBIX MHTErPABHBIX ypPaBHEHUI
Bouibreppa ¢ ocobeivu siipamu // Joctuzkenust HayKu . 00pa3o=
Barust. — 2017. — Ne 8 (21). — C.5-8.

79 Jenaliyev M.T., Kosmakova M.T., Ramazanov. M.I. To
solving the singular Volterra integral equation.///Contemporary
problems in Mathematics and physics: abstracts of the Uzbek-Israel
international conference. — Tashkent, 2017. — p.98-100.

80 Amangaliyeva M.M., Jenaliyev M.T., Kosmakova M.T., Ra-
mazanov M.I. On the Solvability of Nonhomogeneous Boundary
Value Problem for the Burgers Equation in the Angular Domain
and Related Integral Equations // Springer Proceedings in Ma-
thematics Statistics, FAIA 2017, Eds.: Kalmenov T.S., Nursultanov
E.D., Ruzhansky M.V., Sadybekov M.A. — Springer, 2017. — V.
216. — pp 123-141.

120

23 Rubin A.G. Solving boundary value problems of unsteady
heat conduction in a domain with a moving boundary in the pre-
sence of a heat source (in Russian) [Reshenie kraevykh zadach
nestatsionarnoi teploprovodnosti v oblasti s dvizhushcheisia grani-
tsei pri nalichii istochnika teploty| // Bulletin of the Chelyabinsk
University. Series Mathematics, Mechanics [Vestnik Cheliabinskogo
universiteta. Serila Matematika, mekhanika]. — 1994. — no 1. —
P. 108-111.

24 Rubin A.G., Kartashov E.M. Modification of the method of
thermal potentials for solving boundary value problems of unsteady
heat conduction in a domain with a moving boundary (in Russian)
[Modifikatsiia metoda teplovykh potentsialov dlia resheniia krae-
vykh zadach nestatsionarnoi teploprovodnosti v oblasti s dvizhu-
shcheisia granitsei] // Issues of the theory and calculation of the
working processes of heat engines [Voprosy teorii i rascheta rabo-
chikh protsessov teplovykh dvigatelei]. — Ufa, 1994. — no. 16. —
P. 151-158.

25 Amangaliyeva M.M., Dzhenaliev M.T., Kosmakova M.T.,
Ramazanov M.I. On one homogeneous problem for the heat equat-
ion in an infinite angular domain // Siberian Mathematical Journal.
—2015. — Vol. 56, no.6. — P. 982-995. DOI: 10.1134/S003744661506
0038

26 Jenaliyev, Muvasharkhan; Amangaliyeva, Meiramkul; Kos-
makova, Minzilya; Ramazanov, Murat. About Dirichlet boundary
value problem for the heat equation in the infinite angular domain
// Boundary Value Problems, SEP 25 2014, 2014:213.

doi: 10.1186/s13661-014-0213-4.
27 M.M. Amangaliyeva, M.T. Jenaliyev, M.T. Kosmakova, and
M.I. Ramazanov. On the spectrum of Volterra integral equation

with the "incompressible" kernel // AIP Conference Proceedings
1611, 127 (ICAAM 2014) — P. 127-132. DOI: 10.1063/1.4893816.

28 Jenaliyev, Muvasharkhan; Amangaliyeva, Meiramkul; Kos-
makova, Minzilya; Ramazanov Murat. On a Volterra equation
of the second kind with "incompressible" kernel // Advances in
Difference Equations. — 2015 (March). 2015: 71. — 14p.

doi:10.1186/s13662-015-0418-6.

113



29 Amangaliyeva M.M., Dzhenaliev M.T., Kosmakova M.T.,
Ramazanov M.I. On the Dirichlet problem for the heat equation
in an infinite angular domain (in Russian) [O zadache Dirikhle
dlia uravneniia teploprovodnosti v beskonechnoi uglovoi oblasti]
// Reports of the Adyghe (Circassian) International Academy of
Sciences [Doklady Adygskoi (Cherkesskoi) Mezhdunarodnoi akade-
mii nauk|. — Nalchik, 2013. — Vol. 15, no.2. — P. 9-24.

30 Akhmanova D.M., Jenaliyev M.T., Kosmakova M.T., Ra-
mazanov M.I. On a singular integral equation of Volterra and
its adjoint one // Vestnik Karagandinskogo Universiteta. Seriia
matematika. — 2013. — no.3 (71). — p. 3-10.

31 Jenaliyev M.T., Kalantarov V.K., Kosmakova M.T., Ra-
mazanov M.I. On a Volterra equation of the second kind with
"incompressible" kernel // Vestnik Karagandinskogo Universiteta.
Seriia matematika. - 2014. - no.3 (75). — P.42-50.

32 Dzhenaliyev M.T., Kalantarov V.K., Kosmakova M.T., Ra-
mazanov M.I. On the second boundary value problem for the equa-
tion of heat conduction in an unbounded plane angle // Vestnik
Karagandinskogo Universiteta. Seriia matematika. — 2014. — no.4
(76). — p.47-56.

33 Kosmakova M.T. On an integral equation of the Dirichlet
problem for the heat equation in the degenerating domain // Bulle-
tin of the Karaganda University-Mathematics. — 2016. — no.1 (81).
~ p. 62-67.

34 Amangaliyeva M.M., Jenaliyev M.T., Kosmakova M.T.|Ra-
mazanov M.I. Uniqueness and non-uniqueness of solutions of the
boundary value problems of the heat equation // AIP CGenference
Proceedings 1676, 020028. — 2015; doi: 10.1063/1.4930454. P..020028-
1 020028-7

35 Jenaliyev M.T., Amangaliyeva M.M., Kosmakova M.T., Ra-
mazanov M.I. On a Volterra equation of the second kind with
"incompressible" kernel // Abstracts of Int. Conf. "Function Spaces
and Function Approximation Theory" Dedicated to the 110-th
anniversary of academi- cian S.M.Nikolskii (May 25-29). — M: M-
AH, 2015. - p.32-33.

36 Amanrasmesa M.M., T:xenanues M.T., Kocmakosa M.T.,
Pamazanos M.U. O paspemumocTu 0cob0r0 HHTErPaIbHOTO YpPaB-
Henus Bosibreppa BTOporo pojia co CIEeKTPAJILHBIM ITapaMeTpoM/ /

114

oblastjah] // Mathematical Notes [Matematicheskie zametki] — 2012.
- Vol. 91, No 1. — P. 67-73.

64 Tikhonov A.N., Samarskii A.A. Equations of the mathema-
tical physics. — reprint edn., translated from the Russian by A.R.M
Robson and P.Basu — NY: Dover Publications, 2011. — 800 p.

65 Polyanin A.D., Manzhirov A.V. Handbooks of Integral Eq-
uations. — 2 edition. — — Chapman and Hall/CRC, 2008. — 1144 p.

66 Vekua I.N. Generalized analytic functions. — translated from
the!Russian by Ian Sneddon. — NY: Martino Fine Books, 2014. —
668.c.

67 Gakhov F.D. Boundary value problems. — translated from
the’Russian by Ian Sneddon. — NY: Dover Publications, 1966. —
584 p. doi: 10.1016/C2013-0-01739-2.

68 Gradshteyn I.S., Ryzhik I.M. Table of Integrals, Series, and
Products. — Seventh Edition. — N.Y.: Elsevier, 2007. 1171+XVVIII c.

69 Samko S.G., Kilbas A.A., Marichev O.I. Integrals and deri-
vatives of fractional order, and some applications [Integraly i pro-
izvodnye drobnogo poriadka i nekotorye ikh prilozheniia]. — Minsk:
Nauka i tehnika, 1987. — 688 p.

70 Nakhushev A.M. Fractional calculus and its application
[Drobnoe ischislenie i ego primenenie]. — M: Fizmatlit, 2003. —
272 p.

71 Hxxenanmes M.T., Pamazanos M.M. O paspemumocTu oco-
60ro MHTErpaIbHOrO ypaBHeHNs Bojibreppa BTOpOro poja co Crek-
rpasbubiM napamerpoM // Tesucor Mexmynapounoii kondepen-
nun "Berauciurenbabie 1 nHGOPMAIMOHHBIE TEXHOJIOIMN B HAYKE,
umkenepun u obpazosanunu (CI Tech-2015, 24-27 cen). — Anmarsi:
Wsn. KasHY, 2015. — C.199-200.

72 Kpacuos M.JI. InTerpasbubie ypasHenus. — M.: Hayka. —
1975. — 304 c.

73 Akhmanova D.M., Kosmakova M.T., Syzdykova N.K., Zha-
nbusinova B.H. On the singular Volterra integral equation for heat
conduction problems in the domain with moving boundary //Ak-
TyajibHbIE TPOOJIEMBI IPUKJIAIHON MATEMATUKU U WH(POPMATHKY:
MaTepuaJibl Te3ncoB Mexyrap. Hayd. koud. — Tepckoy, 2016. —
C. 37-40.

119



Math Sciences [Usp. matem. nauk]. — 1974. — vol. 29, no. 5.— P. 229—
230.

58 Olejnik O.A. On examples of nonuniqueness of the boun-
dary value problem solution for a parabolic equation in an unboun-
ded domain (in Russian) [O primerah needinstvennosti reshenija
kraevoj zadachi dlja parabolicheskogo uravnenija v neogranichen-
noj oblasti] // Successes Math Sciences [Usp. matem. nauk] — 1983.
—vol. 38, no. 1. — P. 183-184.

59 Olejnik O.A., Radkevich E.V. The method of introducing a
parameter for study of evolutionary equations (in Russian) [Metod
vvedenija parametra dlja issledovanija jevoljucionnyh uravnenij| //
Successes Math Sciences [Usp. matem. nauk|. — 1978. — Vol. 33,
no. 5. — P. 7-76.

60 Gagnidze A.G. On uniqueness classes of solutions of the
boundary value problems for the second order parabolic equations
in an unbounded domain (in Russian) [O klassah edinstvennosti
reshenij kraevyh zadach dlja parabolicheskih uravnenij vtorogo
porjadka v neogranichennoj oblasti| // Successes Math Sciences
[Usp. matem. nauk] — 1984. — Vol. 39, no. 6. — P. 193-194.

61 Kozhevnikova L.M. On uniqueness classes of solutions of
the first mixed problem for a quasilinear parabolic system of the
second order in an unbounded domain (in Russian) [O klassah
edinstvennosti reshenija pervoj smeshannoj zadachi dlja kvazilinej-
noj parabolicheskoj sistemy vtorogo porjadka v neogranichennoj
oblasti] // Izvestiya. Mathematics [Izvestiya Akademii Nauk, Seriya
Matematicheskaya] — 2001. — Vol. 65, no. 3. — P. 51-66.

62 Kozhevnikova L.M. Uniqueness classes of solutions of the
first mixed problem for the equation u; = Aw with the quasi-
elliptic operator A in the unbounded domains (in Russian) [Klassy
edinstvennosti reshenij pervoj smeshannoj zadachi dlja uravnenija
u; = Au s kvazijellipticheskim operatorom A v neogranichennyh
oblastjah| // Sbornik Mathematics [Matematicheskij sbornik| —
2007. — Vol. 198, no. 1. - P. 59-102.

63 Kozhevnikova L.M. Examples of non-uniqueness of solut-
ions of the mixed problem for the heat equation in the unbounded
domains (in Russian) [Primery needinstvennosti reshenij smeshan-
noj zadachi dlja uravnenija teploprovodnosti v neogranichennyh

118

Tesucwr jrokit. mexj. kKoHd. "Iuddepenruaabibie ypaBHeHUsT 1
MaTeMaTH4IecKoe MojiesnpoBanne” (22-27 mons). - Yman- Y, Poc-
cus, 2015. - C.42-43.

37 Amanrasmesa M.M., Ixxenanues M.T., Kocmakosa M.T.,
Pamazano M.U. O6 ocobom ypaBuenun Bosbreppa BTOpOro po-
Jla CO CIIEKTPAJILHBIM napamerpoM// Te3ucol oK. HaydH. KOHD.
"CoBpeMeHHBbIE METOJIBI MATEMATHIECKOH (DU3UKU U UX TIPUIIOIKE-
mns (15-17 anpesns). - Tamkent: Uz, HYY3 nv. M. Yiyrbeka, 2015.
- T.1. - C.141-142.

38 Amangaliyeva M.M., Jenaliyev M.T., Kosmakova M.T, Ra-
mazanov M.I. On a Volterra equation of the second kind with
spectral parameter// Abstracts. 4th International Eurasian Conf.
"Mathematical Sciences and Applications (IECMSA-2015, Athens,
31 Aug-3 Sep). — Athens, Greece, 2015. — P.85.

39 Amangaliyeva M.M., Jenaliyev M. T, Kosmakova M.T., Ra-
mazanov M.I. Uniqueness and non-uniqueness of the solutions of
the boundary value problems of the heat // Abstracts. Intern.
Conf. "Advancements in Mathematical Sciences (05-07 nov). —
Antalya, Turkey, 2015. — P.130.

40 Awmanrasmesa M.M., JTxenanues M.T., Kocmakosa M.T.,
Pamazanos M.U. O paspemnmmmocTun 0cobOr0 WHTErPATHLHOTO YPaB-
Henus Bosibreppa Broporo pojia o CleKTpaabHBIM IIapaMeTpoM,/ /
Tezucer mokaa0B MexK1yHApOIHON Hay4dHO#l KoHpepeniun "Axk-
TyaJibHbIE ITPOOGJIEMbI MATEMATHKYN U MATEMATHIECKOTO MOIEIPO-
Banuga "(1-5 urong). - Anmarsr: Uzx. UMMM, 2015. - C.229-230.

41 M.M. Amangaliyeva, M.T. Jenaliyev, M.T. Kosmakova, M.I.
Ramazanov. About Dirichlet boundary value problem for the heat
equation in the infinite angular domain // The International Con-
gress of Mathematicians, — Seoul, Korea (August 13-21), 2014. —
P. 341-342.

42 M. Amangaliyeva, M. Jenaliyev, M. Kosmakova and M.
Ramazanov. About Dirichlet boundary value problem for the heat
equation in the angular domain // 3rd International Eurasian Con-
ference on Mathematical Sciences and Applications (25-28 August),
book of abstr. — Vienna, Austria, 2014. — p.212.

43 Amangaliyeva M.M., Jenaliyev M. T., Kosmakova M.T., Ra-
mazanov M.I. On Uniqueness Classes in Heat Conduction Problems

115



// The second international Eurasian conference on mathematical
sciences and applications / International University of Sarajevo,
Turkish World Mathematical Society (26-29 August). — Sarajevo,
2013. — P. 181.

44 Amangaliyeva M.M., Jenaliyev M. T., Kosmakova M.T., Ra-
mazanov M.I. About Dirichlet boundary value problem for heat
conduction equation in the infinite angular domain // Abstracts
Workshop of spectral theory, differential operators and applications,
Izmir university, Fethiye (May 26-30). — Turkey, 2014. — P.1.

45 Awmanramuea M.M., /Txenammes M.T., Kocmakosa M.T.,
Pamazanos M.M. K mpobyieme eIMHCTBEHHOCTH B 33/a9aX TEILIO-
uposoxasocru // Marepuann IV Mexaynapouuoit kondepernuu
"HesiokaJibHBIE KpaeBble 3aJia9d U POJICTBEHHBIE ITPODJIEMBI Ma-
TeMaTuueckoit Guostorun, uadopMarukun n Gusnkn"(4-8 nek.). —
Hanbunk, 2013. — C. 38-40.

46 Awmanrammesa M.M., Jlxenamues M.T., Kocmakosa M.T.,
Pamaszanos M.1. O cyIecTBOBaAHNN HETPUBHUAILHOTO PEITIEHUST JIJTsI
OJIHOPOJTHOTO MHTErpajbHOTO ypaBHeHus BosbTeppa BTOPOTo po-
na // Marepuanast Mexmynap. Hayuno-npaktud. Koud. "Teopus
dyHKIMIA, DYHKIMOHAJIBHBIN aHAJIN3 U UX TPUJIOXKEHUS ITOCBSIIIEH-
Hast 90-sreTnio co nHst poxaenus T.J1. Amanosa (3-5 okr.). — Cewmett,
2013. — T.1. — C. 139-144.

47 Awmanramuesa M.M., Txenasmes M.T., Kocmakosa M.T.,
Pamazanos M.U. O 3anaue JJupuxiie jijist ypaBHEHUsI TEILIONPOBOII-
HOCTH B GEeCKOHEUHOM yriioBoit obimactu // Heknaccudeckue ypas-
HEHUsI MATEeMATUIeCKON (DU3UKHU 1 UX IIPUJIOKEHUsT: pecirydir. Hay .
KoH(. ¢ yuacTueM 3apyb. ydenbix (23-25 okt.). — Tamkent, 2014.
- C. 37-38.

48 M.M. Amangaliyeva, M.T. Jenaliyev, M.T. Kosmakova, and
M.I. Ramazanov. On the spectrum of Volterra integral equation
with the "incompressible" kernel // Second International Confe-
rence on Analysis and Applied Mathematics (Sep11-13), Abstract
book. — Shymkent, 2014. — P.37-38.

49 M.M. Amangaliyeva, M.T. Jenaliyev, M.T. Kosmakova, and
M.I. Ramazanov. On unique solvability of the boundary value prob-
lem for heat equation. // The V Congress of Turkic World Mathe-
maticians (June 5-7). — Kyrgyzstan, 2014. — P.161.

116

50 Amanrasumesa M.M., Txxkenamues M.T., Kocmakosa M.T.,
Pamazanos M.U. O6 ogHOM WMHTErpajbHOM YDABHEHUH CO CIEK-
TpaJbHBIM HapaMmeTpoM // Marepuasbl MexIyHap. Hay9HON KOH-
depernun "Teopust byukuit, GyHKI. AHAIM3 U WX IPUIIOKE-
uust moce. 80-serust npod. K.2K. Haypsrsbaesa (9-10 jek). — Aur-
matbr, 2014. — C.70-71.

51 Kocmakosa M.T. On an integral equation of the Dirichlet
problem for the heat conduction equation in the degenerating do-
main // Marepuansl MexIyHap. Hayd. KoH®.: Anrebpa, aHaIuN3,
nudd. ypaBHeHUs U UX pUJIOXKeHus, mocssir. 60-er. akag. HAH
PK Dxymaaunbaaesa A.C. (8-9 anp.). — Ammarsr, 2016. — C. 243-
245.

52 Holmgren E. Sur les solutions quasi analytiques de 'equa-
tion de la chaleur (Swedish) // Ark. Math. Astron. Fys. — 1924. —
V. 18, No. 9. — P.64-95.

53 Tikhonov A.N.Théoremes d’unicite pour 'equation de la
chaleur // Sbornik Mathematics [Matematicheskij sbornik| — 1935.
— Vol. 42. — p. 199-216.

54 Tacklind S. Sur les classes quasianalytiques des solutions
aux derivees partielles du type parabolique (French) // Nova acta
Reg. Soc. Sci. Upsaliensis. Ser.IV. —1936. - V. 10, No. 3. — P. 1-57.

55 Mihajlov V.P. Existence and uniqueness theorem of the
solution of a boundary value problem for parabolic equations in
the domain with the singular points on the boundary (in Russian)
[Teorema sushhestvovanija i edinstvennosti reshenija odnoj granich-
noj zadachi dlja parabolicheskogo uravnenija v oblasti s osobymi
tochkami na granice] // Proceedings of the Steklov Institute of
Mathematics [Trudy MIAN]. — 1967. — Vol. 91. — P. 47-58.

56 Ladyzhenskaja O.A. On uniqueness of the Cauchy problem
solution for a linear parabolic equation (in Russian) [O edinstven-
nosti reshenija zadachi Koshi dlja linejnogo parabolicheskogo urav-
nenija| // Sbornik Mathematics [Matematicheskij sbornik] — 1950.
27 (69). — P. 175-184.

57 Olejnik O.A. On uniqueness of the Cauchy problem solution
for general parabolic systems in the classes of increasing functions
(in Russian) [O edinstvennosti reshenija zadachi Koshi dlja obshhih
parabolicheskih sistem v klassah rastushhih funkecij] // Successes

117



81 Ramazanov M.I., Kosmakova M.T., Romanovsky V.G.,
Zhanbusinova B.H., Tuleutaeva Z.M. Boundary value problems for
essentially-loaded parabolic equation // Bulletin of the Karaganda
University-Mathematics. — 2018. — 4 (92). — 79-86.

DOI: 10.31489,/2018M4/79-86.

82 Kosmakova M.T., Orumbayeva N.T., Medeubaev N.K., Tu-
leutaeva Zh.M. Problems of Heat Conduction with Different Boun-
dary Conditions in Noncylindrical Domains // AIP Conference
Proceedings, 1997. — 2018. — UNSP 020071-1.

DOTI:10.1063,/1.5049065.

83 Kosmakova M.T.; Akhmanova D.M., Iskakov S.A., Tuleu-
taeva Zh.M., Kasymova L.Zh. Solving one pseudo-Volterra integral
equation // Bulletin of the Karaganda University-Mathematics.
2019. — 1 (93). — 72-77. doi: 10.31489,/2019M1/72-77.

84 Kosmakova M.T.; Romanovski V.G., Orumbayeva N.T.,
Tuleutaeva Zh.M., Kasymova L.Zh. On the integral equation of
an adjoint boundary value problem of heat conduction // Bulletin
of the Karaganda University-Mathematics. 2019. — 3 (95). — 33-43.
doi: 10.31489/2019M2/33-43.

85 Kosmakova M.T., Akhmanova D.M., Tuleutaeva Zh.M.,
Kasymova L.Zh. Solving a nonhomogeneous integral equation with
the variable lower limit // Bulletin of the Karaganda University-
Mathematics. 2019. — 4 (96). — 52-57. doi: 10.31489,/2019M4/52-57.

86 Kosmakova M.T., Tanin A.O., Tuleutaeva Zh.M. Construc-
ting the fundamental solution to a problem of heat conduction //
Bulletin of the Karaganda University-Mathematics. 2020. — 1 (97).
- 68-78. DOI 10.31489/2020M1/68-78.

121



Hayuynoe uspganue

KocmakoBa Mun3uis Tumep6aeBHa,
Opymobaesa Hypryn Tymap6exoBHa

CUHI'YJIAPHBIE UHTETPAJIBHBIE YPABHEHUSA
JJIA 3AJAY TEIIJIOITPOBOJHOCTH

Monoepaghus

(Ha anenutickom s3viKe)

Omneuamano ¢ asmopCcKoco opucunaia

TToanucano B nevats 21.12.2020 r. dopmar 60x84 1/16. bymara odcerHasi.
O6bem 7,62 1. Tupak 500 sx3. Llena qorosop. 3aka3 Ne 82.

Otneyarano B Tunorpaduu M3narensctea HAO «Kaparangunckuit
YHUBEpCHTET UM. akajgeMuka E.A.BykeroBa»

100012, r. Kaparanna, yn. Torons, 38. Ten. (7212) 51-38-20. E-mail: izd_kargu@mail.ru





