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Automorphisms of the universal enveloping algebra of a
finite-dimensional Zinbiel algebra with zero multiplication

In recent years there has been a great interest in the study of Zinbiel (dual Leibniz)“algebras. Let A
be Zinbiel algebra over an arbitrary field K and let ei, €2,... ,em,... be a linear basis ofA “In,201Q
A. Naurazbekova, using the methods of GrObner-Shirshov bases, constructed the basis“of theyuniversal
(multiplicative) enveloping algebra U(A) of A Using this result, the automorphisms ef‘the Universal
enveloping algebra of a finite-dimensional Zinbiel algebra with zero multiplication, @re described.
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Introduction

An algebra A over a field K is called (left) dual Leibnizfar Zinbiel (Leibniz is written in reverse
order) if it satisfies the identity
(xy)z = x(yz) X (2y).

The Leibniz algebras form a Koszul operad in the sensg of V. Ginzburg and M. Kapranov [1]. Under
the Koszul duality, the operad of Lie algebras is dualto the operad of associative and commutative
algebras. The notion of Zinbiel (dual Leibniz) algebra defined by J.-L. Loday [2] is precisely the dual
operad of Leibniz algebras in their sense;, Moreover, any dual Leibniz algebra A with respect to the
symmetrization a o b = ab + ba is anassociative and commutative algebra [2].

Zinbiel algebras are also known as pre-commutative algebras [3] and chronological algebras [4]. A
Zinbiel algebra is equivalent toithe“¢@mmutative dendriform algebra [5]. It plays an important role in
the definition of pre-Gersiemhaberyalgebras [6]. The variety of Zinbiel algebras is a proper subvariety
in the variety of right commatative algebras. Each Zinbiel algebra with the commutator multiplication
gives a Tortkaraqalgebra [7h,which appeared in unexpected areas of mathematics [8,9]. Recently, the
notion of matching“Zinhiel.algebras was introduced in [10]. Zinbiel algebras also appeared in the study
of rack cohomology [12], number theory [12] and in a construction of a Cartesian differential category
[13]. In_recentyyears there has been a great interest in the study of Zinbiel algebras.

JAL. Loday“(d.-L. Loday) [2] proved that the set of all non-associative words with right arranged
parenthesis (right-normed words) form the basis of free Zinbiel algebra. It was shown that free Zinbiel
algebrasyare gorecisely the shuffle product algebra [14]. A. Naurazbekova [15] proved that free Zinbiel
algebras owver a field of characteristic zero are the free associative-commutative algebras (without
unity) with respect to the symmetrization multiplication and their free generators are found; also
she constructed examples of subalgebras of the two-generated free Zinbiel algebra that are free Zinbiel
algebras of countable rank. A. Dzhumadildaev and K. Tulenbaev [16] proved the analogue of Nagata-
Higman’s theorem [17] for the Zinbiel algebras (any Zinbiel nil-algebra is nilpotent). They also proved
that every finite-dimensional Zinbiel algebra over an algebraically closed field is solvable and nilpotent
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over the complex number field. A. Naurabekova and U. Umirbaev [18] proved that in characteristic 0
any proper subvariety of variety of Zinbiel algebras is nilpotent and, as a consequence, the variety of
Zinbiel algebras is Spechtian and has base rank 1. D.A. Towers [19] showed that every finite-dimensional
Zinbiel algebra over an arbitrary field is nilpotent, extending a previous result by other authors that
they are solvable. Filiform Zinbiel algebras were described and classified in [20-22]. The classification
of complex Zinbiel algebras up to dimension 4 was obtained in [16] and [23]. A partial classification
of the 5-dimensional case was done in [24]. M.A. Alvarez, R.F. Junior, |. Kaygorodov [25] proved that
the variety of complex 5-dimensional Zinbiel algebras has dimension 24, it is defined by 16 irreducible
components and it has 11 rigid algebras.

This paper is devoted to the description of automorphisms of the universal (multiplicative) enveloping
algebra of a finite-dimensional Zinbiel algebra with zero multiplication.

The paper is organized as follows. In section 1, for convenience, we rewrite A. Naurazbekova's tesult
[26] on the basis of the universal enveloping algebra of a Zinbiel algebra in new notation. I#section 2,
we describe automorphisms of the universal enveloping algebra of a finite-dimensional, Zinbiel algebra
with zero multiplication.

1 The basis of the universal enveloping algebra

Let K be an arbitrary field. An algebra A over a field K is called“dualikeibniz or Zinbiel if it satisfies

the identity
(xy)z —x(yz) +x(zy)’

In [2] J.-L. Loday proved that any Zinbiel algebra with réspeet to multiplication x oy —xy + yx
is an associative commutative algebra. A linear basisyof free Zinbiel algebras is also given in [2].

Let A be an arbitrary Zinbiel algebra over K. Lep Lad>— {Lx|x £ A} and Ra — {Rx|x £ A}
be two isomorphic copies of the vector space Aywith the fixed isomorphisms A A La(x * Lx) and
A N Ra(x ™ Rx), respectively. The universal (mudtiplicative) enveloping algebra U(A) [27] is an
associative algebra with the identity 1 gengerated by the two vector spaces La and Ra satisfying the
defining relations

RXRy -- Rxy+yx>
RxLy -- LyRx + LyLx,
Lxy —LxLy + LxRy

for all x,y £ A. Recall that#vefy dual Leibniz A-bimodule M can be regarded as a left U(A)-module
with respect to the action
Lam —am, Ram —ma, a £ A,m £ M.

Conversely, every left UfA)-module can be considered as a Zinbiel A-bimodule [27].
This®definition of the universal enveloping algebra is suitable for algebras without identity element.
If the identityyelement 1 is fixed in the signature, then we have to add the relations Li —Ri —Id —1
and camsider only unital modules. It is easy to see that a Zinbiel algebra is an algebra without an
identity element. Below we rewrite A. Naurazbekova’s [26] result on the basis of U(A) in new notation.
Theorem 1. Let A be a Zinbiel algebra over a field K and let

el,e2,...,em,...
be a linear basis of A. Then the set of all associative words of the form
1,Lei,Rej, LeiRej, 1)

where i,j > 1, is a linear basis for U(A).
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Proof. We define a linear order < on the set of associative words in the alphabet Rei,Lei,i > 1.
Set Rei < Rej and Lei < Legj ifi <j and Rei < Lej forall i,j > 1. If u and v are two words in the
variables Rei, Lej, then set u < v if one of the following conditions hold:

(i) deg(u) < deg(v), where deg is the degree function with respect to the variables Rei,Lej;

(i) deg(u) —deg(v), degL(u) < degL(v), where degL is the degree function with respect to the
variables Lei;

(iii) deg(u) —deg(v), degL(u) —degL(v), and u precedes v with respect to the lexicographical
order.

The defining relations of the algebra U(A) are

ReiRej —Reiog —o, (2)
ReiLej —Lejei —O0, (3)
LeiLej + LeiRej - Leiej —o (4)

foralli,j > 1.
The leading terms of these relations are ReiRej, ReiLej and LeiLgjfopallti,j > 1. Consequently,
the relations (2), (3) and (4) form three types of compositions.
Case 1. Set w —(ReiRej)Rek —Rei(RejRek). Then the relations\(2)4ferm a composition
f —(ReiRej —Reiogj)Rek —Rei (Rej Rek —Rejoek )s——Reioej Rek + Rei Rejoek

with base w. Denote by —the comparison in the freg associativeyalgebra in the variables Rei, Lei,i > 1,
modulo linear combinations of elements of the formiugv,“where g is one of the left hand side of the
relations (2), (3) and (4), u and v are associative wordsyyand the leading monomial of ugv is less than
w. We have

f ——Reioejok + Reiogjok —o
Case 2. Set w —(ReiRej)Lek —Rei(Rejlek). The relations (2) and (3) form a composition
g —(ReiRej —Reiog))L ek =-Rei(RejLek —Lekej) ——ReiogjLek + ReilLekej
with base w. We have
g =1L ek(eioej) + L (ekej)ei ——Lek(eioej) + Lek(ejoei) —°-
Case 3. Set w =(Leilej)Lek —Lei(LejLek). The relations (4) form a composition
h —=(LeiLej + LeiRej —Leiej)Lek —Lei(LejLek + LejRek —Lejek) —
—LgRgi Lk LpigjLek Lo LejRek 1 L Lijgk

with base,wg#We have

h —LeiLekej + LeiejRek —L (eiej)ek + LeiRejRek —LeiejRek + LeiLejek

— LeiRekej + Lei(ekej) - Lei(ejek) - Lei(ekej) + LeiRejek + LeiRekej - LeiRejek + Lei(ejek) —O0°

Consequently, the relations (2), (3) and (4) are closed with respect to composition [28,29]. This
implies [28,29] that the set of all words that are not divisible by the leading terms is a linear basis of
the algebra U(A). Therefore, the set of words of the form (1) is a linear basis for U(A). Theorem 1 is
proved.
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2 Automorphisms

Let A be a finite-dimensional Zinbiel algebra with zero multiplication over an arbitrary field K.
Let e1,e2,....en be a linear basis of A. Then the universal enveloping algebra U(A) of A is generated
by the operators Rel,..., Ren, Lei,..., Len and (2)- (4) imply the defining relations of U(A)

ReiRej = Reilej = o, (5)

LeiLej = LeiRej (6)
for all i,j. By these relations and Theorem 1, the set of all associative words of the form

1,Lei,Rej, LeiRej,
where i,j £ {1,...,n}, is a linear basis of U(A) and U(A) is a nilpotent alg % ield K with
nilpotency index 3.
Theorem 2. Let A be the finite-dimensional Zinbiel algebra with zero mu?& ver an arbitrary
field K and let el, ..., en be a linear basis of A. Then the affine auto roup of the universal
enveloping algebra U(A) of A consists of endomorphisms of the form@

n

y(Lei) " "aijLej + y
= \ U

y(Rei)

1<i<n, A= (aij),D = (Sj), where Sij = a|
detA=0and detD = 0.
Proof. Let y be an affine automorphism of the algebra U(A) and let

n
v Q " aijLej + "Y' PijRej + A,
\ j=1 j=1
@(R ef) —Y yYktLet + N ' SktRet + vk,
t=1 t=1

e square matrices of order n over a field K,

i,k £ {1,..n}, al Maip7 kt,Skt,vk £ K for all i,j,k,t. Since y is an automorphism of U(A), we
have
all .. am 11 .. Bm \
det ani .. ann Pnl .. Pnn -0
711 .. Yn SiI .. Sin
KIn1 .. 7nn Sn1 .. Swin )

and (5), (s) imply

y (ReiM Ref) =y (ReiM Lef) = ° 9)
y (Lei)y (Lek) = —y (LHM Ref) (10)
for all i, j.
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It is easy to see that if i —j, (9) and (10) give

V —Uj —o for all i.
Using (5) and (s), it follows from (9) and (10) that

p(ReiM Ref) —EE 7ij (—Fkt + $kt) Lej Ret —0,
j=1t=1

p (Rei)~ (Lek) —EE Tij ( akt + Pkt) Lej Ret —O,

j=1t=1

p(Lei)p(Lek) + P(LeiM Rek) —ErE aij (-akt + Pkt —kt + k™ le@jRet =0
j=1t=1

forall i,k £ {1,..., n}. Hence
7ij (—Fkt + ~kt) —7ij (-a kt + ekt) —aij (-a kt + Pkt =1kt 4+ kt) —o (11)

foralli,j k,t £{1,...,.n}.
Suppose that 7ij —O0 for some i, j . It follows from (11) that

Ykt —5kt, akt —ektfor allik, t.
This contradicts (s8). Consequently, 7ij —O0 for all i, j “Msingythis and (8), we obtain
det A —Opdet D —O0,

where A —(aij),D —(5ij-) are square matrices of order n over a field K. It is clear that there exists
i,j such that aij —O. It follows from (I¥nthat

4 t—akt - fikt for all k,t.

Consequently, if ¢ is an affine,automorphism of U(A), then ¢ has the form (7).

It is obvious that any epdomorphism of the form (7) is an automorphism of the algebra U(A).
Theorem 2 is proved.

Lemma 1. Let Ay—(aij) and B —(bks) be non-zero square matrices of orders n and m, respectively.
Then

/a11B awB ... a”B\
det a21B  a22B .. axnB —(det A)m m(det B)n
\aniB an2B .. annB

Proof.“Prove the statement of the lemma by induction on n + m. Without loss of generality, assume
au —0. By the induction proposition, we get

ainB awB .. awmnB auB aziaizlzB aziaiﬁlnB \
0 -ax B -axn B
det 421B azB .. az2nB et all ail
aniB an2B .. annB ) 0 agiiziaiz_ an2 B
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- -22)B .. -<2n)B N
—det(anB) mdet
( - «a)sB .. (anaan- <w)B )
( ( (a%{ﬁlz - aw
aft detB m det (detBy)n-1 —
aniai2 aniain
Vv oai - am all JJ
m
/ an Can2 ~amn \\
I 0 «%Ii’iilz - a» aZaIﬁln - amn
—am detB m i det (detByn-1 —
aniai2 aniain
vV 0 an2 an 7/

—aft det B m— (det A)m(det Byn-1 —(det A)m(detB)n
an
Lemma 1 is proved.
Theorem 3. Let A be the finite-dimensional Zinbiel algebra with zero'multiplication over an arbitrary
field K and let e1,e2,...,en be a linear basis of A. Thendhedutomorphism group of the universal
enveloping algebra U(A) of A consists of endomorphism of the,form

n n
p(Lei) —fi+y "atjle)+ Y " AijRej,
=1 J=nl (12)

p(Reiz0l + ~ YTijRej,
j=1
1 <i <n, fi,gi are any homogeneotSaelements of degree 2 of U(A), A —(aij),T —(rij), where
Tij —aij - eij, are square matricegfof@rder nover a fielf K, det A —0 and det T —O.

Proof. Let p be any autamorphism of the algebra U(A). By Theorem 2, the affine part of p has
the form (7). Since p is an autemorphiSm of U(A), p satisfies the equalities (9) and (10). Using (5)
and (e), it is easy to see thatyp hasghe form (12).

Let p be an endomorphism ©f U(A) of the form (12) and let

nn
i—EE yi- X Re,.
fc=Lt=a

gi—E E LekRet,
fcat=1

1 <i < n9Prove that p is an automorphism of U(A), i.e., prove that p has an inverse endomorphism
p'. To find the endomorphism p" in the following form

n n n n
p (Lei) —E E JLekRet + E aijLej + E Bij Rej
fcmt=1 j=1 j=1

n n n
E E 40Lek Re, + E TijRej '

'(fle,) —
Pi(fle. 1 t=1 j=1
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Since the affine part of y' is inverse to the affine part of y, it is easy to find all coefficients a j,e j,T].

Let h £ U(A). Denote by h the homogeneous part of degree 2 of the element h.
Using (5) and (s), we get

0=y (Lei) E(XYny Leky(Ret+XaJy Le])+X&JYR
=1t=1

non n n
X Xth |Xakae, | (X Tt'sReJ +
\p=1 ) \s=1 )

k=1 t=1
n n n n n V'S
+E a i X Y] LeRel +X ftj X X «d* LeaRb
j=1 \a=1 b=1 ) =1 \a=1 b=1
and %
n n
0=y ey (Rei) =X X Sky'(Leb)y (Ret+X &
k=1t=1
n n n n
E £ sdle akpie, W £ T,,ReJ+9 AT'1
k=1 t=1 \p=1 / \s=1
Since all the coefficients ajj,rjj are known, it follows fr ualmes
x (aij t —vi&Le, Ret,
Sa LeaRet = b Le, Ret,
for all i,a,b £ {1,...,n}, wh e some elements of K. For each a, b we obtain the following
system of 2n linear equatio:& owns Y, ..., Yab, «ab |- ., «ab*-
fE =1 (aj YY) +eijj =nr2
I j T =*q,

1 <i <n. Since 0,det T = 0, this system has the solution for each a,b . Consequently, there

, We also get

nn
o=y Oy'(Lei) = i< X Ydi)y (LeRy (Ret) + X aijy(Lej) + X “ijy(Rej)
=1t=1 ]=1 ]=1

n n

XXYk(l) IXakae I (X 'ItsReJ +
k=1t=1 yP=1
n n
+£ ~ £ £ YJ(J)Le RelJ +£ tfj &*Le«
j=1 \a=1 b=1 / =1 \a 1b:1
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and

0—p-p/(Rei) —E E “Mdi)P(LekM Ret) + E Tj P(Rej) —

k=1t=1 j=1
n n / n \ / n \ n / n n
—E E ~# “kpLep) T,ReN +E Tj E #Le.f»
k=1 t=1 \p=1 y \s=1 ) j=1  \a=1 b ,

Since all the coefficients aij,e j,Tj are known, it follows from these equalities

foralli,p, s £ {1,..., n}, ApS, aff are some elements of K. For each i we gbtaip theyfollowing two systems
of n2 linear equations with unknowns y ™ ...y~ ..., 7%,-, Y& and )/, 0N L, ,

respectively:
Y{Q)a PpTis + ... + 7{ﬁ)a pThs + ... + 741')a ApILS +h.. + Yn@ainns -- A;g%

and
|Ma)a pTis + ... + ALLUMpTras 4. + M(npAs + ... + Mn)anpThs —OpS

p,s £ {1, ...,n}. The coefficient matrices of these“systems have the form

(agr a2aT ... ani™\
c a2l az22T ... an2T
\amnT a2nT ... annT

By Lemma 1, det C —(det A)n(det T)n. Since det A —0, det T —0, we have det C —O0. It follows that
this systems has the solutions'for each 1 <i < n. Consequently, there exists a right inverse of p. Since
in groups the left and gightfinverses coincide, there exists an inverse of p. Hence p is an automorphism
of the algebra U(A). Theorem 3 is proved.
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O.M. >KaHrasuHoga, A.C. Haypa3bekosa

NH. Tymunes aTbiHiaesl Eypagus ynTThIl yHueepcumemi, AcTaHa, LiasaucTaH

Henmpk kebentwalcl 6ap, akwbshnbienwemal 3nHOoUN anrebpacbliHbIH,
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YHUBepCcafbl, opayLibl anreépachliHbIL, aBTOMOpPgU3Maepl

Courbl Xbingapbl 3uHona.anredpanapbiH (ayanab! JIeibHWL anrebpanapbiH) 3epTTeyre YKeH Kbi3biryLbl-
NblK, 6ap. AinTanbik A Ke3 kefireH K eplcLuen KypacTbipbiiraH 3vHOWN anrebpackl XaHe ei,e2,... ,em,...
A arebpachIHbIL, Chi3bUyTsl 6a3nch 2010 xbinbl A, Haypastekosa MpébHep-LLMPLLIOB Ga3ncTepLuLL, 3AKTepLL
KpngaHbin, Ayanrébpachibbild U(A) yHMBepcasigbl (My/IbTUM/IMKATVBT) OpayLubl anrebpachiHbIL, 6asuCLL
KypacTbipabl. Oebl HaTKELL NaviganaHbin, Henmk kedeimnlcl Gap ak,biprblenwemal 3vuHOMN anrebpachI-
HbIL, YHVBEpGan bl ©payLLbl anrebpachbIHbIL, aBBTOMOPCIM3MAEPL CUMNATTa/IraH.

Kbk cE3nep: 3vHOW (ayanabl JlelioHuL) anrebpachl, yH1Bepcanbl (MynbTUNIMKATVBT) OpayLubl anrebpa,
6a311C) aBTOMOPEIM3M, acpdomHaL aBBTOMOPCIM3M.
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Automorphisms of the universal enveloping

O.M. >XaHrasuHosa, A.C. Haypa3bekosa

EBpasuitcknil HaunoHanbHblii yHUBepcuTeT UMeHn JTLH. Tymunesa, AcTaHa, KasaxcTaH

ABTOMOPM3Mbl YHMBEPCANbHOMN 06epThIBatoLLEN anredpsbl
KOHeYHOMepHO anrebpbl 3MHOWUNA C HYNEBbIM YMHOXXEHUEM

B nocneaHuve rofbl HabMHoaaeTCes 60MbLLIONMA MHTEPEC K M3yYeHWHO anrebp 3MHOWNS (yanbHbIX anredp Jlelio-
H1U). MycTb A anrebpa 3MHOWA HaZ NPOV3BO/bHBIM MoseM K 1 NyCTb €i, €2, ... , em, ... JIMHeHbI 6a3unc
anredpel A B 2010 rogy A Haypa36ekosa, npumeHsa MeTogbl 6a3ucos IMpébHepa-LLnpLLoBa, nocTpowa
6a3uc YHVBEPCASIbHOW (My/IbTUMIMKATBHOM) 00epTbiBatoLLEi anrebpbl U(A) anrebpbl A VICRONL8yA AaH-
HbI pe3y/bTaT, OnmcaHbl aBBTOMOPAI3MbI YHUBEPCAIbHOM 06ePTbIBAOLLEI anrebpbl KOHEUHOMEPHOI arnred-
Pbl 3VHOWNA C HY/EBbIM YMHOXEHVEM.

Kntoueble cnoa: anredpa 3uHOWNA (SyanbHas anrebpa J1eibH1Lg), yHuBepcaibHas (MyIBTN/INKaTIBHas)
06epTbiBatoLLas anrebpa, 6asunc, aBTOMOPdIVaM, acpcpUHHbIA aBTOMOPCVI3M.
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