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Boundary control problem for the heat transfer equation associated
with heating process of a rod

In this paper, we consider a boundary control problem for a parabolic equation in a segment. In the part of
the domain’s bound it is a given value of the solution and it is required to find controls to get the average
value of the solution. The given control problem is reduced to a system of Volterra integral equations of
the first kind. By the mathematical-physics methods it is proved that like this control functions exist over
some domain, the necessary estimates were found and obtained.

Keywords: Heat conduction equation, system of integral equations, initial-boundary value problem, Laplace
transform.

1 Introduction and statement of the Problem

Consider the following heat exchange process along the domain Q = {(z,t) : 0 <z <1, ¢t > 0}:

% = i(k(z)g?;), (z,t) € Q, (1)
with boundary value conditions
w(0,8) = pa(t), wu(l,t) = pa(t), ¢>0, (2)
and an initial value condition
u(z,0) =0, 0<z<I (3)

Assume that the function k(z) € C*([0,1]) satisfies a condition
k(z) >0, 0<z<lI.

Let M; > 0 be some given constants. We say that the functions p;(t) are an admissible control if
this functions are differentiable on the half-line ¢ > 0 and satisfies the following constraints

pi(0) =0, |u;@)] < M, j=1,2.

Consider the following eigenvalue problem

d dvg ()
2R = 4
T <k(:c) In ) + Mevp(z) =0, O0<zx<lI, (4)
with boundary value conditions
ve(0) =vp()) =0, 0<z<I. (5)
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It is well-known that this problem is self-adjoint in Ly (£2) and there exists a sequence of eigenvalues

{A\x} so that
)\1§)\2§§>\k—>00, k — oo.

The corresponding eigenfunctions vy form a complete orthonormal system {vg(z)}ren in Lo(€2) and
these function belong to C(£2), where Q = Q U 99 (see, [1]).

Problem A. For the given functions 6;(t) Problem A consists in looking for the admissible controls
pj(t) such that the solution u(z,t) of initial-boundary value problem (1)-(3) exists and for all ¢ > 0
satisfies the equations

l
/vj(x) u(z,t)de =0;(t), j=1,2. (6)
0

We recall that the time-optimal control problem for partial differential equations of the parabolic
type was first investigated in [2] and [3]. More recent results concerned with this problem were
established in [4-13]. Detailed information on the optimal control problems for a distributed parameter
systems is given in [14] and in monographs [15,16] and [17].

General numerical optimization and optimal boundary control have been studied in a great number
of publications such as [18]. The practical approaches to optimal control of the heat equation are
described in publications like [19].

2 System of integral equations

Definition 1. By the solution of problem (1)—(3) we understand the function u(x,t) represented in
the form .

u(z,t) = p(t) F5lp2(t) = (O)] — viz, ), (7)
where the function v(x,t) € C’gg(Q) NC(), v, € C(Q) is the solution to the problem:

o= 5 (40 52 ) 065 15(0) — 0]+ 1 (1) = et

with the boundary value conditions

and the initial value condition

Set
l l l
ay = /Uk(l')dl', b :/g;vk(x)dx, ck = / b ga:) vg(x)dx. (8)
0 0 0
Consequently,
v(z,t) = ka(az)x
k=1
[ g i (5)+ b L) = i (9] + e ins) = pa(s)) s, )

0
where ag, by, and ¢ are defined by (8).
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From (7) and (9), we get the solution of the problem (1)—(3) (see, [1]):

u(@,t) = pm(t) + 7 7 [ua(t) Z'Uk:

x / e M) (g, 1 (5) + g b (5) — 1 (5)] + ek [ (s) — pa(s)]) ds.
0

We know that the eigenvalues Ay, of boundary value problem (4), (5) satisfies the following inequalities
M >0, k=1,2,...

Indeed, since

4 (k(x)dvgim)) + Apvp(x) =0, 0<x<l,

then we have

e = O/I(Z(k(x)d“;i > O/Ik; ) [vh(z)[2dz > 0. (10)

According to Jentsch’s theorem vy (z) > 0 (see; [20,21]). Then, from k(z) > 0 and the estimate
(10), we have
A1 > 0.

From condition (6) and the solution of the problem (1)—(3), we write

l
= / (m(t) + % [na(t) — m(ﬂ]) vj(@)de — a;jpi(t) — by [pa(t) — pa ()4
0
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+ [ (aj N —bj N +¢;) e M)y (s)ds + [ (b Aj — ¢;) e ) pg(s)ds. (11)
/ /
Note that
1
/ <u1(75) + % [n2(t) — Ml(ﬂ]) vj(z)dr = ajpi(t) + by [pa(t) — pa (1)), (12)
0

where a; and b; are defined by (8).
As a result, from (11) and (12), we obtain

t
= /(aj )\j — bj )\j + Cj) e_Aj(t_s) ,ul(s)ds—i-
0

t
+/ (bjAj —cj)e A=) 11 (s)ds.
0

Let
Byj(t) = aje™™',  Byj(t) = Bie M =12, (13)

where
aj:aj/\j—bj)\j—l—cj, ﬁj:bj)\j—cj. (14)

Then we get a system of the main integral equations
¢ ¢
/Blj(t — s) p1(s)ds +/ng(t —5) po(s)ds = 0;(t), t>0, j=1,2. (15)
0 0

Denote by W (M) the set of functions § € WZ(—o0,+00), 6(t) = 0 for ¢t < 0 which satisfy the
condition

10llwz(r,) < Mo.

Theorem 1. There exists My > 0 such that for any functions 6; € W (M) the solution p;(t) of
system (15) exists and satisfies conditions

()] < My, j=1,2.
8 Proof of the Theorem 1

To solve system (15), we use the Laplace transform method. We introduce the notation

B = [P ustyd p=atic a>o
0

Then, we use the Laplace transform

00 t 00 t
5](17) = /e_pt dt/Blj(t—s)ul(s)ds+/e_pt dt/ng(t—s),u,g(s)ds =
0 0 0 0
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= Buj(p) fia(p) + Ba;(p) iz (p)- (16)
According to (13), we get

- s
Byr) = [ Buy(ede = S0 am)
s j
and -
E . — Bo.: —ptd _ Bj L
2j(p) = 2j(t)e” P dt = st T 1,2, (18)
Y
0
where «;j, 3; are defined by (14).
Assume that the «;, 8; (j = 1,2) satisfies the following condition
a1 B2 —az b1 # 0.
Consequently, from system (16) and (17), (18), we can obtain
~ Bi(Ma+p) ~ B2 (A1 +p) >
= ——"0 - ———=01(p), 19
in(p) az 1 — a1 B2 2(p) a1 =1 Pa 1) (19)
e (o +1) G k)
~ a1 (A2 +p) > oz (A1 +p) ~
= ——"0 ————01(p). 20
ria(p) a1 B2 —az B 2(p) ai B2 —az b1 1(p) (20)
Then, when a — 0 from (19) and (20), we obtain the following equalities
LT Be i) B2 (M + i)
1 (A2 T2 ~ 2 (A1 T 1 ~ . i
t)=— L LS gy (i) — S22 0, (i€) ) et 21
() 27 / <a251—a1ﬂ2 2(i¢) ag B —aq Bo 1(5)) $ (21)
and N
1 ai (A2 +i) ~ az (M +i6) ~ > et
t) = — ————05(1) — ———=—01(¢ etde. 22
ualt) 27T/<0415204251 2(#) a1 B2 —az b1 1) . (22)

Lemma 1. Let 6(t) € W(My). Then for the image of the function 6(t) the following inequality

+00
| 1BVt < C oz,

is valid.
Proof. We calculate the Laplace transform of a function () as follows

(e}

é’ . —(a+i§)t9 d 0 ei(a+i£)t e 1 i —(a+i€)t 0/ d
(CL+Z£)—/€ (t) t__(t)aﬁ—lfto—i_a—f—lf/e (t) t,
0 0
then we get
(a+i8) 8+ i€) / e~ (@O g1 (1) gt
0
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and for a — 0 we have
o0

i€ 0(i€) = / e €LY (t) dt.
0
Also, we can write the following equality

(i€)%6(i¢) = [ e 10" (t) dt.
/

Then we have
/ 0GE)? (1 + €)2dE < Cu |61z n, -

Consequently, according to (23) we get the following estimate

2
/\ezs ¢1+§2d£—/'9’5 Chi 9

V1+e2

+oo~ , - 1/2 +00 1 1/2
<( [worarera) ([ rme) <l

—00
Lemma 1 is proved.
Proof of Theorem 1. Note that

N il =N+ < (14 ))) VI+E

According to (21), (22) and Lemma 1, we obtain the estimates

1 +oo
I ()] < on /
T

A + i€] |02 (i€) |de+

1
a261—04152‘

+1
2

—00

azgl‘ A + €] 81 (i€) | dé <

1“2 /\/1+§2|9ﬂgydg+ “1 /\/1+g2yel i€)|de <

C1C (14 X2) CoC (14 \)
< OO o sy + 2EE oy <
< C1C(1+ A2) Mo + CoC(1+ A1) Mo = M,
27 27

and

1
(o) < 5 |
T

Ao + €| |02 (i€) | de+

Q1 ‘
a1 B2 —ag B
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“+oo
1
+—

o [ i€ 61 (i€)]de <

a9 ‘
a1 BQ — 61
—00

1+)\2 /m|92’5§|df+ +)\1 /m’9125|d£<

C3C (1+ A2) CiC(1+ \p)
S 102]lwz(r,) + B — 101 wzr,) <

< C3C (14 Ao) MO+C4C'(1+)\1)

My = M.
2 2 0 2

Theorem 1 is proved.
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®.H. /IexxoHos

Hamarzan memaekemmir ynusepcumems, Hamanzan, O36excman

ChIPBIKTHI KBI3JILIPY ITPOIleCiHe 0aiiiIaHbICThI XKbLIY/IbI 06Ty
TeH/IeyiHiH IMeKapaJbIK, MOHIH 0aKbljiay ecebi

Maxkasiaza mapabosaibiK TEHIEY VIIiH IeKapabIk OakbLIay ecebl KapacThIpbLIFaH. TeMmepaTypaHblH, MOHI
OepiireH ayMaKThIH IEKAPAJIBIK OOJTiTiH/Ie OepLITeH KoHE TEMIIEPATYPAHbBIH OPTAIa MOHIH aJTy YIIIiH OacKa-
py 37emenTTepin Taby Kaxker. Bepinren 6ackapy ecebi 6ipinmii TunTi Bosbreppa mHTErpasiblK TeHIEYIep
XKyiiecine keaTipiigi. MaremMaTukaHbIH (DU3UKAJBIK O/IICTEPIH KOJJIAHyY apKbLIbI H6eriii Oip cajiaga ykcac
backapy GyHKIUSIAPBIHBIHE 6ap €eKEHIIr JOJIEIIEeH/ Il KOHe KAYKETTI Oaraiap aJIbIH/IbL.

Kiam cesdep: XKblryaamacy TeHJEYi, HHTErPAIIbIK TeHIEyIep XKylieci, bacTanmkpI-1reKapasbIk, ecerr, Jlamrac
aJIMACTBIPY.

@ .H. Jlexxonon

Hamanzancxuti 2ocydapcmeennoili ynusepcumem, Hamanean, Y3bexucman

Ba,uaqa 'paHYvIHOIo yIIpaBJI€eHUA OJId YpPaBHEHHNA TeEllJIOIIepeHocCca,

CBA3aHHOTI'O C IIPOIeCCOM HarpesBa CTep2KHA

B crarbe paccmorpena 3ajiaua rpaHUYHOrO yIpaBJIEHUs JJIsl TAPAOOJUIECKOr0 ypaBHEHUsI Ha OTpe3ke. B
9aCTh TPAHUIBI JAHHON 00JIACTU 3a/]aHO 3HAYEHWE PEIIeHUs], U TpeOyeTcst HallTh yIpaBjeHue, YTOObI 0-
JIy9UTBb CpejHee 3HaUYeHUe pelnenus. /lanHas 3amada ynpaB/eHus CBEJIEHa K CHCTEME MHTErPAJIbHBIX YPaB-
nenuit Bosbreppa nepsoro poga. MeroamMu MmareMaTndecKoil (DU3NKK JIOKA3AHO, 9TO MMOI00HBIE (DYHKINN
YIPaBJIEHUs] CYIIECTBYIOT B HEKOTOPOI 00JIaCTH, HAMIEHBI U TOJIyYeHbI HEOOXOIUMbIE OIEHKH.

Kmouesvie caosa: ypaBHEHHE TEILIOMPOBOIHOCTH, CUCTEMAa MHTETPAIBHBIX YPABHEHUN, HAYATHLHO-KPAaeBast
3a7a4a, npeobpaszoBanue Jlammaca.
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