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Abstract—For polynomials in the Price system, we establish an inequality of different metrics
in the Lorentz spaces. Applying this inequality, we prove a Hardy–Littlewood theorem for the
Fourier–Price series with GM sequences of coefficients in the two-parameter Lorentz spaces
and in the Nikol’skii–Besov spaces with a Price basis. We also study the behavior of the best
approximations of functions by Price polynomials in the metric of the Lorentz space.

DOI: 10.1134/S0081543816040064

1. INTRODUCTION

The Hardy–Littlewood theorem for trigonometric series with monotone Fourier coefficients in
the Lebesgue spaces Lp[0, 2π), 1 < p < +∞ (see [31]), has played an essential role in function
theory. The sharpness of various statements has been proved and extreme functions of function
classes have been constructed on the basis of this theorem.

The theorem has been developed in several directions. First, in the space Lp[0, 2π), 1 < p < +∞,
the condition of monotonicity of the sequence of trigonometric coefficients has been relaxed in various
ways; namely, in [12], the sufficient condition of the Hardy–Littlewood theorem was established for
trigonometric series with quasimonotone coefficients; in [15], the sufficient condition was established
for trigonometric Fourier series with coefficients in the RBVS classes. In 2007, Tikhonov [27,
Theorem 4.2] reproved the Hardy–Littlewood theorem with a new, weaker, monotonicity condition
imposed on the coefficients of trigonometric series. Tikhonov showed that his class of sequences
contains both monotone and quasimonotone sequences as well as RBVS sequences of coefficients.
Moreover, it should be noted that D’yachenko in [5] also proved the Hardy–Littlewood theorem for
a wide monotonicity class of Fourier coefficients.

Second, in [16], Nursultanov extended the Hardy–Littlewood theorem to multiple trigonometric
series under the condition of generalized monotonicity defined by him; however, the assertion of
the Hardy–Littlewood theorem remained valid only for 2 ≤ p < +∞. For 1 < p < 2, D’yachenko
constructed an example of a function f0 such that all hypotheses of Nursultanov’s theorem for the
sequence { ̂f0(k1, . . . , kn)} are satisfied but f0 ∈ Lp[0, 2π)

n.
Third, the Hardy–Littlewood theorem has been extended to more general spaces than the space

Lp[0, 2π), 1 < p < +∞. For example, in [20], Sagher established the Hardy–Littlewood theorem for
trigonometric series in the two-parameter Lorentz space under the ordinary monotonicity condition.
In [14, Ch. II, Theorem 9.3], the Hardy–Littlewood theorem was proved for a cosine series in
symmetric spaces under the condition that the sequence of coefficients is monotone.
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78 A.U. BIMENDINA, E.S. SMAILOV

Here we should also mention the papers [21, 18, 19, 9, 10, 6].
Fourth, the Hardy–Littlewood theorem has been established for series in other orthonormal

systems different from the trigonometric ones, namely, for Walsh and Haar series as well as for series
in multiplicative systems. For example, in [28] Timan and Tukhliev proved the Hardy–Littlewood
theorem for the Price series in the space Lq[0, 1), 1 < q < +∞, under the condition that the
coefficients are monotone and the generating sequence is bounded. G. Akishev proved the Hardy–
Littlewood theorem in Lp[0, 1), 1 < p < +∞, for the Price series with quasimonotone coefficients
without requiring the boundedness of the generating number sequence of the Price system (see [3,
Theorem 10.1]). In [22], this theorem was established in the Lorentz space without requiring the
boundedness of the generating sequence of the Price system.

Here we also mention another paper by Nursultanov [17], where he established the Hardy–
Littlewood theorem for multiple Fourier series in regular systems introduced by him for 1 < p < 2
under the condition of generalized monotonicity of the function and for 2 < p < +∞ under the
condition of generalized monotonicity of the table of Fourier coefficients.

In the present paper, we obtain the Hardy–Littlewood theorem for Fourier–Price series with GM
sequences (see [27]) of coefficients in the two-parameter Lorentz space and analyze the behavior of the
best approximations of functions in the metric of the Lorentz space by means of Price polynomials.

In [13], Konyushkov presented two-sided estimates for the best trigonometric approximations of
functions in the metric of the space Lp[0, 2π), 1 < p < +∞, in terms of Fourier coefficients under the
condition of their monotonicity. In 1982, in the above-mentioned paper [12], Kokilashvili published
similar estimates for the best trigonometric approximations in the metric of the space Lp[0, 2π),
1 < p < +∞, in terms of quasimonotone trigonometric Fourier coefficients. Leindler [15] established
an upper estimate for the best trigonometric approximations in the metric of the space Lp[0, 2π),
1 < p < +∞, for RBVS sequences of coefficients. In [26], the best trigonometric approximations
in the metric of the Lorentz space were estimated both from below and from above in terms of
trigonometric Fourier coefficients under the condition of quasimonotonicity of the latter.

In [1], Agafonova presented an upper estimate for the best approximation of functions in the
metric of the space Lp[0, 1), 1 < p < +∞, by Price polynomials in terms of Fourier–Price coefficients
under the conditions that the generating sequence of the Price system is bounded and the Fourier–
Price coefficients belong to the class RBVS or Aτ , τ ∈ R. Here {ak}+∞

k=1 ∈ Aτ for τ > 0 means that
{akk−τ}+∞

k=1 decreases and limk→+∞ ak = 0, while for τ < 0 it means that {akk|τ |}+∞
k=1 increases and

limk→+∞ ak = 0.
In [23], two-sided estimates for the best approximations in the metric of the Lorentz space by

Price polynomials are obtained without constraints on the generating sequence of the Price system
but under the condition that the sequence of coefficients of the Price series is quasimonotone.

In this paper, we present similar results but under a weaker condition imposed on the sequence
of coefficients, namely, under the condition that the sequence of coefficients belongs to the class GM
defined in [27].

2. DEFINITIONS AND AUXILIARY STATEMENTS

Let p̄ = {p1, p2, . . .} be an arbitrary sequence of positive integers with pk ≥ 2, k ≥ 1. The
sequence {pk} defines a set G of integer sequences x̃ = {x1, x2, . . . , xk, . . .} with 0 ≤ xk ≤ pk − 1.
Set m0 = 1 and mn =

∏n
k=1 pk. To each element x̃ = {xk}+∞

k=1 ∈ G, we assign a real number

x = λ(x̃) =
+∞
∑

k=1

xk
mk

, 0 ≤ xk ≤ pk − 1, (2.1)

which lies in the interval [0, 1].
The set G is a group [3, 7].
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FOURIER–PRICE COEFFICIENTS OF CLASS GM 79

Any positive integer n can be uniquely represented as

n =
l
∑

k=0

nkmk,

where nk are integers such that 0 ≤ nk ≤ pk+1 − 1, k ∈ Z
+.

Equality (2.1) defines a mapping from the group G to the interval. This mapping is one-to-one
at all points of the interval [0, 1] except points of the form l/mk, 0 ≤ l ≤ mk − 1, k ∈ N. We will
refer to points of the form l/mk as pk-rational points and to the other points as pk-irrational points
of the interval [0, 1]. To points of the form l/mk, there correspond two types of expansions (2.1).
One of them is finite, with xk = 0 for all k > n, and the other is infinite, with xk = pk − 1 for
all k > n.

If x is not pk-rational, then the expansion (2.1) is a unique representation of x. If pk-rational
points are counted twice, then the mapping of the group G to the interval [0, 1] by means of the
representation (2.1) is one-to-one.

The interval [0, 1) with pk-rational points counted twice is called the modified interval [0, 1);
everywhere below, [0, 1) stands for the modified interval [0, 1).

Now, we define a multiplicative Price system Φ = {ϕk(x)}+∞
k=0 on the interval [0, 1) (see [3, 7]).

Set ϕ0(x) ≡ 1, x ∈ [0, 1), and

ϕmk
(x) = exp

{

2πixk+1

pk+1

}

, k ∈ Z
+,

where xk are the numbers from the expansion (2.1) of the point x. For integers n ≥ 1, set

ϕn(x) =
r
∏

k=0

[

ϕmk
(x)
]nk , x ∈ [0, 1).

The multiplicative Price system thus defined is orthonormal (see [7, 3]).
The Fourier–Price series of a function f ∈ L1[0, 1) is the Price series

∑+∞
ν=0 aνϕν(x) whose

coefficients are defined by the equality

aν =

1
∫

0

f(t)ϕν(t) dt, ν ∈ Z
+.

Definition 2.1 [25]. Let f(x) be a nonnegative function defined on [0, 1) that is measurable
and finite almost everywhere on [0, 1). Set

Lt = {x ∈ [0, 1): f(x) > t}.

The function μf (t) whose value at t is equal to the Lebesgue measure μ(Lt) of the set Lt is called
the distribution of the function f(x). The function μf (t) is right continuous and does not increase
on (0,+∞).

Definition 2.2 [25]. Let f(x) be defined and Lebesgue measurable on [0, 1). The function

f∗(τ) = inf
{

t ∈ (0,+∞) : μ|f |(t) ≤ τ
}

, τ ∈ [0,+∞),

is called the nonincreasing rearrangement of the function |f(x)|.
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80 A.U. BIMENDINA, E.S. SMAILOV

Definition 2.3. [25] Let f(x) be a Lebesgue measurable function on [0, 1), 1 ≤ p < +∞, and
1 ≤ θ < +∞. We say that f(x) belongs to the Lorentz space Lpθ[0, 1) if

‖f‖pθ =

⎧

⎨

⎩

1
∫

0

t
θ
p
−1

(f∗(t))θ dt

⎫

⎬

⎭

1
θ

< +∞.

For θ = p, by definition, Lpp[0, 1) = Lp[0, 1) and ‖f‖pp := ‖f‖p.
For short, a linear aggregate of the Price system

Tn(x) =
n−1
∑

k=0

akϕk(x)

will be called a Price polynomial of degree n. Let f ∈ Lpθ[0, 1), 1 ≤ p < +∞, and 1 ≤ θ < +∞.
The quantity

En(f)pθ = inf
{

‖f − Tl‖pθ : {Tl(x)}, l ≤ n
}

is called the best approximation of a function f in the metric of the Lorentz space Lpθ[0, 1) by Price
polynomials of degree at most n.

Denote by M the class of nonnegative number sequences that decrease monotonically to zero.
By QM (see [27]), denote the class of quasimonotone number sequences, i.e.,

QM =
{

an ∈ R : lim
n→+∞

an = 0 and ∃ τ ≥ 0:
an
nτ

↓ 0
}

.

Definition 2.4 [27]. We say that a sequence of complex numbers a = {ak}+∞
k=1 belongs to the

set GM if the inequality
2n−1
∑

ν=n

|aν − aν+1| ≤ C|an| ∀n ∈ N

holds with a constant C > 0 independent of n.
According to [27], the set GM contains monotone and quasimonotone number sequences.
Below we will need the following property of number sequences that belong to GM:

a ∈ GM ⇒ |ak| ≤ C|an| ∀ k, n ∈ N, n ≤ k ≤ 2n. (2.2)

Here C > 0 is independent of both n and k.
Lemma 2.1 [23]. Let 1 < p < q < +∞, 1 < τ < +∞, and 1 < θ < +∞, and let Φ2l(x) =

∑2l−1
ν=0 aνϕν(x) be Price polynomials. Then, for l > k, one has

‖Φ2l − Φ2k‖qτ ≤ cpqθτ

{

l−1
∑

s=k

2
sτ

(
1
p
− 1

q

)
‖Φ2s+1 − Φ2s‖τpθ

}1
τ

.

Here the coefficient cpqθτ > 0 depends only on the indicated parameters.
Theorem 2.1 [22]. Let 1 < p < +∞, 1 < θ < +∞, and a = {aν}+∞

ν=0 ∈ QM. The numbers aν
are the Fourier–Price coefficients of some function f ∈ Lpθ[0, 1) if and only if the series

+∞
∑

ν=1

ν
θ
(
1− 1

p

)
−1

aθν
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FOURIER–PRICE COEFFICIENTS OF CLASS GM 81

converges. In this case, the following inequality holds:

c′pθ

{

aθ0 +

+∞
∑

ν=1

ν
θ
(
1− 1

p

)
−1

aθν

}1
θ

≤ ‖f‖pθ ≤ cpθ

{

aθ0 +

+∞
∑

ν=1

ν
θ
(
1− 1

p

)
−1

aθν

}1
θ

.

Here the coefficients cpθ, c
′
pθ > 0 depend only on the indicated parameters.

Definition 2.5 [16]. A sequence of positive numbers {ak}k∈Zn is said to be generalized mono-
tone in Z

n if for any m ∈ Z
n we have

|am| ≤ C
1

|Qm|

∣

∣

∣

∣

∣

∑

k∈Qm

ak

∣

∣

∣

∣

∣

, Qm =
{

k ∈ Z
n : 0 ≤ kj sgnmj ≤ |m|

}

.

The condition of generalized monotonicity is weaker than monotonicity and quasimonotonicity.
Theorem 2.2 [16, Corollary 5]. Let 2 ≤ p < +∞ and f ∼

∑

k∈Zn
̂f(k)eikx, where { ̂f(k)}k∈Zn

is generalized monotone in Z
n. Then f ∈ Lp if and only if

+∞
∑

k1=1

. . .
+∞
∑

kn=1

kp−2
1 . . . kp−2

n

∣

∣ ̂f(k1, . . . , kn)
∣

∣

p
< +∞.

Lemma 2.2 [25]. Let f(x) and g(x) be nonnegative functions defined in Ω ⊂ R. If
f · g ∈ L1(Ω), then the following inequality holds:

∫

Ω

f(x)g(x) dx ≤
μ(Ω)
∫

0

f∗(t)g∗(t) dt.

Lemma 2.3. Let 1 < p < +∞, 1 < θ < +∞, and Sn(f ;x) be the partial Fourier–Price sum
of a function f ∈ Lpθ[0, 1). Then

‖Sn(f)‖pθ ≤ cpθ‖f‖pθ ∀f ∈ Lpθ[0, 1).

Here the coefficient cpθ > 0 depends only on the indicated parameters.
Proof. In [30], Yong showed that for 1 < p < +∞ the partial sums of the Fourier–Price series

satisfy the inequality

‖Sn(f)‖p ≤ cp‖f‖p ∀f ∈ Lp[0, 1), ∀n ∈ N.

Using this assertion and the Marcinkiewicz interpolation theorem [2], we can verify that the operator
of partial Fourier–Price sum is bounded in the Lorentz spaces Lpθ[0, 1), 1 < p < +∞, 1 < θ < +∞,
as well. �

Lemma 2.4 [4]. Let k and l be positive integers, k > l, and Dk,l(x) =
∑k−1

ν=l ϕν(x) be the
difference of Dirichlet kernels. Then the inequality

‖Dk,l‖p ≤ cp(k − l)
1− 1

p

holds for 1 < p < +∞ with a constant cp depending only on p.
Theorem 2.3. Let numbers p and θ be such that 1 < p < +∞ and 1 ≤ θ ≤ +∞. Then the

following inequality holds for linear aggregates of multiplicative Price systems :

max
t∈[0,1)

|Tn(t)| ≤ cpn
1
p ‖Tn‖pθ. (2.3)
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Proof. For a function f ∈ Lp[0, 1), 1 < p < +∞, we have the integral representation

Sn(f ;x) =

1
∫

0

f(x)Dn(y
.− x) dy,

where Dn(x) is the Dirichlet kernel of the Fourier–Price series. Here .− denotes the group operation
defined by the Price system. Applying Hölder’s inequality for 1

p + 1
p′ = 1 and Lemma 2.4, we obtain

|Sn(f ;x)| ≤
1
∫

0

|f(x)| · |Dn(y
.− x)| dy ≤

⎧

⎨

⎩

1
∫

0

|f(x)|p dy

⎫

⎬

⎭

1
p
⎧

⎨

⎩

1
∫

0

|Dn(y
.− x)|p′ dy

⎫

⎬

⎭

1
p′

= ‖f‖p‖Dn‖p′ ≤ cpn
1
p ‖f‖p ∀x ∈ [0, 1).

Here the constant cp > 0 depends only on p.
Let p0 �= p1, 1 ≤ pi < +∞, i = 0, 1, and

‖Sn(f)‖∞ ≤ cp0 n
1
p0 ‖f‖p0 ∀f ∈ Lp0 [0, 1),

‖Sn(f)‖∞ ≤ cp1 n
1
p1 ‖f‖p1 ∀f ∈ Lp1 [0, 1),

i.e.,

‖Sn‖p0→∞ ≤ cp0 n
1
p0 = M0 and ‖Sn‖p1→∞ ≤ cp1 n

1
p1 = M1.

Then, by the Marcinkiewicz interpolation theorem (see [2, Theorem 5.3.2]), we have

‖Sn(f)‖pθ→∞ ≤ M1−α
0 Mα

1 = c1−α
p0 cαp1

(

n
1
p0

)1−α(
n

1
p1

)α
= Bp0p1αn

1
p ,

where 1
p = 1−α

p0
+ α

p1
, 0 < α < 1, and 1 ≤ θ ≤ +∞.

Thus, the inequality

‖Sn(f)‖∞ ≤ Bp0p1αn
1
p ‖f‖pθ

holds for all f ∈ Lpθ[0, 1), 1 < p < +∞, 1 ≤ θ ≤ +∞.
Setting f(x) = Tn(x), in view of the orthonormality of the Price system, we obtain

‖Tn‖∞ = ‖Sn(Tn)‖∞ ≤ Bpαn
1
p ‖Tn‖pθ.

Hence,

max
x∈[0,1)

|Tn(x)| ≤ cpn
1
p ‖Tn‖pθ, 1 < p < +∞, 1 ≤ θ ≤ +∞. �

Theorem 2.4. Let numbers p, q, θ, and τ be such that 1 < p < q ≤ +∞, 1 ≤ θ, and τ ≤ +∞.
Then the following inequality holds for linear aggregates Tn(x) =

∑n−1
k=0 akϕk(x) of the multiplicative

Price system:

‖Tn‖qτ ≤ cpqτ n
1
p
− 1

q ‖Tn‖pθ,

where the constant cpqτ > 0 depends only on the indicated parameters.
Proof. For q = +∞ and τ = +∞, the claim follows from Theorem 2.3. Now, let 1 < q < +∞

and 1 ≤ τ < +∞. Then

‖Tn‖τqτ =
τ

q

1
∫

0

t
τ
q
−1

(T ∗
n(t))

τ dt =
τ

q

1/n
∫

0

t
τ
q
−1

(T ∗
n(t))

τ dt+
τ

q

1
∫

1/n

t
τ
q
−1

(T ∗
n(t))

τ dt = I1 + I2.
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The integrals I1 and I2 will be considered separately. Applying Theorem 2.3, we obtain

I1 ≤
(

max
x∈[0,1)

|Tn(x)|
)τ τ

q

1/n
∫

0

t
τ
q
−1

dt ≤ n
τ
(
1
p
− 1

q

)
‖Tn‖τpθ.

Since T ∗
n(t) does not increase on [0, 1), for 1 < p, θ < +∞ and t ∈ [0, 1) we have

t
1
p T ∗

n(t) = T ∗
n(t)

⎧

⎨

⎩

θ

p

t
∫

0

u
θ
p
−1

du

⎫

⎬

⎭

1
θ

≤

⎧

⎨

⎩

θ

p

t
∫

0

u
θ
p
−1

(T ∗
n(u))

θ du

⎫

⎬

⎭

1
θ

≤

⎧

⎨

⎩

θ

p

1
∫

0

u
θ
p
−1

(T ∗
n(u))

θ du

⎫

⎬

⎭

1
θ

= ‖Tn‖pθ.

Hence, for 1 < p < +∞ and 1 ≤ θ ≤ +∞,

sup
t∈[0,1)

t
1
p T ∗

n(t) ≤ ‖Tn‖pθ.

Under the conditions 1 < p < q < +∞, 1 ≤ θ ≤ +∞, and 1 ≤ τ < +∞, we obtain

I2 =
τ

q

1
∫

1/n

t
τ
q
− τ

p
−1(

t
1
p T ∗

n(t)
)τ

dt ≤
(

sup
t∈[0,1)

t
1
p T ∗

n(t)

)τ τ

q

1
∫

1/n

t
τ
q
− τ

p
−1

dt ≤ cpqτ n
τ
(
1
p
− 1

q

)
‖Tn‖τpθ.

Then
‖Tn‖τqτ ≤ nτ

(
1
p
− 1

q

)
‖Tn‖τpθ + cpqτ n

τ
(
1
p
− 1

q

)
‖Tn‖τpθ ≤ (1 + cpqτ )n

τ
(
1
p
− 1

q

)
‖Tn‖τpθ,

where 1 < p < q < +∞, 1 ≤ θ ≤ +∞, and 1 ≤ τ < +∞.
Now, let τ = +∞ and 1 < q < +∞. Then, for t ∈ [0, 1) we have

t
1
q T ∗

n(t) = T ∗
n(t)

⎧

⎨

⎩

θ

q

t
∫

0

u
θ
q
−1 du

⎫

⎬

⎭

1
θ

≤

⎧

⎨

⎩

θ

q

t
∫

0

u
θ
q
−1(T ∗

n(u))
θ du

⎫

⎬

⎭

1
θ

≤

⎧

⎨

⎩

θ

q

1
∫

0

u
θ
q
−1(T ∗

n(u))
θ du

⎫

⎬

⎭

1
θ

≤

⎧

⎨

⎩

θ

q

1/n
∫

0

u
θ
q
−1

(T ∗
n(u))

θ du

⎫

⎬

⎭

1
θ

+

⎧

⎨

⎩

θ

q

1
∫

1/n

u
θ
q
−1

(T ∗
n(u))

θ du

⎫

⎬

⎭

1
θ

= U1 + U2.

By Theorem 2.3,

U1 ≤ max
x∈[0,1)

|Tn(x)|

⎧

⎨

⎩

θ

q

1/n
∫

0

u
θ
q
−1

du

⎫

⎬

⎭

1
θ

≤ n
1
p
− 1

q ‖Tn‖pθ.

For the same reasons,

U2 ≤ sup
t∈[0,1)

t
1
p T ∗

n(t)

⎧

⎨

⎩

θ

q

1
∫

1/n

u
θ
q
− θ

p
−1 du

⎫

⎬

⎭

1
θ

≤ cpqθn
1
p
− 1

q ‖Tn‖pθ.

Thus,

‖Tn‖q,+∞ = sup
t∈[0,1)

t
1
q T ∗

n(t) ≤ U1 + U2 ≤ c′pqθn
1
p
− 1

q ‖Tn‖pθ. �
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Lemma 2.5. Let Dn(x) be the Dirichlet kernel of the Price system and let 1 < p < +∞
and 1 ≤ θ ≤ +∞. Then

‖Dn‖pθ ≤ cpθn
1− 1

p

for all n ∈ N, where the constant cpθ > 0 depends only on the indicated parameters.
Proof. Let 2 < p < +∞ and 1 ≤ θ ≤ +∞. Then, by Theorem 2.4 and Parseval’s identity,

we have
∥

∥

∥

∥

∥

n−1
∑

k=0

ϕk

∥

∥

∥

∥

∥

pθ

≤ cpθn
1
2
− 1

p

∥

∥

∥

∥

∥

n−1
∑

k=0

ϕk

∥

∥

∥

∥

∥

2

≤ cpθn
1
2
− 1

p n
1
2 = cpθn

1− 1
p .

If 1 < r < p ≤ 2 and 1 ≤ θ ≤ +∞, then, in exactly the same way, applying Theorem 2.4 and
Lemma 2.4, we establish

∥

∥

∥

∥

∥

n−1
∑

k=0

ϕk

∥

∥

∥

∥

∥

pθ

≤ cpθrn
1
r
− 1

p

∥

∥

∥

∥

∥

n−1
∑

k=0

ϕk

∥

∥

∥

∥

∥

r

≤ cpθrn
1
r
− 1

p n1− 1
r = cpθrn

1− 1
p . �

Lemma 2.6. Let 1 < p < +∞, 1 < θ < +∞, f ∈ Lpθ[0, 1), and
∑+∞

k=0 akϕk(x) be its Fourier–
Price series. Then

∣

∣

∣

∣

∣

2n−1
∑

k=n

ak

∣

∣

∣

∣

∣

≤ cpθn
1
p En(f)pθ

for all n ∈ N. Here the coefficient cpθ > 0 depends only on the indicated parameters.
Proof. The proof is standard. Let Tn(x) =

∑n−1
k=0 akϕk(x) be the polynomial of best approx-

imation of the function f ∈ Lpθ[0, 1) with respect to the Price system. Since the Price system is
orthonormal, we have

2n−1
∑

k=n

ak =
2n−1
∑

k=n

1
∫

0

f(t)ϕk(t) dt =

1
∫

0

(f(t)−Tn(t))
2n−1
∑

k=n

ϕk(t) dt =

1
∫

0

(f(t)−Tn(t))(D2n(t)−Dn(t)) dt,

where Dn(x) =
∑n−1

k=0 ϕk(t) is the Dirichlet kernel of the Price system. Applying Hölder’s inequality
and Lemma 2.5, we then immediately obtain

∣

∣

∣

∣

∣

2n−1
∑

k=n

ak

∣

∣

∣

∣

∣

≤ ‖f − Tn‖pθ
(

‖D2n‖p′θ′ + ‖Dn‖p′θ′
)

≤ cpθn
1
p En(f)pθ. �

Lemma 2.7 [11]. Let γ < 1, β > 1, and bk ≥ 0. Then

+∞
∑

k=1

k−γ

(

+∞
∑

ν=k

bν

)β

≤ cγβ

+∞
∑

k=1

k−γ(kbk)
β .

Lemma 2.8 [8]. Let r > 0 and a sequence {bl}+∞
l=0 be such that b0 = 1 and bl+1/bl ≥ α > 1.

Then the following inequality is valid for any numbers q > 0 and {ak}+∞
k=0, ak ≥ 0:

+∞
∑

l=0

brl

(

+∞
∑

k=l

ak

)q

≤ crq

+∞
∑

l=0

brl a
q
l .

Here the coefficient crq > 0 depends only on the indicated parameters.
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Definition 2.6. Let 1 ≤ p ≤ +∞, 1 ≤ θ ≤ +∞, and r > 0. A function f ∈ Br
pθ(ϕ; [0, 1)) is

said to belong to the Nikol’skii–Besov space with the Price basis if f ∈ Lp[0, 1) and the following
quantity is finite:

∣

∣f ;Br
pθ(ϕ; [0, 1))

∣

∣ = ‖f‖p +
{

+∞
∑

k=0

2kθrEθ
2k(f)p

}1
θ

if 1 ≤ θ < +∞,

∣

∣f ;Br
p∞(ϕ; [0, 1))

∣

∣ = ‖f‖p + sup
{

2krE2k(f)p : k ∈ Z
+
}

if θ = +∞.

Here E2k(f)p is the best approximation of the function f ∈ Lp[0, 1) by the Price polynomials
(see [24]).

3. BEST APPROXIMATIONS OF FUNCTIONS f ∈ Lpθ[0, 1)
WITH GM FOURIER COEFFICIENTS

Theorem 3.1. Let 1 < p < +∞, 1 < θ < +∞, and ā = {aν}+∞
ν=0 ∈ GM be a positive sequence.

Then ā is the sequence of Fourier–Price coefficients of some function f ∈ Lpθ[0, 1) if and only if
the series

+∞
∑

ν=1

ν
θ
(
1− 1

p

)
−1

aθν

converges. In this case, the inequality

c′pθ

{

aθ0 +

+∞
∑

ν=1

ν
θ
(
1− 1

p

)
−1

aθν

}1
θ

≤ ‖f‖pθ ≤ cpθ

{

aθ0 +

+∞
∑

ν=1

ν
θ
(
1− 1

p

)
−1

aθν

}1
θ

holds. Here the coefficients cpθ, c
′
pθ > 0 depend only on the indicated parameters.

Proof. Sufficiency. Using the sequence ā, we construct a Price series
∑+∞

ν=0 aνϕν(x), and let
S2k =

∑2k−1
ν=0 aνϕν be its partial sum. Take a number q, 1 < q < p < +∞. Then, by Lemma 2.1,

we have

‖S2l − S2k‖pθ ≤ cpqθ

{

l−1
∑

n=k

2
nθ

(
1
q
− 1

p

)
∥

∥

∥

∥

∥

2n+1−1
∑

ν=2n

aνϕν

∥

∥

∥

∥

∥

θ

qθ

}1
θ

. (3.1)

Applying Abel’s transformation and Lemma 2.5, we obtain
∥

∥

∥

∥

∥

2n+1−1
∑

ν=2n

aνϕν

∥

∥

∥

∥

∥

qθ

≤
2n+1−2
∑

ν=2n

|aν − aν+1|
∥

∥

∥

∥

∥

ν
∑

s=0

ϕs

∥

∥

∥

∥

∥

qθ

+ a2n+1−1

∥

∥

∥

∥

∥

2n+1−1
∑

s=0

ϕs

∥

∥

∥

∥

∥

qθ

+ a2n

∥

∥

∥

∥

∥

2n−1
∑

s=0

ϕs

∥

∥

∥

∥

∥

qθ

≤ cqθ

{

2n+1−1
∑

ν=2n

|aν − aν+1|+ a2n+1−1 + a2n

}

· 2n
(
1− 1

q

)
.

Since a ∈ GM, we have
∑2n+1−1

ν=2n |aν − aν+1| ≤ ca2n for all n ∈ N according to property (2.2) of
the sequences in GM. Hence,

∥

∥

∥

∥

∥

2n+1−1
∑

ν=2n

aνϕν

∥

∥

∥

∥

∥

qθ

≤ Dqθ a2n · 2n
(
1− 1

q

)
∀n ∈ Z

+.

Substituting the estimate obtained into (3.1), we arrive at

‖S2l − S2k‖pθ ≤ D′
pqθ

{

l−1
∑

n=k

2nθ
(
1− 1

p

)
aθ2n

}1
θ

∀ l, k ∈ N : l > k.
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86 A.U. BIMENDINA, E.S. SMAILOV

Taking into account the property of the sequences a ∈ GM, we have

2n+1−1
∑

ν=2n

ν
θ
(
1− 1

p

)
−1

aθν ≥ (a2n)
θ
2n+1−1
∑

ν=2n

ν
θ
(
1− 1

p

)
−1 ≥ bpθ a

θ
2n · 2nθ

(
1− 1

p

)
∀n ∈ N.

Then it follows from (3.1) that

‖S2l − S2k‖pθ ≤ cpθ

{

2l−1
∑

ν=2k

ν
θ
(
1− 1

p

)
−1

aθν

}1
θ

. (3.2)

By the hypothesis of the theorem, the series
∑+∞

ν=1 ν
θ
(
1− 1

p

)
−1

aθν converges. Therefore,

‖S2l − S2k‖pθ → 0 as min{k, l} → +∞.

As the space Lpθ[0, 1) is complete, there exists a function f ∈ Lpθ[0, 1) such that ‖f − S2k‖pθ → 0
as k → +∞. Let {bν(f)}+∞

ν=0 be the sequence of Fourier coefficients of the function f ∈ Lpθ[0, 1),
1 < p < +∞, 1 < θ < +∞. Applying Hölder’s inequality, for 2k > n we have

|bn(f)− an| ≤
1
∫

0

|f(x)− S2k(x)| · |ϕn(x)| dx ≤
1
∫

0

(f − S2k)
∗(t)ϕ∗

n(t) dt

≤

⎧

⎨

⎩

1
∫

0

t
θ
p
−1(

(f − S2k)
∗(t)
)θ

dt

⎫

⎬

⎭

1
θ
⎧

⎨

⎩

1
∫

0

t
θ′
p′ −1

(ϕ∗
n(t))

θ′ dt

⎫

⎬

⎭

1
θ′

≤ ‖f − S2k‖pθ

⎧

⎨

⎩

1
∫

0

t
θ′
p′ −1

dt

⎫

⎬

⎭

1
θ′

= cpθ‖f − S2k‖pθ → 0 as k → +∞.

This means that bn(f) = an, n ∈ Z
+. Passing to the limit as l → +∞ for k = 0 in inequality (3.2),

we obtain
∥

∥

∥

∥

∥

+∞
∑

ν=1

aνϕν

∥

∥

∥

∥

∥

pθ

≤ cpqθ

{

+∞
∑

ν=1

νθ
(
1− 1

p

)
−1aθν

}1
θ

.

Since f(x) ∼ a0 +
∑+∞

ν=1 aνϕν(x), we have f(x)− a0 ∼
∑+∞

ν=1 aνϕν(x). In view of the properties of
the norm,

‖f‖pθ − cpθ|a0| ≤ ‖f − a0‖pθ ≤
∥

∥

∥

∥

∥

+∞
∑

ν=1

aνϕν

∥

∥

∥

∥

∥

pθ

≤ cpqθ

{

+∞
∑

ν=1

νθ
(
1− 1

p

)
−1aθν

}1
θ

.

Hence, ‖f‖pθ ≤ cpθ
{

aθ0 +
∑+∞

ν=1 ν
θ
(
1− 1

p

)
−1aθν

} 1
θ .

Necessity. Let f ∈ Lpθ[0, 1) and Sm(f ;x) be a partial sum of the Fourier–Price series. Then,
applying Lemma 2.2 and Hölder’s inequality, we have

1
∫

0

Sm(f ;x)g(x) dx ≤
1
∫

0

S∗
m(t)g∗(t) dt =

1
∫

0

(

t
1
p
− 1

θ S∗
m(t)

)(

t
1
p′ −

1
θ′ g∗(t)

)

dt

≤

⎧

⎨

⎩

1
∫

0

t
θ
p
−1(S∗

m(t))θ dt

⎫

⎬

⎭

1
θ
⎧

⎨

⎩

1
∫

0

t
θ′
p′ −1

(g∗(t))θ
′
dt

⎫

⎬

⎭

1
θ′

= ‖Sm‖pθ‖g‖p′θ′ .
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This implies that

‖Sm‖pθ ≥ sup

⎧

⎨

⎩

1
∫

0

Sm(f ;x)g(x) dx : ‖g‖p′θ′ ≤ 1

⎫

⎬

⎭

. (3.3)

Consider the function gm(x) =
∑+∞

k=0 ck(gm)ϕk(x) with

c0(gm) = aθ−1
0

(

a0 +

m
∑

ν=1

ν
θ
(
1− 1

p

)
−1

aθν

)− 1
θ′

and

ck(gm) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

aθ−1
k kθ

(
1− 1

p

)
−1

(

aθ0 +

m
∑

ν=1

νθ
(
1− 1

p

)
−1aθν

)− 1
θ′

, k = 1, . . . ,m,

0, k = m+ 1,m+ 2, . . . .

Let us show that the sequence {ck(gm)} also belongs to GM. By the hypothesis, {ak} ∈ GM. For
the sake of brevity, we introduce the notation

Bm =

(

aθ0 +

m
∑

k=1

kθ
(
1− 1

p

)
−1aθk

)− 1
θ′

.

Then

2n−1
∑

ν=n

|cν − cν+1| = Bm

2n−1
∑

ν=n

∣

∣

∣aθ−1
ν ν

θ
(
1− 1

p

)
−1 − aθ−1

ν+1(ν + 1)
θ
(
1− 1

p

)
−1
∣

∣

∣

≤ Bm

{

2n−1
∑

ν=n

∣

∣

∣aθ−1
ν νθ

(
1− 1

p

)
−1 − aθ−1

ν+1ν
θ
(
1− 1

p

)
−1 + aθ−1

ν+1ν
θ
(
1− 1

p

)
−1 − aθ−1

ν+1(ν + 1)θ
(
1− 1

p

)
−1
∣

∣

∣

}

≤ Bm

{

2n−1
∑

ν=n

ν
θ
(
1− 1

p

)
−1∣
∣aθ−1

ν − aθ−1
ν+1

∣

∣+

2n−1
∑

ν=n

aθ−1
ν+1

∣

∣

∣ν
θ
(
1− 1

p

)
−1 − (ν + 1)

θ
(
1− 1

p

)
−1
∣

∣

∣

}

≤ Bm

{

cpθn
θ
(
1− 1

p

)
−1

2n−1
∑

ν=n

∣

∣aθ−1
ν − aθ−1

ν+1

∣

∣+ c′pθa
θ−1
n

2n−1
∑

ν=n

ν
θ
(
1− 1

p

)
−2

}

.

By Lagrange’s mean value theorem, we obtain
∣

∣aθ−1
ν − aθ−1

ν+1

∣

∣ = (θ − 1)|aν − aν+1|ξθ−2
ν ,

where ξ lies between the numbers aν and aν+1. Since a ∈ GM, the following estimate is valid:

2n−1
∑

ν=n

∣

∣aθ−1
ν − aθ−1

ν+1

∣

∣ ≤ (θ − 1)

2n−1
∑

ν=n

|aν − aν+1|aθ−2
n ≤ cθ a

θ−1
n .

Thus,
2n−1
∑

ν=n

|cν − cν+1| ≤ cθBmaθ−1
n n

θ
(
1− 1

p

)
−1 ∀n ∈ N : 1 ≤ n < m.
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Now, let m be a positive integer in the interval [n, 2n − 1]. Then, according to the definition of the
sequence {ck(gm)}, we have

2n−1
∑

ν=n

|cν − cν+1| =
m
∑

ν=n

|cν − cν+1|+
2n−1
∑

ν=m+1

|cν − cν+1| =
m−1
∑

ν=n

|cν − cν+1|+ |cm − cm+1|

=

m−1
∑

ν=n

|cν − cν+1|+ cm.

It is clear that

cm = Bm aθ−1
m mθ

(
1− 1

p

)
−1 ≤ cθ−1Bm aθ−1

n cpθn
θ
(
1− 1

p

)
−1 = c′′pθBm aθ−1

n nθ
(
1− 1

p

)
−1 = c′′pθ cn.

Next, taking into account the previous calculations, we get

m−1
∑

ν=n

|cν − cν+1| ≤ Bm

{

m−1
∑

ν=n

ν
θ
(
1− 1

p

)
−1∣
∣aθ−1

ν − aθ−1
ν+1

∣

∣+

m−1
∑

ν=n

aθ−1
ν+1

∣

∣

∣ν
θ
(
1− 1

p

)
−1 − (ν + 1)

θ
(
1− 1

p

)
−1
∣

∣

∣

}

≤ Bm

{

c′′′pθn
θ
(
1− 1

p

)
−1

m−1
∑

ν=n

|aν − aν+1|aθ−2
n + c

(iv)
pθ aθ−1

n n
θ
(
1− 1

p

)
−1

}

≤ c
(v)
pθ Bm aθ−1

n n
θ
(
1− 1

p

)
−1

= c
(v)
pθ cn

in the case of m ∈ [n, 2n − 1] as well. Thus, the sequence {ck(gm)} = c(gm) belongs to GM. Now,
consider the series

cθ
′

0 (gm) +

+∞
∑

k=1

k
θ′

(
1− 1

p′
)
−1

cθ
′

k (gm) =

{

cθ
′

0 +

m
∑

k=1

k
θ′

(
1− 1

p′
)
−1

k
(
θ
(
1− 1

p

)
−1

)
θ′
a
(θ−1)θ′

k

}

Bθ′
m

=

{

aθ0 +

m
∑

k=1

k
θ
(
1− 1

p

)
−1

aθk

}{

aθ0 +

m
∑

k=1

k
θ
(
1− 1

p

)
−1

aθk

}−1

= 1.

Hence, according to the proved part of the theorem,

‖gm‖p′θ′ ≤ Dpθ

{

cθ
′

0 (gm) +

+∞
∑

k=1

k
θ′

(
1− 1

p′
)
−1

cθ
′

k (gm)

} 1
θ′

= Dpθ < +∞.

Let ψm(x) = D−1
pθ gm(x), x ∈ [0, 1). Then ‖ψm‖p′θ′ ≤ 1.

Next, taking into account the orthonormality of the Price system and (3.3), we have

‖f‖pθ ≥ Apθ‖Sm(f)‖pθ ≥ Apθ sup

⎧

⎨

⎩

1
∫

0

Sm(f ;x)g(x) dx : ‖g‖p′θ′ ≤ 1

⎫

⎬

⎭

≥ Apθ

1
∫

0

Sm(f ;x)ψm(x) dx = ApθD
−1
pθ

1
∫

0

Sm(f ;x)gm(x) dx = ApθD
−1
pθ

m
∑

k=0

aν(f)cν(gm)

=

{

a0a
θ−1
0 +

m
∑

ν=1

aνa
θ−1
ν ν

θ
(
1− 1

p

)
−1

}{

aθ0 +

m
∑

k=1

k
θ
(
1− 1

p

)
−1

aθk

}− 1
θ′

=

{

aθ0 +

m
∑

ν=1

aθν ν
θ
(
1− 1

p

)
−1

}1
θ
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for m ∈ N. Thus,
{

aθ0 +
+∞
∑

ν=1

aθν ν
θ
(
1− 1

p

)
−1

}1
θ

≤ A−1
pθ Dpθ‖f‖pθ. �

Remark 3.1. During the proof of the theorem, no constraint was imposed on the generating
sequence of the Price system.

Corollary 3.1. Let 1 < p < +∞ and a positive sequence ā = {aν}+∞
ν=0 belong to GM. Then ā

is the sequence of Fourier–Price coefficients of some function f ∈ Lp[0, 1) if and only if the series

+∞
∑

ν=1

νp−2apν

converges. In this case, the following inequality holds:

c′p

{

ap0 +

+∞
∑

ν=1

νp−2apν

}1
p

≤ ‖f‖p ≤ cp

{

ap0 +

+∞
∑

ν=1

νp−2apν

}1
p

.

Here the coefficients cp, c
′
p > 0 depend only on p.

Theorem 3.2. Let f ∈ Lpθ[0, 1), where 1 < p < +∞ and 1 < θ < +∞, and let
f(x) ∼

∑+∞
k=0 akϕk be its Fourier–Price series such that the positive sequence of Fourier–Price

coefficients {ak} belongs to GM. Then the following inequality holds:

En(f)pθ ≤ cpθ

{

n
1− 1

p an +

(

+∞
∑

k=n

aθkk
θ
(
1− 1

p

)
−1

)1
θ
}

,

where the coefficient cpθ > 0 depends only on the indicated parameters.

Proof. Let f ∈ Lpθ[0, 1), f(x) ∼
∑+∞

k=0 akϕk(x) be its Fourier–Price series, and Sn(f ;x) =
∑n−1

k=0 akϕk(x) be a partial sum of this series. Let Dn(x) =
∑n−1

k=0 ϕk(x) be the Dirichlet kernel of
the Price system. Now, consider the auxiliary Price polynomial qn(x) = Sn(f ;x) + anDn(x). Then

En(f)pθ ≤ ‖f(·)− Sn(f ; ·)− anDn(·)‖pθ.

The function ψ(x) = f(x) − Sn(f ;x) − anDn(x) belongs to the space Lpθ[0, 1), 1 < p < +∞,
1 < θ < +∞, and its Fourier–Price coefficients are

bk =

{

an, k = 0, 1, . . . , n− 1,

ak, k ≥ n.

The sequence b = {bk}+∞
k=0 belongs to GM; therefore, we can apply Theorem 3.1 to the function ψ.

Then

En(f)pθ ≤ ‖ψ‖pθ ≤ cpθ

{

bθ0 +

+∞
∑

k=1

k
θ
(
1− 1

p

)
−1

bθk

}1
θ

≤ c′pθ

{

n
1− 1

p an +

[

+∞
∑

k=n

k
θ
(
1− 1

p

)
−1

aθk

]1
θ
}

for n ∈ N. Thus, the theorem is proved. �
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Corollary 3.2. Let f ∈ L[0, 1) and f(x) ∼
∑+∞

k=0 akϕk(x) be its Fourier–Price series such that
the positive sequence of Fourier–Price coefficients {ak}+∞

k=0 belongs to GM. If the series
∑+∞

k=1 k
p−2apk

converges for some p, 1 < p < +∞, then f ∈ Lp[0, 1), and the following inequality holds:

En(f)p ≤ cp

{

n1− 1
p an +

[

+∞
∑

k=n

kp−2apk

]1
p
}

∀n ∈ N.

Here the coefficient cp > 0 depends only on p.
Theorem 3.3. Let 1 < p < +∞, 1 < θ < +∞, f ∈ Lpθ[0, 1), and

∑+∞
k=0 akϕk(x) be its

Fourier–Price series. If the positive sequence of Fourier–Price coefficients {ak}+∞
k=0 belongs to GM,

then the following inequalities hold :

a2n ≤ c′pθn
1
p
−1En(f)pθ, (3.4)

{

+∞
∑

k=n

k
θ
(
1− 1

p

)
−1

aθk

}1
θ

≤ cpθE[n/2](f)pθ. (3.5)

Here the coefficients c′pθ, cpθ > 0 depend only on the indicated parameters.
Proof. Using the property of GM sequences of Fourier–Price coefficients and Lemma 2.6, we

obtain

cpθn
1
p En(f)pθ ≥

∣

∣

∣

∣

∣

2n−1
∑

k=n

ak

∣

∣

∣

∣

∣

≥ Ba2nn.

Thus, a2n ≤ c′pθn
1
p
−1En(f)pθ, and inequality (3.4) is established.

Let us prove inequality (3.5). To this end, we apply Theorem 3.1 to the function g(x) =
f(x)− Sn(f ;x)− anDn(x). Then

{

aθn

n−1
∑

k=1

kθ
(
1− 1

p

)
−1 +

+∞
∑

k=n

kθ
(
1− 1

p

)
−1aθk

} 1
θ

≤ Bpθ

{

‖f − Sn(f)‖pθ + an‖Dn‖pθ
}

≤ B′
pθ

{

En(f)pθ + ann
1− 1

p

}

≤ B′′
pθ

{

En(f)pθ + E[n/2](f)p
}

≤ B′′
pθ E[n/2](f)pθ

(in the second inequality of the chain we used Lemmas 2.5 and 2.3 and inequality (3.4)). Hence it
follows that

{

+∞
∑

k=n

k
θ
(
1− 1

p

)
−1

aθk

}1
θ

≤ B′′
pθE[n/2](f)pθ ∀n ∈ N. �

Corollary 3.3. Let f ∈ Lp[0, 1), 1 < p < +∞, and
∑+∞

k=0 akϕk(x) be its Fourier–Price series.
If the positive sequence of Fourier–Price coefficients {ak}+∞

k=0 belongs to GM, then the following
inequalities hold :

a2n ≤ c′pn
1
p
−1En(f)p,

{

+∞
∑

k=n

kp−2apk

}1
p

≤ cpE[n/2](f)p.

Here the coefficients cp, c
′
p > 0 depend only on p.
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Theorem 3.4. Let 1 < q < +∞, 1 < τ < +∞, and f ∈ Lqτ [0, 1). If the positive sequence
of Fourier–Price coefficients {ak}+∞

k=0 of f belongs to GM, then the following inequalities hold for
any p, 1 < p < q, and θ ∈ (1,+∞):

{

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

Eτ
k (f)pθ

}1
τ

≤ cpqθτ‖f‖qτ , (3.6)

n
1
p
− 1

q En(f)pθ +

[

+∞
∑

k=n

k
τ
(
1
p
− 1

q

)
−1

Eτ
k (f)pθ

]1
τ

≤ c′pqθτ E[n/2](f)qτ . (3.7)

Here the coefficients cpqθτ , c
′
pqθτ > 0 depend only on the indicated parameters.

Proof. Using Theorem 3.2 and the inequality (|b| + |c|)τ ≤ 2τ−1(|b|τ + |c|τ ), 1 < τ < +∞,
we have

+∞
∑

k=1

kτ
(
1
p
− 1

q

)
−1Eτ

k (f)pθ ≤ cpθ

+∞
∑

k=1

kτ
(
1
p
− 1

q

)
−1

{

k1−
1
p ak +

(

+∞
∑

ν=k

νθ
(
1− 1

p

)
−1aθν

)1
θ
}τ

≤ cτpθτ

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
+τ

(
1− 1

p

)
−1

aτk + cτpθτ

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

(

+∞
∑

ν=k

ν
θ
(
1− 1

p

)
−1

aθν

)τ
θ

= Apθτ

{

+∞
∑

k=1

kτ
(
1− 1

q

)
−1aτk +

+∞
∑

k=1

kτ
(
1
p
− 1

q

)
−1

(

+∞
∑

ν=k

νθ
(
1− 1

p

)
−1aθν

)τ
θ
}

≤ A′
pθτ

{

‖f‖τqτ +
+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

(

+∞
∑

ν=k

ν
θ
(
1− 1

p

)
−1

aθν

)τ
θ
}

(3.8)

(in the last inequality, we used Theorem 3.1). Let τ
θ > 1 and r > 1

p − 1
q . Then, applying Lemma 2.7,

we obtain

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

(

+∞
∑

ν=k

ν
θ
(
1− 1

p

)
−1

aθν

)τ
θ

≤
+∞
∑

k=1

k
−τ

(
r− 1

p
+ 1

q

)
−1

(

+∞
∑

ν=k

ν
θ
(
r+1− 1

p

)
−1

aθν

)τ
θ

≤ Bτθ

+∞
∑

k=1

k
−τ

(
r− 1

p
+ 1

q

)
−1
(

k · kθ
(
r+1− 1

p

)
−1

aθk

)τ
θ
= Bτθ

+∞
∑

k=1

k
τ
(
1− 1

q

)
−1

aτν ≤ B′
τqθ‖f‖τqτ (3.9)

(in the last inequality, we used Theorem 3.1).
Now, let τ = θ. Then, changing the order of summation, we obtain

+∞
∑

k=1

kτ
(
1
p
− 1

q

)
−1

+∞
∑

ν=k

ντ
(
1− 1

p

)
−1aτν =

+∞
∑

ν=1

ντ
(
1− 1

p

)
−1aτν

ν
∑

k=1

kτ
(
1
p
− 1

q

)
−1

≤ cpqτ

+∞
∑

ν=1

ν
τ
(
1− 1

p

)
−1

aτν ν
τ
(
1
p
− 1

q

)
= cpqτ

+∞
∑

ν=1

ν
τ
(
1− 1

q

)
−1

aτν ≤ c′pqτ‖f‖τqτ . (3.10)

If τ
θ < 1, then

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

(

+∞
∑

ν=k

ν
θ
(
1− 1

p

)
−1

aθν

)τ
θ

≤ cpqτ

+∞
∑

k=0

2
kτ

(
1
p
− 1

q

)
(

+∞
∑

ν=2k

ν
θ
(
1− 1

p

)
−1

aθν

)τ
θ

. (3.11)
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Let us consider separately the inner sum:

+∞
∑

ν=2k

νθ
(
1− 1

p

)
−1 aθν =

+∞
∑

s=k

2s+1−1
∑

ν=2s

νθ
(
1− 1

p

)
−1 aθν ≤ cθpθ

+∞
∑

s=k

aθ2s 2
s
(
1− 1

p

)
θ,

since aν ≤ Ca2s for all ν ∈ [2s, 2s+1] ∩ N if {aν} ∈ GM. Now, taking into account the fact that
τ
θ < 1, we continue inequality (3.11) as follows:

+∞
∑

k=1

kτ
(
1
p
− 1

q

)
−1

(

+∞
∑

ν=k

νθ
(
1− 1

p

)
−1aθν

)τ
θ

≤ cpqθτ

+∞
∑

k=0

2kτ
(
1
p
− 1

q

)
[

+∞
∑

s=k

aθ2s · 2
s
(
1− 1

p

)
θ

]τ
θ

≤ cpqθτ

+∞
∑

k=0

2kτ
(
1
p
− 1

q

) +∞
∑

s=k

aτ2s · 2
τ
(
1− 1

p

)
= cpqθτ

+∞
∑

s=0

aτ2s · 2
τ
(
1− 1

p

) s
∑

k=0

2kτ
(
1
p
− 1

q

)

≤ c′pqθτ

+∞
∑

s=0

aτ2s · 2
τ
(
1− 1

p

)
· 2sτ

(
1
p
− 1

q

)
= c′pqθτ

+∞
∑

s=0

2sτ
(
1− 1

q

)
aτ2s .

Since {ak} ∈ GM by the hypothesis, we have

2
sτ

(
1− 1

q

)
aτ2s ≤ Dqτ

2s−1
∑

ν=2s−1

ν
τ
(
1− 1

q

)
−1

aτν ∀ s ∈ N.

Therefore,

+∞
∑

s=0

2
sτ

(
1− 1

q

)
aτ2s ≤ D′

qτ

{

aτ1 +

+∞
∑

s=1

2s−1
∑

ν=2s−1

ν
τ
(
1− 1

q

)
−1

aτν

}

≤ D′′
qτ

+∞
∑

ν=1

ν
τ
(
1− 1

q

)
−1

aτν .

Thus, for τ
θ < 1, the continuation of inequality (3.11) ends with the chain

+∞
∑

k=1

kτ
(
1
p
− 1

q

)
−1

(

+∞
∑

ν=k

νθ
(
1− 1

p

)
−1 aθν

)τ
θ

≤ Dpqθτ

+∞
∑

ν=1

ντ
(
1− 1

q

)
−1 aτν ≤ Bpqθτ‖f‖τqτ . (3.12)

Now, from (3.8)–(3.10) and (3.12) we obtain

+∞
∑

k=1

kτ
(
1
p
− 1

q

)
−1Eτ

k (f)pθ ≤ cpqθτ‖f‖τqτ .

To prove the second inequality formulated in the theorem, consider the auxiliary function

g(x) = f(x)− Sn(f ;x)− anDn(x).

Since f ∈ Lqτ [0, 1), it is clear that g ∈ Lqτ [0, 1). Moreover,

Ek(g)pθ =

{

Ek(f)pθ for k ≥ n,

En(f)pθ for 0 ≤ k ≤ n− 1.

Keeping this fact in mind, we apply inequality (3.6) to the function g; then

n
(
1
p
− 1

q

)
τEτ

n(f)pθ +
+∞
∑

k=n

kτ
(
1
p
− 1

q

)
−1Eτ

k (f)pθ ≤ Aτ
pqθτ‖g‖τqτ . (3.13)
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Next, applying Lemmas 2.5, 2.3 and Theorem 3.3, we obtain

‖g‖qτ ≤ ‖f − Sn(f)‖qτ + an‖Dn‖qτ ≤ cqτ
(

En(f)qτ + ann
1− 1

q
)

≤ c′qτ
(

En(f)qτ + E[n/2](f)qτ
)

≤ c′′qτE[n/2](f)qτ . (3.14)

Now, (3.13) and (3.14) imply the desired inequality (3.7). �
Corollary 3.4. Let 1 < q < +∞ and f ∈ Lq[0, 1). If the Fourier–Price coefficients {ak}+∞

k=0

of the function f belong to GM, then the following inequalities are valid for any p, 1 < p < q:

{

+∞
∑

k=1

k
q
p
−2Eq

k(f)p

}1
q

≤ cpq‖f‖q, n
1
p
− 1

q En(f)q +

[

+∞
∑

k=n

k
q
p
−2Eq

k(f)p

]1
q

≤ c′pqE[n/2](f)q.

Theorem 3.5. Let 1 < p < +∞, 1 < θ < +∞, f ∈ Lpθ[0, 1), p < q < +∞, and 1 < τ < +∞.
If the positive sequence of Fourier–Price coefficients {ak}+∞

k=0 of f belongs to GM, then f ∈ Lqτ [0, 1)
if and only if the series

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

Eτ
k (f)pθ

converges. In this case, the following inequalities hold :

c′pqθτ

[

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

Eτ
k (f)pθ

]1
τ

≤ ‖f‖qτ ≤ cpqθτ

{

‖f‖pθ +
[

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

Eτ
k (f)pθ

]1
τ
}

.

Here the coefficients cpqθτ , c
′
pqθτ > 0 depend only on the indicated parameters.

Proof. The necessity is established in Theorem 3.4. Let us prove the sufficiency. By Theo-
rem 3.1, we have

‖S2n(f)‖qτ ≤ cqτ

{

aτ0 +
2n−1
∑

k=1

kτ
(
1− 1

q

)
−1aτk

}1
τ

. (3.15)

It is clear that
a0 ≤ cpθ‖f‖pθ, a1 ≤ cpθ‖f‖pθ. (3.16)

Next, since {ak}+∞
k=1 ∈ GM, we obtain

2n−1
∑

k=1

kτ
(
1− 1

q

)
−1aτk =

n−1
∑

ν=0

2ν+1−1
∑

k=2ν

kτ
(
1− 1

q

)
−1aτk ≤ cτq

n−1
∑

ν=0

2ν
(
1− 1

q

)
τaτ2ν

≤ c′pqθτ

{

n−1
∑

ν=1

2
ν
(
1− 1

q

)(

2
(ν−1)

(
1
p
−1

)
E2ν−1(f)pθ

)τ
+ ‖f‖τpθ

}

= c′′pqθτ

{

‖f‖τpθ +
n−2
∑

s=0

2
s
(
1
p
− 1

q

)
τ
Eτ

2s(f)pθ

}

(when passing to the second row, we used Theorem 3.3 and inequality (3.16)). Thus, taking into
account this inequality and (3.16), we can continue inequality (3.15):

‖S2n(f)‖qτ ≤ Apqθτ

{

‖f‖pθ +
[

n−2
∑

s=0

2
s
(
1
p
− 1

q

)
τ
Eτ

2s(f)pθ

]1
τ
}

∀n ∈ N.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016

Ре
по
зи
то
ри
й К
ар
ГУ



94 A.U. BIMENDINA, E.S. SMAILOV

The convergence of the series
∑+∞

s=0 2
sτ

(
1
p
− 1

q

)
Eτ

2s(f)pθ and Lemma 2.3 imply that

‖f‖qτ ≤ Apqθτ

{

‖f‖pθ +
[

+∞
∑

s=0

2
sτ

(
1
p
− 1

q

)
Eτ

2s(f)pθ

]1
τ
}

≤ A′
pqθτ

{

‖f‖pθ +
[

+∞
∑

k=1

k
τ
(
1
p
− 1

q

)
−1

Eτ
k (f)pθ

]1
τ
}

.

The theorem is proved. �
Remark 3.2. Theorem 3.5 is presented for completeness. The fact that the convergence of

the series
+∞
∑

k=1

kτ
(
1
p
− 1

q

)
−1Eτ

k (f)pθ, 1 < p < q < +∞,

for f guarantees the inclusion f ∈ Lqτ [0, 1) was established in [23] without the condition of mono-
tonicity of its sequence of Fourier–Price coefficients. For the first time, a similar result was es-
tablished by Ul’yanov [29] in terms of the best trigonometric approximations in Lebesgue spaces.
Later this area was developed by M.F. Timan, M.K. Potapov, B.I. Golubov, E.A. Storozhenko,
V.A. Andrienko, V.I. Kolyada, N. Temirgaliev, E.S. Smailov, G.A. Akishev, and others.

4. HARDY–LITTLEWOOD TYPE THEOREM IN NIKOL’SKII–BESOV
SPACES WITH THE PRICE BASIS

Theorem 4.1. Let f ∈ L1[0, 1) and f(x) ∼
∑+∞

k=0 akϕk(x) be its Fourier–Price series.
Suppose that the positive sequence of Fourier–Price coefficients {ak}+∞

k=0 belongs to GM. Then
f ∈ Br

pθ(ϕ; [0, 1)), where r > 0, 1 < p < +∞, and 1 ≤ θ ≤ +∞, if and only if the quantity

{

+∞
∑

k=1

k
rθ+θ− θ

p
−1

aθk

}1
θ

(4.1)

be finite. In this case, the following inequalities are valid :

c′pθ

{

aθ0 +

+∞
∑

k=1

krθ+θ− θ
p
−1aθk

}1
θ

≤ |f ;Br
pθ(ϕ; [0, 1))| ≤ cpθ

{

aθ0 +

+∞
∑

k=1

krθ+θ− θ
p
−1aθk

}1
θ

.

Here the coefficients cpθ, c
′
pθ > 0 depend only on the indicated parameters.

Proof. I. First, consider the case of 1 ≤ θ < +∞.
Sufficiency. Let the series (4.1) converge. First, we show that under the hypotheses of the

theorem f ∈ Lp[0, 1). To this end, in view of {ak}+∞
k=0 ∈ GM, it suffices to establish the convergence

of the series ap0 +
∑+∞

k=1 k
p−2apk.

Let, first, θ
p > 1. Applying Hölder’s inequality for λ = θ

p and λ′ = θ
θ−p , we obtain

ap0 +

N
∑

k=1

kp−2ak = ap0 +

N
∑

k=1

kp−1+rp− p
θ k

p
θ
−rp−1ak

≤ ap0 +

{

N
∑

k=1

kθ−
θ
p
+rθ−1aθk

}p
θ
{

N
∑

k=1

k−1− rθp
θ−p

}θ−p
θ

≤ cpθr

{

aθ0 +
+∞
∑

k=1

kθ−
θ
p
+rθ−1aθk

}p
θ

< +∞

for N ∈ N.
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In the case of θ = p, we have (rθ + θ − θ
p − 1 = rp+ p− 2)

ap0 +

N
∑

k=1

kp−2apk ≤ ap0 +

N
∑

k=1

krp+p−2apk ≤ ap0 +

+∞
∑

k=1

krp+p−2apk < +∞ ∀N ∈ N.

Consider the case of θ
p < 1:

{

ap0 +

N
∑

l=0

2l(p−1)ap
2l

}θ
p

≤ aθ0 +

N
∑

l=0

2l
(
θ− θ

p

)
aθ2l ≤ aθ0 +

+∞
∑

l=0

2l
(
rθ+θ− θ

p

)
aθ2l < +∞ ∀N ∈ N.

Hence, according to Corollary 3.1, we can state that f ∈ Lp[0, 1), 1 < p < +∞, and, moreover,

‖f‖p ≤ cp

{

ap0 +

+∞
∑

k=1

kp−2apk

}1
p

≤ cpθr

{

aθ0 +

+∞
∑

k=1

k
θ− θ

p
+θr−1

aθk

}1
θ

< +∞.

Now, let us estimate the seminorm of the Nikol’skii–Besov space with the Price basis.
First, consider the case of θ

p ≥ 1. Since the series
∑+∞

k=1 k
p−2apk converges, in view of Corollary 3.2

we have

‖f‖θbrpθ =

+∞
∑

ν=0

2νrθEθ
2ν (f)p ≤ cp · 2θ−1

{

+∞
∑

ν=0

2νrθ · 2νθ
(
1− 1

p

)
aθ2ν +

+∞
∑

ν=0

2νrθ

[

+∞
∑

k=2ν+1

apk k
p−2

]θ
p
}

≤ cpθ

{

+∞
∑

ν=0

2νθ
(
r+1− 1

p

)
aθ2ν +

+∞
∑

ν=0

2νrθ

[

+∞
∑

k=ν

ap
2k

· 2k(p−1)

]θ
p}

≤ cpθr

{

+∞
∑

ν=0

2
νθ

(
r+1− 1

p

)
aθ2ν

}

≤ c′pθr

{

+∞
∑

ν=1

aθν ν
rθ+θ− θ

p
−1

}

< +∞

(when passing to the third row, we used Lemma 2.8).
Now, let θ

p < 1. In this case we also rely on Corollary 3.2:

‖f‖θbrpθ =

+∞
∑

ν=0

2νrθEθ
2ν (f)p ≤ cpθ

+∞
∑

ν=0

2νrθ

{

2
ν
(
1− 1

p

)
a2ν +

{

+∞
∑

k=2ν+1

apk k
p−2

}1
p
}θ

≤ cpθ · 2θ−1

{

+∞
∑

ν=0

2νθ
(
r+1− 1

p

)
aθ2ν +

+∞
∑

ν=0

2νrθ

[

+∞
∑

k=2ν+1

kp−2 apk

]θ
p
}

≤ c′pθ

{

+∞
∑

ν=0

2
νθ

(
r+1− 1

p

)
aθ2ν +

+∞
∑

ν=0

2νrθ
+∞
∑

k=ν

(

ap
2k

· 2k(p−1)
) θ

p

}

= c′pθ

{

+∞
∑

ν=0

2νθ
(
r+1− 1

p

)
aθ2ν +

+∞
∑

k=0

2kθ
(
1− 1

p

)
aθ2k

k
∑

ν=0

2νrθ

}

≤ c′′pθr

{

+∞
∑

k=0

2
kθ

(
r+1− 1

p

)
aθ2k

}

≤ c′′′pθr

{

+∞
∑

k=0

aθk k
rθ+θ− θ

p
−1

}

.
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Thus,

|f ;Br
pθ(ϕ; [0, 1))| = ‖f‖p + ‖f‖brpθ ≤ c̄pθr

{

aθ0 +
+∞
∑

k=1

aθk k
θ
(
r+1− 1

p

)
−1

} 1
θ

,

where r > 0, 1 < p < +∞, and 1 ≤ θ < +∞.
Necessity. Let f ∈ Br

pθ[0, 1), r > 0, 1 < p < +∞, and 1 ≤ θ < +∞. The functional
|f ;Br

pθ(ϕ; [0, 1))| = ‖f‖p + ‖f‖brpθ is the norm of a given element in the Nikol’skii–Besov space with
the Price basis. Then, by Corollary 3.3, we have

‖f‖brpθ =

{

+∞
∑

ν=0

2νθrEθ
2ν (f)p

}1
θ

=

{

+∞
∑

ν=0

2νθr
(

2
ν
(
1
p
−1

)
· 2ν

(
1− 1

p

)
E2ν (f)p

)θ
} 1

θ

≥ Apθ

{

+∞
∑

ν=0

2νθr · 2νθ
(
1− 1

p

)
aθ2ν+1

}1
θ

= A′
pθr

{

+∞
∑

k=1

2
kθ

(
r+1− 1

p

)
aθ2k

}1
θ

.

Moreover, a0 ≤ cpθ‖f‖p and a1 ≤ c′pθ‖f‖p.
Hence,

|f ;Br
pθ(ϕ; [0, 1))| ≥ A′′

pθr

{

aθ0 +
+∞
∑

k=0

2kθ
(
r+1− 1

p

)
aθ2k

}1
θ

≥ A′′
pθr

{

aθ0 +
+∞
∑

k=1

kθ
(
r+1− 1

p

)
−1aθk

}1
θ

.

II. Now, consider the case of θ = +∞.
Sufficiency. In this case, the hypothesis of the theorem says that the quantity

sup
{

k
r+1− 1

p ak : k ∈ N
}

(4.2)

is finite.
Let us show that the series ap0 +

∑+∞
k=1 k

p−2apk converges under this condition. Consider the sum

{

N
∑

k=1

kp−2apk

}1
p

=

{

N
∑

k=1

kp
(
1− 1

p
+r

)
apk k

−1−rp

}1
p

≤ sup
{

k
r+1− 1

p ak : k ∈ N
}

{

+∞
∑

k=1

k−1−rp

}1
p

= cprDpr < +∞ ∀N ∈ N.

Therefore, by Corollary 3.1, we have f ∈ Lp[0, 1), 1 < p < +∞, and

‖f‖p ≤ cp

{

ap0 +
+∞
∑

k=1

kp−2apk

}1
p

≤ cpr sup
{

a0 + kr+1− 1
p ak : k ∈ N

}

< +∞. (4.3)

Now, let us estimate the seminorm of the space Br
p∞(ϕ; [0, 1)). Applying first Corollary 3.2 and

then inequality (4.3), we obtain

‖f‖brp∞ = sup
{

2νrE2ν (f)p : ν ∈ Z
+
}

≤ cp sup

[

2νr

{

2ν
(
1− 1

p

)
a2ν +

(

+∞
∑

k=2ν

kp−2apk

)1
p
}]

≤ cp sup
{

a0 + k
r+1− 1

p ak : k ∈ N
}

.
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Thus, if (4.2) is finite, we have

|f ;Br
pθ(ϕ; [0, 1))| ≤ Arp sup

{

a0 + k
r+1− 1

p ak : k ∈ N
}

.

Necessity. Let f ∈ Br
p∞(ϕ; [0, 1)), where r > 0 and 1 < p < +∞. Applying the second inequality

in Corollary 3.3, we obtain

‖f‖brp∞ ≥ sup
{

2νrE2ν (f)p : ν ∈ Z
+
}

≥ cp sup

{

2νr

(

+∞
∑

k=2ν+1

kp−2apk

)1
p

: ν ∈ Z
+

}

= cp sup

{

2νr

(

+∞
∑

k=2ν+1

kp
(
1− 1

p

)
−1apk

)1
p

: ν ∈ Z
+

}

. (4.4)

Since the inclusion 2ν+2 ∈ [k, 2k] is valid for any k ∈ [2ν+1 + 1, . . . , 2ν+2 − 1], according to (2.2) we
have c−1a2ν+2 ≤ ak. Taking this fact into account, we obtain

(

+∞
∑

k=2ν+1

k
p
(
1− 1

p

)
−1

apk

)1
p

≥
(

2ν+2
∑

k=2ν+1+1

k
p
(
1− 1

p

)
−1

apk

)1
p

≥ c−1a2ν+2

(

2ν+2
∑

k=2ν+1+1

k
p
(
1− 1

p

)
−1

)1
p

= Dpra2ν+2 · 2(ν+1)
(
1− 1

p

)
= D′

pra2ν+2 · 2(ν+3)
(
1− 1

p

)

= D′
pra2ν+2 max

{

k1−
1
p : k ∈ [2ν+2 + 1, 2ν+3]

}

≥ c−1D′
pr max

{

akk
1− 1

p : k ∈ [2ν+2 + 1, 2ν+3]
}

(4.5)

(in the last inequality, we used the property (2.2) of the sequence ā ∈ GM). Now, combining (4.4)
and (4.5), we have

‖f‖brp∞ ≥ D′′
pr sup

{

2νr max
{

akk
1− 1

p : k ∈ [2ν+2 + 1, 2ν+3]
}

: ν ∈ Z
+
}

= 2−3rD′′
pr sup

{

2(ν+3)r max
{

akk
1− 1

p : k ∈ [2ν+2 + 1, 2ν+3]
}

: ν ∈ Z
+
}

≥ D′′′
pr sup

{

max
{

akk
r+1− 1

p : k ∈ [2ν+2 + 1, 2ν+3]
}

: ν ∈ Z
+
}

= D′′′
pr sup

{

akk
r+1− 1

p : k ∈ N, k ≥ 5
}

≥ D(iv)
pr sup

{

akk
r+1− 1

p : k ∈ N
}

.

Thus,

|f ;Br
p∞(ϕ; [0, 1))| ≥ sup

{

2νrE2ν (f)p : ν ∈ Z
+
}

≥ D(iv)
pr sup

{

k
r+1− 1

p ak : k ∈ N
}

.

It was clear during the proof that the coefficient D
(iv)
pr > 0 depends only on the indicated

parameters. �
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