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Abstract—For polynomials in the Price system, we establish an in€quality of different metrics
in the Lorentz spaces. Applying this inequality, we prove a HardysLittlewood gheorem for the
Fourier—Price series with GM sequences of coefficients in the‘two-parameter Lorentz spaces
and in the Nikol’skii-Besov spaces with a Price basis. We also study the behavior of the best
approximations of functions by Price polynomials in théymetric of theyl.orentz space.
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1. INTRODUGCTION

The Hardy-Littlewood theorem for trigonometrigyseries with monotone Fourier coefficients in
the Lebesgue spaces L,[0,27), 1 < p < +@d8 (see)31]), has played an essential role in function
theory. The sharpness of various statements has been proved and extreme functions of function
classes have been constructed on the basis ofighisitheorem.

The theorem has been developedgh seyeralidirections. First, in the space L,[0,27), 1 < p < 400,
the condition of monotonicity of tli€ sequence of trigonometric coefficients has been relaxed in various
ways; namely, in [12], the suffidient condition of the Hardy—Littlewood theorem was established for
trigonometric series with quasimonetone coefficients; in [15], the sufficient condition was established
for trigonometric Fouriemgseries \with coefficients in the RBVS classes. In 2007, Tikhonov [27,
Theorem 4.2] reproved ($he Hardy—Littlewood theorem with a new, weaker, monotonicity condition
imposed on the coeffigients of trigonometric series. Tikhonov showed that his class of sequences
contains both manotoneland quasimonotone sequences as well as RBVS sequences of coefficients.
Moreover, it ghouldybegtoted that D’yachenko in [5] also proved the Hardy—Littlewood theorem for
a wide mofigtonicity class of Fourier coeflicients.

Secemg, in16], Nursultanov extended the Hardy-Littlewood theorem to multiple trigonometric
seriesf undergthe condition of generalized monotonicity defined by him; however, the assertion of
the\HardyAdittlewood theorem remained valid only for 2 < p < 400. For 1 < p < 2, D’yachenko
cahstructed an example of a function fy such that all hypotheses of Nursultanov’s theorem for the
sequence {ﬁ)(kzl, ..., kpn)} are satisfied but fy € L,[0,2m)".

Third, the Hardy—Littlewood theorem has been extended to more general spaces than the space
L,[0,27), 1 < p < +o0. For example, in [20], Sagher established the Hardy-Littlewood theorem for
trigonometric series in the two-parameter Lorentz space under the ordinary monotonicity condition.
In [14, Ch. II, Theorem 9.3|, the Hardy—Littlewood theorem was proved for a cosine series in
symmetric spaces under the condition that the sequence of coefficients is monotone.
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78 A.U. BIMENDINA, E.S. SMAILOV

Here we should also mention the papers [21, 18, 19, 9, 10, 6].

Fourth, the Hardy—Littlewood theorem has been established for series in other orthonormal
systems different from the trigonometric ones, namely, for Walsh and Haar series as well as for series
in multiplicative systems. For example, in [28] Timan and Tukhliev proved the Hardy-Littlewood
theorem for the Price series in the space L4[0,1), 1 < ¢ < 400, under the condition that the
coefficients are monotone and the generating sequence is bounded. G. Akishev proved the Hardy—
Littlewood theorem in L,[0,1), 1 < p < +o0, for the Price series with quasimonotonié coeffieiénts
without requiring the boundedness of the generating number sequence of the Prigé system (see |3,
Theorem 10.1]). In [22], this theorem was established in the Lorentz space withoufyrequiring the
boundedness of the generating sequence of the Price system.

Here we also mention another paper by Nursultanov [17|, where he established the Hardy—
Littlewood theorem for multiple Fourier series in regular systems introduced byshimifor 1 < p < 2
under the condition of generalized monotonicity of the function amd for 2 &% <Wtoo under the
condition of generalized monotonicity of the table of Fourier coeffidients.

In the present paper, we obtain the Hardy—Littlewood theoremyfor Eourier—Price series with GM
sequences (see [27]) of coefficients in the two-parameter Lorentz spacejand analyze the behavior of the
best approximations of functions in the metric of the Lorgntz space bydmeans of Price polynomials.

In [13], Konyushkov presented two-sided estimates for the Best trigonometric approximations of
functions in the metric of the space Ly[0,27), 1 < p < +oojin terms of Fourier coefficients under the
condition of their monotonicity. In 1982, in the abovesmentioned paper [12], Kokilashvili published
similar estimates for the best trigonometric approximations in the metric of the space L,[0,27),
1 < p < 400, in terms of quasimonotone trigoubmeétriciFourier coefficients. Leindler [15] established
an upper estimate for the best trigonometrielapproximations in the metric of the space L,[0,27),
1 < p < +o0, for RBVS sequences of cgéffigientss®In [26], the best trigonometric approximations
in the metric of the Lorentz space were estimatedypboth from below and from above in terms of
trigonometric Fourier coefficients ufider theggondition of quasimonotonicity of the latter.

In [1], Agafonova presented, an upper estimate for the best approximation of functions in the
metric of the space L,[0,1), 1 <{py< +03, by Price polynomials in terms of Fourier-Price coefficients
under the conditions that theéygénerating sequence of the Price system is bounded and the Fourier—
Price coefficients belongtothe'elass RBVS or A;, 7 € R. Here {ak}ﬁf’l € A, for 7 > 0 means that
{akk*T};ﬁ({ decreases andlimy ., o ax = 0, while for 7 < 0 it means that {akkw}:ﬁ increases and
limg 400 ar, = 0.

In [23], twe-sided estimates for the best approximations in the metric of the Lorentz space by
Price polynegmials, aré“obtained without constraints on the generating sequence of the Price system
but under the condition that the sequence of coefficients of the Price series is quasimonotone.

Inghis papes, we present similar results but under a weaker condition imposed on the sequence
ofjcoetfidients, namely, under the condition that the sequence of coefficients belongs to the class GM

defined 19[27].

2. DEFINITIONS AND AUXILIARY STATEMENTS

Let p = {p1,p2,...} be an arbitrary sequence of positive integers with py > 2, kK > 1. The
sequence {px} defines a set G of integer sequences T = {x1,z2,...,2,...} with 0 < zp < pp — 1.
Set mg = 1 and my, = [[;_; pk. To each element T = {wk}:;"i € G, we assign a real number

+oo
m:A(a):ZZz, 0<ar<pr—1, (2.1)
k=1

which lies in the interval [0, 1].
The set G is a group |3, 7].
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FOURIER-PRICE COEFFICIENTS OF CLASS GM 79

Any positive integer n can be uniquely represented as

l
n = Z nEMp,
k=0

where ny are integers such that 0 < ng < ppy1 — 1, k € ZT.

Equality (2.1) defines a mapping from the group G to the interval. This mappi
at all points of the interval [0, 1] except points of the form I/my, 0 <1 < my —
refer to points of the form [/my as pg-rational points and to the other points as pg-1rational points

of the interval [0,1]. To points of the form I/my, there correspond two types angions (2.1)
One of them is finite, with x; = 0 for all k& > n, and the other is infinite, pr — 1 for
all £ > n.

If  is not py-rational, then the expansion (2.1) is a unique representati f pi-rational
points are counted twice, then the mapping of the group G togthe inter 1] by means of the

representation (2.1) is one-to-one.
The interval [0,1) with pg-rational points counted twice is ca the modified interval [0,1);
everywhere below, [0,1) stands for the modified inteer,
Now, we define a multiplicative Price system ® = {

Set wo(x) =1, x € 0,1), and

% of the point x. For integers n > 1, set

©m,, (T) = exp

where xj, are the numbers from the exp,

¥ Somk(x)}nkv x e [07 1)'

n
0
The multiplicative Price sys hus defined is orthonormal (see |7, 3|).
The Fourier—Price (se ofla function f € L;[0,1) is the Price series Y0 a,¢, () whose

coefficients are de v the equality
1
a, = /f(t)gol,(t) dt, vezt.
0

ition 2.1 [25|. Let f(z) be a nonnegative function defined on [0,1) that is measurable
finite"almost everywhere on [0,1). Set

Ly={z€0,1): f(z) > t}.

The function ps(t) whose value at t is equal to the Lebesgue measure u(L;) of the set L; is called
the distribution of the function f(x). The function pg(t) is right continuous and does not increase
on (0,400).

Definition 2.2 [25]. Let f(z) be defined and Lebesgue measurable on [0,1). The function

fr(r) =inf{t € (0,+00): pyst) <7}, 7 €0,+00),
is called the nonincreasing rearrangement of the function |f(x)|.
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80 A.U. BIMENDINA, E.S. SMAILOV

Definition 2.3. [25] Let f(x) be a Lebesgue measurable function on [0,1), 1 < p < +o0, and
1 <0 < +oo. We say that f(x) belongs to the Lorentz space Lpgl0,1) if

1
6

1
b *
£l =3 [T @ ey <+
0
For 6 = p, by definition, L,y[0,1) = Ly[0,1) and || f||p := || fllp- <

For short, a linear aggregate of the Price system

n—1
To(x) =) arpr(w)
=0

will be called a Price polynomial of degree n. Let f € Lp[0,1) D nd1 < 0 < +4o0.

The quantity

, 1

En(f)po = f{|If = Ttllpo: {Ty(2)}, 1 =

is called the best approzimation of a function f in the metri the Lorentz space Lp[0, 1) by Price
polynomials of degree at most n.

Denote by M the class of nonnegative number se hat decrease monotonically to zero.
By QM (see [27]), denote the class of quasimonot r sequences, i.e.,
QM:{aneR: li and 37 > 0: anLO}.
n—+ n”
Definition 2.4 [27]. We say t tnc f complex numbers a = {ay}> belongs to the
set GM if the inequality

VneN

M contains monotone and quasimonotone number sequences.
the following property of number sequences that belong to GM:

According to
Below we wil

a e GM = lag| < Clan| Vk,neN, n<k<2n. (2.2)

Here is mdependent of both n and k.
d (23], Let 1 <p<qg<+00,1 <7< 400, and 1 <0 < 400, and let Poi(z) =
:01 a,py(x) be Price polynomials. Then, for | > k, one has

-1 .

1_1

| Pyt — Porllgr < cpqm{z 957 (5 q)||q>23+1 _ ‘1)23”;9} )
s=k

Here the coefficient cpqer > 0 depends only on the indicated parameters.

Theorem 2.1 [22]. Let 1 <p < 400, 1 <6 < 400, and a = {a,}>5 € QM. The numbers a,
are the Fourier—Price coefficients of some function f € Lpg[0,1) if and only if the series

400 )
Zye(l—p)—lag
v=1
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FOURIER-PRICE COEFFICIENTS OF CLASS GM 81

converges. In this case, the following inequality holds:

= 0(1—1)-1 é = f(1—1)-1 é
0;9 a8+ZV(_P)_ a < |[fllpo < cpo ag—l—ZV(_P)_ a b

v=1 v=1
Here the coefficients Cpg, o > 0 depend only on the indicated parameters.
Definition 2.5 [16]. A sequence of positive numbers {ay }rezn is said to be genéralize o-

tone in Z" if for any m € Z" we have

>

k€EQm

la,| < C , Qm={ke€Z": 0<kjsgnm; < |

1
| Qi

imonotonicity.
, where { f(k)}kezn

The condition of generalized monotonicity is weaker than monogeni

Theorem 2.2 [16, Corollary 5]. Let 2 < p < +oo and f ~
is generalized monotone in Z". Then f € L, if and only if

—+00 —+00
SN L kg—2|f(1m).

ki=1  kn=1
Lemma 2.2 [25]. Let f(z) and g(z ]
f g€ Li(Q), then the following mequalzty holdf

Lemma 2.3. Let 1 <p o0yl < 0 < 400, and S, (f;x) be the partial Fourier—Price sum
of a function f € Lyg[0,1). T

functions defined in Q@ C R. If

f) |p9 < Cp9||f||p9 Vfe Lp&[oa 1).

ends only on the indicated parameters.

showed that for 1 < p < 400 the partial sums of the Fourier—Price series

1Sn(Dllp < cpllfllp  Vf € Lp[0,1), VneN.

in adsertion and the Marcinkiewicz interpolation theorem [2], we can verify that the operator
ATt rier-Price sum is bounded in the Lorentz spaces Lp[0,1), 1 < p < 400, 1 < 8 < 400,
el. O

Lemma 2.4 [4]. Let k and [ be positive integers, k > 1, and Dy (x) = Zl]:ll v, (x) be the
difference of Dirichlet kernels. Then the inequality

| D llp < cp(k — l)l_”

holds for 1 < p < 400 with a constant ¢, depending only on p.

Theorem 2.3. Let numbers p and 6 be such that 1 < p < 400 and 1 < 0 < +oo. Then the
following inequality holds for linear aggregates of multiplicative Price systems:

1
tgax)lT ()] < epnr|[Tollpe- (2.3)
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82 A.U. BIMENDINA, E.S. SMAILOV

Proof. For a function f € L,[0,1), 1 < p < 400, we have the integral representation

1
Su(fsa) = / (@) Daly = ) dy,
0

where D,,(x) is the Dirichlet kernel of the Fourier-Price series. Here — denotes the gro

defined by the Price system. Applying Holder’s inequality for 11) + I}, =1 and Lemm

1
1 p 1

1
1S, (fi ) < /\f(x)HDn(y;x)\dyg /If(w)lpdy /|Dn<y;
0

0

1
= [1F o1 Dnllyr < cpnrelifll, vV €[0,1).

Here the constant ¢, > 0 depends only on p.
Let pg # p1, 1 <p; < 400, i=0,1, and

18(Dlloe < a7 1 fllny _YIaE Lpo[0 By
10(F) oo < ep o [|Fllpy %[O, 1),

1
HS”HPO—)OO < cpynro = My Sn| pi—oo < Cpy Pt = M.

Then, by the Marcinkiewicz interpolation the ee [2, Theorem 5.3.2]), we have

HSn(f)HpG—mo < M(}_a

1 _ 1-« «
Wherep— po_+p1"0<a<1 1<
Thus, the inequality

Wy (n) " (n1)* = Bygpran,

1
n(f)lloo < Bpopran? ||f||p<9

holds for all f € L,[0,{1), +00, 1 <0 < 4o0.
Setting f(x) = , iniew of the orthonormality of the Price system, we obtain

1
[Tnlloo = [1Sn(Tn)lloc < Bpan? | Tnl|ps-
Hence,

1
m[ax)\Tn(x)\ < cpne || Ty po, l<p<+4oo, 1<f<+00. O
z€[0,1

heorem 2.4. Let numbers p, q, 0, and 7 be such that 1 < p < q < 4o00,1 <6, and 7 < +00.

en the following inequality holds for linear aggregates T, () = ZZ;(I) arpr(x) of the multiplicative
ce system:

11
||Tn||q7' < Cpgrnr ||Tn||p9a

where the constant cpqr > 0 depends only on the indicated parameters.

Proof. For ¢ = +00 and 7 = 400, the claim follows from Theorem 2.3. Now, let 1 < ¢ < 400
and 1 < 7 < 4+o00. Then

1/n

1 1
Il =7 / RO / Ty et / i T ) dt = 1 + I,
0 0 1/n

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



FOURIER-PRICE COEFFICIENTS OF CLASS GM

The integrals I; and Iy will be considered separately. Applying Theorem 2.3, we obtain

1/n
TT T_1 1
L < T 4 dt < T,
1‘(@%' ()‘) q/ ' <76 T
0
Since T7¥(t) does not increase on [0,1), for 1 < p,0 < +oo and t € [0,1) we have
1
0 t 0 0 t , 9 .
0
TR () = T (1) p/up_ldu < p/up—l(T;(u))‘)du w
0 0

= 175l pp-

Hence, for 1 < p < 400 and 1 <6 < 400,

1
sup trT;(t) < ||Tn||p0-
te[0,1)

Under the conditions 1 < p < ¢ < 400, 1 <6 < 400, o < 400, we obtain

1 1
. TNt < epgrn™ T T,
1

1

L=" /tZ‘;‘l(tiT;(t))Tdts ( sup t7 T
/n

Then

1_1 - _1 r
ITallge < 07 a) | T + 1Tl < (1+ cpgrn™ ™) Tl 5,

where 1 <p<g<+o00,1<60< , <
Now, let 7 = +00 and 1 < +oe, Then, for t € [0,1) we have

U < [T ()] 9/ il < 1_1|| [
q p a7 .
! zlél[zol)i) q “ “ =" niipd

For the same reasons,

1 0
1 0 0_0_q 11
Uy < sup trT;(t) wa r dup <cpggnr || Tyl pe-
te[0,1) q1/
n

Thus,

1 1_1
1 Tllg,+00 = tSE(l)pl)th:;(t) SUL+ Uz < gne” 1| Taflpp- O
S )

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



84 A.U. BIMENDINA, E.S. SMAILOV

Lemma 2.5. Let D, (z) be the Dirichlet kernel of the Price system and let 1 < p < 400
and 1 <60 < +oco. Then

1
| Dnllp < cpom’ ™ »

for all n € N, where the constant cpg > 0 depends only on the indicated parameters.
Proof. Let 2 < p < 400 and 1 < 6§ < 400. Then, by Theorem 2.4 and Parsev: identity,

we have
n—1 Ly
Z@k <Cp9n2 Z@k <Cp0n2 PN 2 —Cpen
k=0 po 2
Ifl<r<p<2and1l <60 < 4o0o, then, in exactly the same way, applyl rem 2.4 and
Lemma 2.4, we establish
n—1

n—1
Z Pk < cp&rn r Z Pk < Cp@rnr
k=0 p0 k=0 r
Lemma 2.6. Let 1 <p<4o0,1 <0< +o00, f G and Zk o arpr(x) be its Fourier—
Price series. Then
2n—1
1
Z ar| < Cpfil P 'y O
k=n

for all n € N. Here the coefficient cpg > 0 d .‘ e

Proof. The proof is standard. Le >
imation of the function f € L,|0, bec
orthonormal, we have

nly on the indicated parameters.

e éakgok(x) be the polynomial of best approx-
o the Price system. Since the Price system is

2n—1 -1 1 2n—1 1
Z ar = Z /f Sok — - n(t)) Z on(t) dt = /(f(t) _Tn(t))(DQn(t) - Dn(t))dty
k=n 7 k=n 0

where D,,(x) =
and Lemma 2.5,

is' the Dirichlet kernel of the Price system. Applying Holder’s inequality
immediately obtain

1
< If = Tallpo (ID2nllpror + 1 Dnllprer) < cponr En(f)po. O

ag
k=n
e 2.7 [11]. Let y <1, 8> 1, and by > 0. Then
+oo +oo B +oo
Ziﬁ(Zb,,) <y Y KT (kD)1
k=1 v=~k k=1

Lemma 2.8 [8]. Let r > 0 and a sequence {b};"% be such that by =1 and b1 /b > o > 1.
Then the following inequality is valid for any numbers q¢ > 0 and {ak}kzo’ ag > 0:

lg;br (Zk) . crqzblal

Here the coefficient c.q > 0 depends only on the indicated parameters.
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FOURIER-PRICE COEFFICIENTS OF CLASS GM 85

Definition 2.6. Let 1 < p < 400, 1 <0 < 400, and r > 0. A function f € Byy(¢;[0,1)) is
said to belong to the Nikol’skii-Besov space with the Price basis if f € Lp[0,1) and the following
quantity is finite:

1
0
[ Byl 0. 1) = 11l + {Z 2 By (f } if 1<0< oo
|3 Broo (03[0, 1) = || fllp + sup{2¥" By (f)p: k€ ZT}  if 6= 400
Here Eyi(f)p is the best approximation of the function f € L,[0,1) by the P polynomials
(see [24]).

3. BEST APPROXIMATIONS OF FUNCTIONS f € 0,
WITH GM FOURIER COEFFICIEN

Theorem 3.1. Let 1 <p < +o00,1 <60 < +o0, and a = {aw}, % € G a positive sequence.
Then a is the sequence of Fourier—Price coefficients of some fu Lpo[0,1) if and only if
the series

+00 J
Z 0= 5) -1,
v=1

converges. In this case, the inequality

400 )
chos ap + Z Ve(l_r’)_lag
v=1

holds. Here the coefficients cpg, c;ﬁ >0

1 1

—+00 1 4
A=< Cpy ag—l—Zl/e(l_P)_lag

v=1

on the indicated parameters.
Proof. Sufficiency. Using t eq , we construct a Price series ZV 0wy (), and let

Sor = 212/’“:—01 a,p, be its partial sumi§Take a number ¢, 1 < ¢ < p < +00. Then, by Lemma 2.1,

we have
gntl_q o
\ ol 9 p0<Cpq9{Z2n0 Z ay Py } . (3,1)
n==k y=2n q0

ation and Lemma 2.5, we obtain

ontl_ on+1_o R .
< Z ‘aV aV+1| Z‘Ps + Qont1_4 Z Vs + agn Z s
q0 v=2n q0 5=0 q0 s=0 q0
2ntl_1
< qu{ Z lay, — ayy1| + agn+1_1 + a2n} . 271(1—;).
v=2"

ince a € GM, we have Z,%:;flmy — ay41| < cagn for all n € N according to property (2.2) of

the sequences in GM. Hence,
2ntl_1

> avpy

y=2"

< Dgag-2""0)  Wnezt

Substituting the estimate obtained into (3.1), we arrive at

-1 0
1St — S lpo < D;qe{z 2”9(1‘i)agn} VikeN: 1>k
n==k
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Taking into account the property of the sequences a € GM, we have

2n+1_1 2n+1_1

ST > (a0n) S 0T S a0, 2707 wnen,

y=2" p=2n
Then it follows from (3.1) that
2l—-1 )
[[Sgr — Sarllpe < Cpe{ Z V&(l—p)—lag

v=2k

+oo  B(1-1)~1 a?

By the hypothesis of the theorem, the series > 2] v o, converges. Th

|| St — Sak||pe — 0 as  min{k,l} — +oo.

As the space Lpp[0,1) is complete there exists a function f € L0, 1)su, Sak|lpg — 0
as k — +oo. Let {b,(f)}/25 be the sequence of Fourier coeffigi of th ction f € Lpg[0,1),
l<p<+o0,1<8<+o00. Applylng Holder’s inequality, for 2’C e

1
|bn(f) — an| < /If = Sor ()] - [eon ()| da < ]%‘ &) (£)n (t) dt

This means that b, (f) = a,, n ssing to the limit as | — +oo for k = 0 in inequality (3.2)
we obtain
400 1 6
v=1
Since f(x) ~dgnt x), (z) —ap ~ S ayp,(x). In view of the properties of
the norm,
+00 +00 01 1)1 é
|f ph _cp9|a0‘ <|f _GOHPG < ZGVSOV < cqu{ZV ( _p)_ ag} .
v=1 o v=1

0(1—1)-1 5
ence, || f]lpo < cpg{ao Zjool v ») aﬁ} 0,
Necessity. Let f € Lp[0,1) and S,,(f; ) be a partial sum of the Fourier-Price series. Then,
applying Lemma 2.2 and Holder’s inequality, we have

1 1
Su(fi2)g(x)de < [ S5 0g @) dt = [ (tv—05%0)) (177 g* () dt
soyies [z (5 isi0) o)

o —

1
o/

1 1
© 1, 10 0 1, NG
< / £0 LS5, () dt / @) S = Sl gl
0 0
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This implies that

1Sumllpe > sup / Sun(f32)9(x) d: |lgllper <1 (3.3)

Consider the function g, () = 3120 i (gm)pr(x) with

co(gm) = af* <a0 + Z i
v=1
and
0-1,0(1— )1 6 - 0(1-2)-1 ¢
k aj + v
wlom) = >
0,
Let us show that the sequence {ck(gn,)} also belongs t By the hypothesis, {ax} € GM. For

the sake of brevity, we introduce the notation

Then
2n—1 2n—1
(v + 1

Z |CV - CV+1| -

2n1

1)_ _ 1y
b g0 )

2n—1
1y T
= kil 3 0

v=n

2n 1 2n—1 L
-1 0—1 /o 6—1 0(1—_)—2
E ‘a —au+1‘+cp9an g 1/( ») }
v=n

s mean value theorem, we obtain
0—1 _
a,  — al/—l—l‘ - 1 |a1/ - a’U+1|€y )

where £ lies between the numbers a, and a,41. Since a € GM, the following estimate is valid:

2n—1 2n—1

Z ‘ag_l - aVH‘ <(/-1) Z lay — apq1]a®=2 < cpal™L.
= v=n
Thus,
2n—1
Z|c,,—c,,+1|<09B a0 1 9(1_ )-1 VneN: 1<n<m.
v=n

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



88 A.U. BIMENDINA, E.S. SMAILOV

Now, let m be a positive integer in the interval [n,2n — 1]. Then, according to the definition of the
sequence {cx(gm)}, we have

2n—1 2n—1

Z lcy — cuq1] = Z‘CV cup1| + Z ley — cvy1| = Z lcy — cogt] + [em — cmy1
v=m+1
m—1
= Z|cy — Ccyt1| + em-
rv=n

It is clear that
9-1, 0(1-1)-1 _ g1 0-1, 0(1=,)-1 _ 6-1,,6(
¢m = Bna,, m (1-3) <c""Bpa, cyn (1-5) B ay, ' pecn

Next, taking into account the previous calculations, we get

m—1

1 —
e ot < 2 5000 0rwwuz%ﬂ - |
r=n

< B,, {Zlen 12@,@@ 1— —}

B 0D

in the case of m € [n,2n — 1] as well. Thus ' 1ence {cx(gm)} = c(gm) belongs to GM. Now,

consider the series

+o0
cgl () + Z ke (1—;,)_162/( 3 Z ke (1—1},)—1k(9(1—;)—1)9 a;(ge_l)e }Bz;

m m —1
= {agﬁ-ZkQ(l_;)_laZ}{ag+Zk0(1_;)_1a2} =1
k=1

k=1

Hence, according aproved part of the theorem,

1
400 o
/ o' (1— 1/ 1 g
19l < Dpe{cz (gm) + S K701 (gm)} Dy <o

k=1
v D,y gm(x), x € [0,1). Then ||¢hy o < 1.

ext, taking into account the orthonormality of the Price system and (3.3), we have

1
1706 = ApllSm (£ o6 > Apg sup / Son(f32)9(x) de: ||glyer < 1
0

1
zApG/Sm f7 wm )d.’L‘— pGng /S f7 )gm( )d.’L‘— pGng Zau Cu(gm)
0

1

1
o’ m 6
{aoao +Za,,a9 1,00-3)- }{a -I-Zk (1=,)-1 9} :{ag-l-Zagye(l_zl))_l}

v=1
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for m € N. Thus,
;
{a +Za" 0=y 1} < A} Dyl fllpo. O

Remark 3.1. During the proof of the theorem, no constraint was imposed on t erating
sequence of the Price system.

Corollary 3.1. Let 1 < p < 400 and a positive sequence a = {al,} o belon GM. T a
is the sequence of Fourier—Price coefficients of some function f € Lp[0,1) if and onlyluf the series

“+oo
E P 2aP
v=1

converges. In this case, the following inequality holds:

+o00 11; +00 ;1;
) —2
gaah+ > vl s <||fl, <&Ra A
v=1 1

Here the coefficients cp, c;, > 0 depend only on p.

Theorem 3.2. Let f € Ly[0,1), whe
f(x) ~ S0 appr be its Fourier-Price séie
coefficients {ay} belongs to GM. Then

< 400 and 1 < 0 < Hoo, and let
hat the positive sequence of Fourier—Price
inequality holds:

g

E,(f)pg € S Pap+ (Zakke(l > }

nds only on the indicated parameters.

(2) ~ Y528 appr(z) be its Fourier Price series, and S,(f;x) =
m of this series. Let Dy(x) = > 7", Lon(x ) be the Dirichlet kernel of
onsider the auxiliary Price polynomial ¢, (z) = S, (f;z) + anDp(z). Then

where the coefficient c,,

En(f)p0 < ||f() - Sn(f7 ) - anDn(')Hp0-

e ofy Y(z) = f(xz) — Sn(f;2) — anDyp(x) belongs to the space Lppl0,1), 1 < p < 400,
0 , and its Fourier—Price coeflicients are
{an, k=0,1,...,n—1,
b =
ag, k>n.

The sequence b = {bk} o belongs to GM; therefore, we can apply Theorem 3.1 to the function .
Then

En(f)P9 < ||¢||pt9 < Cpg{b + Zkﬂ(l_ be} < C;G{ pan Zkﬂ(l_ - ] }

for n € N. Thus, the theorem is proved. [
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Corollary 3.2. Let f € L[0,1) and f(x) ~ > 325 arpr(z) be its Fourier—Price series such that

the positive sequence of Fourier—Price coefficients {ak}k belongs to GM. If the series Zﬁoo kP—2q al
converges for some p, 1 < p < +oo, then f € L,[0,1), and the following inequality holds:

En(f)p < Cp{ han+

ka 2 ”] } VneN.

Here the coefficient ¢, > 0 depends only on p.

Theorem 3.3. Let 1 < p < +o00, 1 < § < 400, f € Lyl0,1), and
Fourier—Price series. If the positive sequence of Fourier—Price coefficients {ag
then the following inequalities hold:

(x) be its
s to GM,

Here the coefficients c. 00> Cpd > 0 depend only on the i

Proof. Using the property of GM sequences of
obtain

Cpen’l’E (f)p

Thus, as, < c’gnrl’ pg, andd 3.4) is established.
Let us prove mequaht . thls end we apply Theorem 3.1 to the function g(z) =
f(@) = Sn(f;2)

‘9Zk9(1 ) 1+% ak < Byo{Ilf = Su(f)llpo + anll D llpo }

ée{En p9+an . } < BIQ{E p0+En/2] } <B E[n/2](f)p0

o)

(in t\l:@ inequality of the chain we used Lemmas 2.5 and 2.3 and inequality (3.4)). Hence it
t

1
400 1y 0
{Z ’6‘9(1 1") 1CLZ < B;)/Q E[n/Q](f)pg VneN. ]

Corollary 3.3. Let f € L,y[0,1), 1 < p < 400, and 3325 arpr(z) be its Fourier-Price series.
If the positive sequence of Fourier—Price coefficients {ak}k belongs to GM, then the following
inequalities hold:

1
- +o00 »
azn < cynr En(f)p, {Z kp_Zaﬁ} < &p By (f)yp-

Here the coefficients cp, c;, > 0 depend only on p.
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Theorem 3.4. Let 1 < ¢ < 400, 1 < 7 < 400, and f € Ly [0,1). If the positive sequence
of Fourier—Price coefficients {ak} o of [ belongs to GM, then the following inequalities hold for
any p, 1 <p <gq, and 6 € (1,400):

+o0 (1_1)_1 i
Zk P El:(f)pG < Cpq9T||f||q7’7
k=1
1
11 I 7_(1_1)_1 - T
ne qEn(f)p0 + Zk P Ek(f)p0 qGT n/2]
Here the coefficients cpqor,C pqu > 0 depend only on the indicated parameters:
Proof. Using Theorem 3.2 and the inequality (|b| + |¢|)™ < 277}( < T < 00,
we have
I 7(1_1)_1 = 7(1_1)_1 1—1
S R TdTEL () < o Y KT T E T ak-l-
k=1 k=1
+00 - 0
< CZQTZkT(p_q)+T(1 )_1(1;;4- T
k=1
1 > 1 g
= Apor Zkﬂ'(l_ 1,7 )1 Zye(1-p)-1a§

v=k
S o(1-1)-1 ’
— -1)-1_¢
pQT{ qT ZV P a’u) } (3'8)
v=k
(in the last inequality, we used rem3.1). Let j > landr > 11) - ;. Then, applying Lemma 2.7,
we obtain
+00111 1g 111+0001115
R0 2 <3 (S
k=1 v=k
1 o = )
—7(r— »t ) l(kf kﬂ(r—l—l— )—laz)e :BTGZkT(l_q - <B/q€||f|| (39)
t t imequality, we used Theorem 3.1).
oW, 7 = 0. Then, changing the order of summation, we obtain
< 7(1 0 12 T(1-1)-1 af +Zoo T(1-1)-1 Tzkr(l
= v
k=1 v=1
Ix 1 1 1
< pgr v el —cquzﬂl— 0], < Chyel|fll7- (3.10)
v=1

If j <1, then

9 00 00 0
Zk (Z,ﬂ(l— - a,‘i) gcquZW(i‘i)(Z y"(l‘i)‘lafﬁ) . (3.11)
k=0

v=2k

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



92 A.U. BIMENDINA, E.S. SMAILOV

Let us consider separately the inner sum:

+00 +o025t1—1 +00
Z L0=,)-1 aﬁ _ Z Z S0-,)-1 aﬁ < CZG Zags 23(1—;)97
v=2k s=k v=2° s=k
since a, < Cags for all v € [2%,2°T NN if {a,} € GM. Now, taking into account Hef%mt
» <1, we continue inequality (3.11) as follows:
400 N 400 1 o —+o00 R s L 0
Z k() (Z VG(I_P)_ICL?,) < Cpgor Z 2k7(p =) Z ads - 93(1=,)0
k=1 v=k k=0 s=k
400 +o00
< cpquZQkT(;_;) Zags o7(=5) —
k=0 s=k

Ix 1 1_1
< e a0 D
s=0

Since {ax} € GM by the hypothesis, we have

25—1
27(1=0) 43, < D, (R War  vseN

Therefore,
Too 1 1 I> 1
1— 1-1)—1 1-1)-1
E 9s7(1= ) ags < Dy, (1=g) ay, ¢ < Dy, E (1= g) a,.
s=0 s=1p=9s—1 v=1

Thus, for j < 1, the continwagion of inequality (3.11) ends with the chain

+o00 L1y, o 0 00 L1y
Zk‘T(p_q)_ v p)_ ag) < quGTZVT( _q)_ CL:; < quGTHfHZJ—T' (312)
k=1

v=1

Now, from (3.8)— d (3.12) we obtain
— (- =117 T
Zk P Ek (f)p6' < Cpq9T||f||qT'
k=1

o} the second inequality formulated in the theorem, consider the auxiliary function

g(:L‘) = f(l‘) - Sn(f7x) - anDn(x)'

Since f € Lyr[0,1), it is clear that g € Ly,[0,1). Moreover,

Ey(f)pg for k>n,
E(9)po =
E.(f)pp for 0<k<n-—1
Keeping this fact in mind, we apply inequality (3.6) to the function g; then
(1—1)7' T = T(l—l)—l T T T
ntr En(f)p9 + Z kiea Ek(f)pG’ S quOT”quT‘ (313)
k=n
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Next, applying Lemmas 2.5, 2.3 and Theorem 3.3, we obtain

_1
lgllgr < 1F = Sn(F)llgr + anll Dallgr < cor(Bn(f)gr + ann'~ )
< C;T (En(f)QT + E[n/Q] (f)q‘r) < chE[n/Q](f)qT'

Now, (3.13) and (3.14) imply the desired inequality (3.7). O

Corollary 3.4. Let 1 < g < 400 and f € L4[0,1). If the Fourier—Price coefficients {ay
of the function f belong to GM, then the following inequalities are valid for any <p<gq:

+oo ‘17 11 =, (17
{Zk5‘2E2<f>p} Seulfle v B+ | 3R EL, | e B (D
k=1 k=n

Theorem 3.5. Let 1 <p < 400, 1 <80 < +o0, f € Lyl0,1), < q ,and 1 <17 < +00.
If the positive sequence of Fourier-Price coefficients {ag}{25 of , then f € L4 [0,1)
if and only if the series
“+oo

Skl g]
k=1
!

converges. In this case, the following inequalities
1
+o0 11 )_1 T
por | SRS EL (o | < | fllr
k=1

+o0 - i
ZkT(p_q)_lEg(f)W] }
k=1

Here the coefficients cpqeor, c;qu >0 dep ly on the indicated parameters.

Proof. The necessity is e lis in Theorem 3.4. Let us prove the sufficiency. By Theo-
rem 3.1, we have
¢ - :
%ﬂ Mgr < cqf{aa +3 kT(l‘i)‘la;} . (3.15)

)p
17 1lpo +

k=1
It is clear tha
ao < cppllfllpe: a1 < cppllf1lpo- (3.16)
Next, ampi > € GM, we obtain

12vtl g

n n—1
[ 1—q)—1az _ Z Z kr(l—;)—laz < trq Z 2"(1_;)%5,,

=1 v=0 Fk=2v v=0
! S v(1=g) (9D (,-1) T T " .= s(p— )T pT
< Cpqbr 22 a4 (2 P EQV—l(f)p0> + ||f||p6' = Cpgbr ||f||p6' + 22 poa EQS(f)pG
v=1 s=0

(when passing to the second row, we used Theorem 3.3 and inequality (3.16)). Thus, taking into
account this inequality and (3.16), we can continue inequality (3.15):

1

n—2 -
Zzs(p‘q)TEgs(f)pgl} VneN.

s=0

[1S2n (F)llgr < APQQT{”]CHPQ +
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The convergence of the series 1% 257(5 q)Egs (f)po and Lemma 2.3 imply that

1
} < A;qGT{HfHPQ +

Remark 3.2. Theorem 3.5 is presented for completeness. The fact that t onvergence) of
the series

“+oo
SoRTb B (s

k=1

22” DEL(f)y0

s=0

||f||q7- < qu07{||f||p0 +

The theorem is proved. [

ZkT(;—é)‘lEg(f)pg, 1<p<q<+oo,

for f guarantees the inclusion f € L4, [0,1) was established in [23]
tonicity of its sequence of Fourier—Price coefficients. For the
tablished by Ul’yanov [29] in terms of the best trigonometric a ions in Lebesgue spaces.
Later this area was developed by M.F. Timan, M.K. Potapov, Bih Golubov, E.A. Storozhenko,
V.A. Andrienko, V.I. Kolyada, N. Temirgaliev, E.S. Snﬁo G.A. AKishev, and others.

4. HARDY-LITTLEWOOD TYPE TH N NIKOL’SKII-BESOV
SPACES WITH T ASIS

:‘XO) arpr(x) be its Fourier—Price series.

' coeﬂ?czents {ar} {20 belongs to GM. Then

Theorem 4.1. Let f € L[41]0,1) and
Suppose that the positive sequence of Four®
f € Bly(p;[0,1)), where 1> 0,1 <p <

be finite. In this case, t ng inequalities are valid:

1
—+o0 0
6+6—9 —1
p9 ag aj, <|f;B£e(s0;[0,1))|Scpe{a3+E KT ai} :

k=1

Here the ¢ ' Cph, C pe > 0 depend only on the indicated parameters.

irst, consider the case of 1 < 6 < +o0.

Let the series (4.1) converge. First, we show that under the hypotheses of the
rem1 %€ L,[0,1). To this end in view of {a;};2 € GM, it suffices to establish the convergence
he series af) + "2 kP~2a}.

Let, first, g > 1. Applying Hoélder’s inequality for A\ = 10; and \ = efp, we obtain

N N
_ P 2 Py
afh + E kP 2ak:ag-|-2k‘p rp=g [ o P~ 1g,

k=1 k=1
9_
N099 (Y rop o’ +00990 0
Saf+ > KTl B SN R e b <gpqaf + Y KTl b < oo
k=1 k=1 k=1
for N € N.
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In the case of § = p, we have (7”9+9—2—1=7”p+p—2)

N

aO ka 2 <a0 Zk,rp—l-p 2 aP <a0 Zkrp—l-p

k=1 k=1

Consider the case of z < 1:

%af < +oo  VNeN.

N p N 0 +o00 0
{ag + ZQl(p_l)agl} < ag + ZQl(e_p)agl < ag + ZQl(rHe—p)agl < 400 N € N.

=0 =0

Hence, according to Corollary 3.1, we can state that f € L,[0,1),

—+00 b —+00
1y < Cp{ag + ka_Qai} < CPOT{% + Zk

k=1 k=1

Now, let us estimate the seminorm of the Nikol’skiiée space

First, consider the case of 197 > 1. Since the series Z:OO k
we have

1<p oreover,

th the Price basis.
converges, in view of Corollary 3.2

+oo oo f,
||f||2;9ZZQW(’ESV(f)pSCp-Z"1 a2u+22we[ S W] }
v=0 k=27 41

1
<Cp9{22w9 T—Hp)ae& Qkp 1
=0

i

<Cp9r ZQUQ( 1 er Za Vr9+0 }<—|—oo

(when passmg tot , we used Lemma 2.8).
Now, let ¢ » ase we also rely on Corollary 3.2:
o0
ng 2ur9E2U < Cp0 Z 2ur9{ 1/(1 )a2u +
v=0 v=0

1

+oo P 0
k=2v+41

“+o00

+o0 N —+00 z
< ot - 26—1 Z 2V9(T+1—p)agu + Z 2ur0 Z kp—? ai

v=0 v=0

“+o00

< c;g{z 2V9(7’+1 a2u + Z 21/1"9 Z 2k
v=0
+o0 ) +00 )

- L2 D+ DS
v=0 k=0

k=2v4+1

2

k
21/1"9
v=0

k=0
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Thus,

1
+o0 0
0 -
15 Blo(0: 10, 1)) = 1l + 11z, < er{a8+2a2k (rt1=,) 1} ,
k=1
where r > 0, 1 < p < 400, and 1 <6 < +o0.

Necessity. LethB;[Ol)T>01<p<-|-ooand1<9<-|-oo al
|f3 Bhg(: 10, 1)) = lfllp + [|.fIlo, is the norm of a given element in the Nikol’skii-Besov space wWith
the Prlce basis. Then, by Corollary 3.3, we have

= é +00
||f||b;9={22”9’"Egu(f)p} :{ 2u9r 1-1) 21/(1_ By %

v=0 =0
—+00
6 vé(1 6 r+1
> A Y 202 (1~ )a2u+1 p97’
v=0

Moreover, ap < cpgl|f[lp and a1 < cig | f1lp-
Hence,

1
kO (r+1— O(r+1—1)—1
|3 Bpg(30,1))] > per ao+22 ’ N& per ao+2k (=) "} :
k=1
II. Now, consider the case of § = +o00.
Sufficiency. In this case, the hypot heorem says that the quantity
& “rag: k €N} (4.2)

is finite.

Let us show that the se +°° 1 kP 2ak converges under this condition. Consider the sum

1 1
N P »
Sirs (meaww}
=1 k=1
“+o00

p
< Sup{kr+1_zlzak: ke N}{Z k‘l_”p} = cprDpr < +00 VN € N.
k=1

efoye, by Corollary 3.1, we have f € L,[0,1), 1 < p < 400, and

1

“+oo
||f||p<cp{a0-|-2kp 2 i} <cprsup{a0-|-lcrJrl rag: k€ N} < +oo. (4.3)
k=1

Now, let us estimate the seminorm of the space B, (¢;[0,1)). Applying first Corollary 3.2 and
then inequality (4.3), we obtain

1
—+00 D
1 flleg.. = sup{2"" Egv (f)p: v € ZT} < ¢psup [2’”{2"(1_;)@1/ + ( Z kp_zaﬁ> }]

k=2v

1
<¢ sup{ao + kTH_pak: ke N}.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



FOURIER-PRICE COEFFICIENTS OF CLASS GM 97
Thus, if (4.2) is finite, we have
1
|f3 B3 [0,1))] < Arpsup{ag + k™ ray: ke N},

Necessity. Let f € By (¢;[0,1)), wherer > 0and 1 < p < 4+oc0. Applying the second inefuality
in Corollary 3.3, we obtain

“+oo
HbeZOO > sup{QWEgu(f)p: v E Z+} > ¢y sup{2W< Z kp_2ak
f—2v+1
1
—+00 D

:cpsup{?”( Z kp(l_zl))_laﬁ) : V€Z+}.
f=or+1

Since the inclusion 2v+2 € [k, 2k] is valid for any k € [2V+! + 1,
have ¢ lag 12 < a. Taking this fact into account, we obtain

+00 L ov+2 qu+2
(Z k”(l—p>—1a§) ( S w0e)- ] DD ‘)
k

cording to (2.2) we

1

=ov+1 =2v+141 k=2v+141
= Dyragesz - 200 g WY, aguz - 2+ 5)
= D), ag+2m € 2" +1,2"7]}
>c D), D ke 2?4 1,2v08)) (4.5)
(in the last inequality, we used t op 2 2) of the sequence a € GM). Now, combining (4.4)

and (4.5), we have

1 llep., = mak{apk' i ke 27724+ 1,2)) v e Z+}
2(”+3 max{akk rkeRPP 41,27 ve Z+}

Qup max{akkrﬂ_ ke [2“+2 +1, 2"+3 } = Z+}

= Dl sup{apk’ "r: k€N, k>5} > DIV sup{apk” " r: ke N}

1 oo (310, 1))] = sup{2 Eou (f),: v € Z*} = DB sup{k™ v ay: k € N}

It was clear during the proof that the coefficient DI()irV) > 0 depends only on the indicated
parameters. [
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