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Well-posedness results for the wave equation
generated by the Bessel operator

In this paper, we consider the non-homogeneous wave equation generated by the Bessel operator. We prove
the existence and uniqueness of the solution of the non-homogeneous wave equation generated by the
Bessel operator. The representation of the solution is given. We obtained a priori estimates in Sobolev type
space. This problem was firstly considered in the work of M. Assal [1] in the setting of Bessel-Kingman
hypergroups. The technique used in [1] is based on the convolution theorem and related estimates. Here,
we use a different approach. We study the problem from the point of the Sobolev spaces. Namely, the
conventional Hankel transform and Parseval formula are widely applied by taking into account that between
the Hankel transformation and the Bessel differential operator there is a commutation formula [2].
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Introduction

In this paper we consider the nonhomogeneous wave equation
0%u
ﬁ—SMu:f(:v,t), rEeER,, 0<t<T,

under the conditions

u(z,0) =uo(x), u(x,0)=u(x),
where T is fixed positive real number, generated by the Bessel operator
d? 1—4u°
S, & — 4+ 1
o da? + 4x2 7 (1)

where p > —2. The operator«(L).is widely analysed in [2]. In the book [2], the author considered the Hankel
transform in the countably multinormed space H. Between the Hankel transform and (1) there is a commutation
formula. The heat equation generated by (1) was studied in [3]. In [3], it was proved that the Cauchy problem

has a unique solutiom u(z,t) in the space (Uq/’l/(a_d) Y, ¢ = (2po — 1)/(2po), for the interval 0 < t < T,

19’51/ (b+d)
T < (4epo)~1(d/2)%2, d < a. Where (Uz,é%fl(;l(;i)d))/ is dual for UZ,;;,/l(;l(;i)d)' Here Uz’;’/l(?(;i)d) is a linear space

(see [3]), where the topology over this space is generated by the norm

1550 =supls =250 (| (35 =9) o] = | (254 ) 9] )

A generalized Bessel operator is given by the following expression

d? 2u+14d 9

dz? x dx’ 2)
In [1] the author studied the operator (2) in the setting of Bessel-Kingman hypergroups and as an application
studied the homogeneous wave equation. In the paper [1] it is studied radial solutions of the Cauchy problem
for the wave equations in the multidimensional unit ball B¢, d > 1. For more information about the analysis
associated with the generalized Bessel operator, we refer to [4-10].
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1 The test function space

The space H,, is defined for each 1 € R as follows (see [2]):
Definition 1. H, is a space of complex-valued, smooth functions and for each pair of m,k € Z, with the
seminorms

V()2 sup [z (@ D) (a7HTE f(x))] < oo
0<z<oo

Lemma 1. H, is complete. Thus, it is a Fréchet space.
We denote by H,, the dual of H,,. H,, is also complete.
We introduce following linear operators:

N, f(z) 2 272 Dz ™" % f(z),

Now, we can rewrite (1) as follows

d? 1 —4p?
S = My = dx? 42
S, is a continuous linear mapping as
Syt Hu — Hi-

2 The Hankel transform and its inverse

If p> —%, for every ¢ € H,, we can define the conventional Hankel transform

®(0) = (1,0~ | AT ay)e(@)dr, 0 <y < oo (3)

Here, the kernel \/zyJ,(zy) is an eigenfunctions of the operator S, (1).
Lemma 2. ([2]) Assume thatip > =% and f € H,. Then

hu(Suf) = _y2huf- (4)

Theorem 1. ([11]) Let. f € L*. If f is a bounded variation in a neighborhood of the point = = g, if > f%,
and if F(y) is defined by (3), then

317(o0) + flaa = 0] = F = [ F ()G, (e )

Theorem 2.(|2]):The Hankel transformation %, is an automorphism on H,,, for > —1.
Theorém 3. ([2]) Let p > —1. If f(z) and G(y) are in L*(0,00) then

/ " f @)y C) () = / T F)CW)dy.
0 0

Definition 2. ([12]) For s,u € R and 1 < p < oo the Sobolev type space G? is the set of all tempered
distributions u € H' such that U is locally integrable function over I := (0, c0) and

[l

b= [ QAP < .
0

In view of the Parseval formula

1
lull3 = 1013 5> -3, (6)
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it follows that
0,2/7\ _ 12
G2 (I) = L*(I).
Theorem 4. ([12]) The Sobolev type space G};P, 1 <p < 00, is complete.
Theorem 5. ([12]) H,, is dense in G;P, 1 <p < oo,Vs € R.

3 Wave equation generated by the Bessel operator

In this section, we consider the Cauchy problem for the nonhomogeneous wave equation generated by the
Bessel operator on the Qr := {(t,z) : t€[0,T], « € R;}. Our aim to prove that the Problem 1 has a unique
solution in the space C*([0, T}, L*(I)) N C([0, T], G};*(I)).

Problem 1. Let T be a fixed positive number. We aim to find a function v = wu(t,z) satisfying the
nonhomogeneous wave equation

utt(tvx) - S}Lu(tvx) = f(t7l'), (t,.’E) S QT7 (7)

under the conditions
U(O’x) = UO(Q;‘), (8)
ut (0, z) = uy (). (9)

The Problem 1 has solution in the space C*([0,T], L*(I))NC([0,T], G};*(I))and as a result we obtain following
theorem:

Theorem 6. Let p > —1/2 and assume that f € C([0,T],G},*(I)) and up,uy€ G,;*(I). Then the Problem
1 has a unique solution u and it can be represented by the expression

siny(t — 7)

u(t,x) = /OOO \/@J#(a:y)/o F(my) drdy+

Amww@mwmwfﬂfhy+AmJ@@@w%@nm@mm

where F'(7,y), Up(y) and Ui (y) are Hankel transforms of the functions f(¢,z), uo(z) and u;(z), respectively.
Proof. By using the Hankel transform, we can show the uniqueness of the solution if the later exists. First,
we prove the existence of the solution. Afterusing the Hankel transform h,, (3) and (4) for (7)-(9), we obtain

Uidt,y) +9°U(t,y) = F(t,y), y€ Ry, (10)
U0,y) =Uo(y), v€ Ry, (11)
Ui(0,y) =Ui(y), y€ R, (12)

Solution of the equation (10) is

U@w)=(AtFZW)wwwmr+Aw0aMWH-
( - /O F (;’ Y) in(yr)dr + B(y)) cos(yt). (13)

By using initial conditions (11)—(12) for (13), we have

Ult,y) = /0 F(r, y)smy(;T)dT + Ui (y) Sml(jyt) + Uo(y) cos(yt).

After using the inverse Henkel transform h ! (5), we obtain that the solution of the problem (7)(9) is given by

t—7)

o0 t .
wwzl ﬁwmwAFww%%f—w@+

/m¢w@mwﬁmw““”@+mwwwm0@.
0 Yy
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F < G denotes F' < CG for some positive constant C' independent of F' and G.
Let f € C([0,T],G*(I)) and uo,u1 € G);*(I). By taking into account the definition of the space G)*(I)
(Definition 2), we obtain

ey = 10+ 20 = [0+ 20| dy

<[ \<1+y2> / tF(r,y>my(y’““”dT'2dy+ I ]<1+y2>U1<y>Si“(y” “ay

Y
+/0‘>° |(1 + ) Us(y) cos(yt)’2 dy.

Now, we are going to do some necessary calculations, as following

[e%e] t . B 2
/ ‘(lﬂ/z)/ F(T,y)my(tﬂdT‘ dy
0 0 Yy

/Ow|<1+y2>/OtF<T,y>W.<tT>d72dys/0°° (vt f 1o )

o T 2 0o T T
242 2 2 p NE
s [+ (/ |F(t,y>|dt> dus [ [ 10y = [ 17y

here we used the Holder’s inequality and

> 2 sin(yt) |” > 5 sin(yt) |°
(1+y9)Ui(y) dy = (T y )i (y) “t] dy
0 Y 0 yt
S [ 10+ 0 Iy S a2
0 M
Consequently, we have
T
a2y S [ G0yt + kg + ol (14)
From (14), we obtain
1eleo,y.68 oy B g el I Gne S 1A oz an2ryy + Il + Tuolly.a-

Now, for us we have

e (8, A IE U, )2 = /Ooowm(t,ynzdy: /OOO|F<t,y>—y2U<t,y>|2dy

oo

S IPEPar s [ PUEPay S IFEOE+ [ 10+ 0Py
0 0 0
= 1t I3 + llult, g2,
by using the Parseval formula (6). Thus, we obtain
||U||2cz([o,T],L2(1)) ~ ”fHC( (0,7),L2(1)) T ||UHC( [0,7],GL2(I))

S ”fHé([o,T]’sz( + HUHC ([0,T7], G}LZ(I)) ~ ||f||2 c([o,T], Gl 2(I)) + HulH 1 2+ ”uOHé}L2

The existence is proved.
Let us suppose that u; and us are two solutions of Problem 1. Then u(t,x) = uq(t,x) — ua(t,x) is the
solution of following problem:

u(t,x) — Spu(t,z) =0, u(0,2) =0, u(0,2)=0.

Above problem has only trivial solution u(¢,2) = 0, showing the uniqueness of the solution of the Problem 1.
The uniqueness is proved.
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Beccenp oneparopbl apKblibl TybIHIaFaH TOJKbIH TEHJEY1
VIIIH TYPaKTbLIBIK HOTHXKeJIepi

Maxkanana Beccers onepaTopsl apKbUIBI TyBIHIaFaH OIPTEKTI €Mec TOJKBIH TEeHIEyl KapacThIpbLIFaH. bec-
ceJlb OIepaToOPhl apKBLIbI TYbIHIAaFaH OIPTEKTI eMec TOJKBIH TeHJeyi IMIeIMiHiH 6ap »KoHe >KAJFBI3JIbIFbI
mogtesinenrer. lemimvuiy Typi kesaripinren. CobosieB TunTeC KEHICTIKTE anpHOpJIbI barajayiap aJIbIHFaH.
Byn ecen asram per M. Assal [1] xymbiceiama Bessel-Kingman runeprpynmaceinga kapacTeipbuiras. [1]
JKYMBICBIH/IA KOJIJIAaHBLIFAH 9JIiC YIIPTKI TeopeMachlHa YKoHE OFaH OalIaHbICThI Oarajayiapra Heri3e/reH.
Maxkasia aBTopsiapbl 6yJ KyMmbicTa 6acka ojic Koamanral. Ecenr CoboJieB KEHICTIr Ko3KapachlHAH 3€pT-
Tesired. Aran alitkanga, Xankeab TypsaeHaipyi xkoue [lapceBasib dbopmynachl, XaHKe b TYPJICHIIPY] KoHE
Beccess nuddepenimanabik ornepaTopbl apachlHIa KOMMYyTanus (popMy/iackl 6ap eKeHi ecKepijie OThIPBII
[2], keniHeH KO/AHBLIABL.

Kiam ceadep: Beccenb oneparopsl, TOJIKBIH TeHeyl, XaHKeIb TYpJIEHIIPYi, Kepi XaHKeJIb TYpJeHIipyi,
CoboJieB TANITEC KEHICTIK.
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b. Bekbonar, H. Tokmaramberon

PesynbTaThl KOpPPEKTHOCTH BOJTHOBOTO yYpPaBHEHUH,
MOPO2KJAeHHOro oneparopoM Beccess

B crarpe paccMoTpeHO HEOIHOPOIHOE BOJIHOBOE ypaBHEHHUE, MOPOXKJIeHHOe omeparopoM beccens. Toka-
3aHbI CyIECTBOBAHNE M €IMHCTBEHHOCTb PEIIEeHUsI HEOJHOPOIHOIO BOJIHOBOI'O YPaBHEHUS, HOPOXKIECHHOIO
oneparopoM Beccenst. [Ipuseneno npencrasienue pemrenus. [loydensl anpropHbie OIEHKY B IIPOCTPAHCT-
Be cOBOJIEBCKOro THUMa. JTa npobaeMa BlepBble Obuta paccMorpena B padore M. Assal [1] B runeprpymme
Bessel-Kingman. Merog, ucnosnbsyemsiii B [1], ocHOBaH Ha Teopeme CBEPTKM M CBSI3aHHBIX C Hell OIEHKAaX.
ABTOpaMH CTaThbU UCIOJIL30BaH Ipyroil moaxox. IIpobiema m3ydena ¢ touku 3penus: npocrpancts Cobo-
JeBa. A nMeHHO npeobpaszoBanue Xankess u dpopmysia [lapceBasist MMPOKO MPUMEHSIIOTCS €, yIETOM TOLO,
9T0 MexK1y npeobpazoBanueM XaHkess u auddepeHnpraabHbIM oneparopoM Beccestst cyliecTByeT KOMMY-
TanuonHast dopmyia [2].

Kmouesvie caosa: oneparop Beccesst, BosHOBOE ypaBHeHUEe, mpeobpa3oBanmne XaHKe s, 00paTHOe mpeodbpa-
30BaHre XaHKeJsl, IPOCTPAHCTBO CODOOJIEBCKOTO THIIA.
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