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Well-posedness results for the wave equation
generated by the Bessel operator

In this paper, we consider the non-homogeneous wave equation generated by the Bessel operator. We prove
the existence and uniqueness of the solution of the non-homogeneous wave equation generated by the
Bessel operator. The representation of the solution is given. We obtained a priori estimates in Sobolev type
space. This problem was firstly considered in the work of M. Assal [1] in the setting of Bessel-Kingman
hypergroups. The technique used in [1] is based on the convolution theorem and related estimates. Here,
we use a different approach. We study the problem from the point of the Sobolev spaces. Namely, the
conventional Hankel transform and Parseval formula are widely applied by taking into account that between
the Hankel transformation and the Bessel differential operator there is a commutation formula [2].
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Introduction

In this paper we consider the nonhomogeneous wave equation

∂2u

∂t2
− Sµu = f(x, t), x ∈ R+, 0 < t < T,

under the conditions
u(x, 0) = u0(x), ut(x, 0) = u1(x),

where T is fixed positive real number, generated by the Bessel operator

Sµ ,
d2

dx2
+

1− 4µ2

4x2
, (1)

where µ ≥ − 1
2 . The operator (1) is widely analysed in [2]. In the book [2], the author considered the Hankel

transform in the countably multinormed space H. Between the Hankel transform and (1) there is a commutation
formula. The heat equation generated by (1) was studied in [3]. In [3], it was proved that the Cauchy problem
has a unique solution u(x, t) in the space (U

q′,1/(a−d)
µ,q′,1/(b+d))

′, q′ = (2p0 − 1)/(2p0), for the interval 0 ≤ t ≤ T,

T < (4cp0)−1(d/2)2p0 , d < a. Where (U
q′,1/(a−d)
µ,q′,1/(b+d))

′ is dual for Uq
′,1/(a−d)
µ,q′,1/(b+d). Here U

q′,1/(a−d)
µ,q′,1/(b+d) is a linear space

(see [3]), where the topology over this space is generated by the norm

‖f‖δρ = sup
s∈C
|s−µ− 1

2 f(s)| · exp

(
q′
[(

1

b+ d
− δ
)
x

]
− q′

[(
1

a− d
+ ρ

)
y

])
.

A generalized Bessel operator is given by the following expression

d2

dx2
+

2µ+ 1

x

d

dx
. (2)

In [1] the author studied the operator (2) in the setting of Bessel-Kingman hypergroups and as an application
studied the homogeneous wave equation. In the paper [1] it is studied radial solutions of the Cauchy problem
for the wave equations in the multidimensional unit ball Bd, d ≥ 1. For more information about the analysis
associated with the generalized Bessel operator, we refer to [4–10].
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1 The test function space

The space Hµ is defined for each µ ∈ R as follows (see [2]):
Definition 1. Hµ is a space of complex-valued, smooth functions and for each pair of m, k ∈ Z+ with the

seminorms
γµm,k(f) , sup

0<x<∞
|xm(x−1D)k(x−µ−

1
2 f(x))| <∞.

Lemma 1. Hµ is complete. Thus, it is a Fréchet space.
We denote by H′µ the dual of Hµ. H′µ is also complete.
We introduce following linear operators:

Nµf(x) , xµ+ 1
2Dx−µ−

1
2 f(x),

Mµf(x) , x−µ−
1
2Dxµ+ 1

2 f(x),

N−1
µ f(x) , xµ+ 1

2

∫ x

∞
t−µ−

1
2 f(t)dt.

Now, we can rewrite (1) as follows

Sµ = MµNµ =
d2

dx2
+

1− 4µ2

4x2
.

Sµ is a continuous linear mapping as

Sµ : Hµ → Hµ.

2 The Hankel transform and its inverse

If µ ≥ − 1
2 , for every φ ∈ Hµ we can define the conventional Hankel transform

Φ(y) = (hµφ)(y) =

∫ ∞
0

√
xyJµ(xy)φ(x)dx, 0 < y <∞. (3)

Here, the kernel √xyJµ(xy) is an eigenfunctions of the operator Sµ (1).
Lemma 2. ([2]) Assume that µ ≥ − 1

2 and f ∈ Hµ. Then

hµ(Sµf) = −y2hµf. (4)

Theorem 1. ([11]) Let f ∈ L1. If f is a bounded variation in a neighborhood of the point x = x0, if µ ≥ − 1
2 ,

and if F (y) is defined by (3), then

1

2
[f(x0) + f(x0 − 0)] = h−1

µ F =

∫ ∞
0

F (y)
√
x0yJµ(x0y)dy. (5)

Theorem 2. ([2]) The Hankel transformation hµ is an automorphism on Hµ, for µ ≥ − 1
2 .

Theorem 3. ([2]) Let µ ≥ − 1
2 . If f(x) and G(y) are in L1(0,∞) then∫ ∞

0

f(x)(h−1
µ G)(x)dx =

∫ ∞
0

F (y)G(y)dy.

Definition 2. ([12]) For s, µ ∈ R and 1 ≤ p < ∞ the Sobolev type space Gs,pµ is the set of all tempered
distributions u ∈ H′ such that U is locally integrable function over I := (0,∞) and

‖u‖p
Gs,pµ

:=

∫ ∞
0

(1 + y2)sp|U(y)|pdy <∞.

In view of the Parseval formula
‖u‖22 = ‖U‖22, µ ≥ −1

2
, (6)
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it follows that
G0,2
µ (I) = L2(I).

Theorem 4. ([12]) The Sobolev type space Gs,pµ , 1 ≤ p <∞, is complete.
Theorem 5. ([12]) Hµ is dense in Gs,pµ , 1 ≤ p <∞,∀s ∈ R.

3 Wave equation generated by the Bessel operator

In this section, we consider the Cauchy problem for the nonhomogeneous wave equation generated by the
Bessel operator on the QT := {(t, x) : t ∈ [0, T ], x ∈ R+}. Our aim to prove that the Problem 1 has a unique
solution in the space C2([0, T ], L2(I)) ∩ C([0, T ], G1,2

µ (I)).
Problem 1. Let T be a fixed positive number. We aim to find a function u = u(t, x) satisfying the

nonhomogeneous wave equation

utt(t, x)− Sµu(t, x) = f(t, x), (t, x) ∈ QT , (7)

under the conditions
u(0, x) = u0(x), (8)

ut(0, x) = u1(x). (9)

The Problem 1 has solution in the space C2([0, T ], L2(I))∩C([0, T ], G1,2
µ (I)) and as a result we obtain following

theorem:
Theorem 6. Let µ ≥ −1/2 and assume that f ∈ C([0, T ], G1,2

µ (I)) and u0, u1 ∈ G1,2
µ (I). Then the Problem

1 has a unique solution u and it can be represented by the expression

u(t, x) =

∫ ∞
0

√
xyJµ(xy)

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτdy+

∫ ∞
0

√
xyJµ(xy)U1(y)

sin(yt)

y
dy +

∫ ∞
0

√
xyJµ(xy)U0(y) cos(yt)dy,

where F (τ, y), U0(y) and U1(y) are Hankel transforms of the functions f(t, x), u0(x) and u1(x), respectively.
Proof. By using the Hankel transform, we can show the uniqueness of the solution if the later exists. First,

we prove the existence of the solution. After using the Hankel transform hµ (3) and (4) for (7)–(9), we obtain

Utt(t, y) + y2U(t, y) = F (t, y), y ∈ R+, (10)

U(0, y) = U0(y), y ∈ R+, (11)

Ut(0, y) = U1(y), y ∈ R+. (12)

Solution of the equation (10) is

U(t, y) =

(∫ t

0

F (τ, y)

y
cos(yτ)dτ +A(y)

)
sin(yt)+

(
−
∫ t

0

F (τ, y)

y
sin(yτ)dτ +B(y)

)
cos(yt). (13)

By using initial conditions (11)–(12) for (13), we have

U(t, y) =

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτ + U1(y)

sin(yt)

y
+ U0(y) cos(yt).

After using the inverse Henkel transform h−1
µ (5), we obtain that the solution of the problem (7)–(9) is given by

u(t, x) =

∫ ∞
0

√
xyJµ(xy)

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτdy+

∫ ∞
0

√
xyJµ(xy)

(
U1(y)

sin(yt)

y
dy + U0(y) cos(yt)

)
dy.
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F . G denotes F ≤ CG for some positive constant C independent of F and G.
Let f ∈ C([0, T ], G1,2

µ (I)) and u0, u1 ∈ G1,2
µ (I). By taking into account the definition of the space G1,2

µ (I)
(Definition 2), we obtain

‖u(t, ·)‖2
G1,2
µ

= ‖(1 + y2)U(t, ·)‖22 =

∫ ∞
0

∣∣(1 + y2)U(t, y)
∣∣2 dy

.
∫ ∞

0

∣∣∣∣(1 + y2)

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτ

∣∣∣∣2 dy +

∫ ∞
0

∣∣∣∣(1 + y2)U1(y)
sin(yt)

y

∣∣∣∣2 dy
+

∫ ∞
0

∣∣(1 + y2)U0(y) cos(yt)
∣∣2 dy.

Now, we are going to do some necessary calculations, as following∫ ∞
0

∣∣∣∣(1 + y2)

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτ

∣∣∣∣2 dy
=

∫ ∞
0

∣∣∣∣(1 + y2)

∫ t

0

F (τ, y)
sin y(t− τ)

y(t− τ)
· (t− τ)dτ

∣∣∣∣2 dy . ∫ ∞
0

(
(1 + y2)

∫ t

0

|F (τ, y)|dτ
)2

dy

.
∫ ∞

0

(1 + y2)2

(∫ T

0

|F (t, y)|dt

)2

dy .
∫ ∞

0

∫ T

0

|(1 + y2)F (t, y)|2dtdy =

∫ T

0

‖f(t, ·)‖2
G1,2
µ
dt

here we used the Hölder’s inequality and∫ ∞
0

∣∣∣∣(1 + y2)U1(y)
sin(yt)

y

∣∣∣∣2 dy =

∫ ∞
0

∣∣∣∣(1 + y2)U1(y)
sin(yt)

yt
· t
∣∣∣∣2 dy

.
∫ ∞

0

|(1 + y2)U1(y)|2dy = ‖u1‖2G1,2
µ
.

Consequently, we have

‖u(t, ·)‖2
G1,2
µ
.
∫ T

0

‖f(t, ·)‖2
G1,2
µ
dt+ ‖u1‖2G1,2

µ
+ ‖u0‖2G1,2

µ
. (14)

From (14), we obtain

‖u‖2
C([0,T ],G1,2

µ (I))
:= max

0<t<T
‖u(t, ·)‖2

G1,2
µ
. ‖f‖2

C([0,T ],G1,2
µ (I))

+ ‖u1‖2G1,2
µ

+ ‖u0‖2G1,2
µ
.

Now, for utt we have

‖utt(t, ·)‖22 = ‖Utt(t, ·)‖22 =

∫ ∞
0

|Utt(t, y)|2dy =

∫ ∞
0

|F (t, y)− y2U(t, y)|2dy

.
∫ ∞

0

|F (t, y)|2dy +

∫ ∞
0

|y2U(t, y)|2dy . ‖F (t, ·)‖22 +

∫ ∞
0

|(1 + y2)U(t, y)|2dy

= ‖f(t, ·)‖22 + ‖u(t, ·)‖2
G1,2
µ
,

by using the Parseval formula (6). Thus, we obtain

‖u‖2C2([0,T ],L2(I)) . ‖f‖
2
C([0,T ],L2(I)) + ‖u‖2

C([0,T ],G1,2
µ (I))

. ‖f‖2
C([0,T ],G1,2

µ (I))
+ ‖u‖2

C([0,T ],G1,2
µ (I))

. ‖f‖2
C([0,T ],G1,2

µ (I))
+ ‖u1‖2G1,2

µ
+ ‖u0‖2G1,2

µ
.

The existence is proved.
Let us suppose that u1 and u2 are two solutions of Problem 1. Then u(t, x) = u1(t, x) − u2(t, x) is the

solution of following problem:

utt(t, x)− Sµu(t, x) = 0, u(0, x) = 0, ut(0, x) = 0.

Above problem has only trivial solution u(t, x) ≡ 0, showing the uniqueness of the solution of the Problem 1.
The uniqueness is proved.
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Б. Бекболат, Н. Тоқмағамбетов

Бессель операторы арқылы туындаған толқын теңдеуi
үшiн тұрақтылық нәтижелерi

Мақалада Бессель операторы арқылы туындаған бiртектi емес толқын теңдеуi қарастырылған. Бес-
сель операторы арқылы туындаған бiртектi емес толқын теңдеуi шешiмiнiң бар және жалғыздығы
дәлелденген. Шешiмнiң түрi келтiрiлген. Соболев типтес кеңiстiкте априорлы бағалаулар алынған.
Бұл есеп алғаш рет M. Assal [1] жұмысында Bessel-Kingman гипергруппасында қарастырылған. [1]
жұмысында қолданылған әдiс үйiрткi теоремасына және оған байланысты бағалауларға негiзделген.
Мақала авторлары бұл жұмыста басқа әдiс қолданған. Есеп Соболев кеңiстiгi көзқарасынан зерт-
телген. Атап айтқанда, Ханкель түрлендiруi және Парсеваль формуласы, Ханкель түрлендiруi және
Бессель дифференциалдық операторы арасында коммутация формуласы бар екенi ескерiле отырып
[2], кеңiнен қолданылады.

Кiлт сөздер: Бессель операторы, толқын теңдеуi, Ханкель түрлендiруi, керi Ханкель түрлендiруi,
Соболев типтес кеңiстiк.
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Б. Бекболат, Н. Токмагамбетов

Результаты корректности волнового уравнения,
порожденного оператором Бесселя

В статье рассмотрено неоднородное волновое уравнение, порожденное оператором Бесселя. Дока-
заны существование и единственность решения неоднородного волнового уравнения, порожденного
оператором Бесселя. Приведено представление решения. Получены априорные оценки в пространст-
ве соболевского типа. Эта проблема впервые была рассмотрена в работе M. Assal [1] в гипергруппе
Bessel-Kingman. Метод, используемый в [1], основан на теореме свертки и связанных с ней оценках.
Авторами статьи использован другой подход. Проблема изучена с точки зрения пространств Собо-
лева. А именно преобразование Ханкеля и формула Парсеваля широко применяются с учетом того,
что между преобразованием Ханкеля и дифференциальным оператором Бесселя существует комму-
тационная формула [2].

Ключевые слова: оператор Бесселя, волновое уравнение, преобразование Ханкеля, обратное преобра-
зование Ханкеля, пространство соболевского типа.
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