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Abstract

 

—A new modification of the least squares method (LSM) is proposed. The main idea is to consider
the fitting parameters 
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 as independent random variables with a certain distribution density 
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. Within this approach, the estimates of the

parameters  minimize squared deviations and are equivalent to means of the probability distribution 
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1. INTRODUCTION

Various methods for finding the best possible fit
within a certain family of (model) functions for a cer-
tain sample of experimental points are based on the cri-
terion of closeness (measures) for such samples. The
following measure is especially popular in experimen-
tal physics:

 

(1)

 

which is understood as a weighted squared deviation
that can be used to apply the 
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 criterion [1, 2]. The
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 for an experimental value means

that 
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 is distributed around  with the standard devi-
ation 
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. Most frequently, it is assumed that this distri-
bution is normal (Gaussian) [3]. Therefore, the proba-
bility distribution density for finding 
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gives an evident expression for the probability density
for measuring all values 
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The minimum of the exponent in (3) (i.e., minimum in
(1)) determines the maximum probability of the exper-
imental values 
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Assuming that random variables form some unam-
biguous model

 

(4)

 

one can formulate the problem of finding unknown

parameters 
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i

 

 as a problem for finding  ensuring a
maximum of probability (3) (or a minimum of (1), i.e.,

minimum 

 

R

 

 = 

 

R
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). Thus, the standard problem of
minimizing the value of 

 

χ

 

2

 

 statistics or the least (in the
sense of (1)) squares method (LSM), corresponds to
maximization of the joint density (3). Note that the the-
oretical background of LSM has been developed for
only linear implementation of model (4):
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where the functions  constitute the model and their
explicit form is determined by the “physics” of mea-
sured quantities. The models with more complicated
(nonlinear) dependences on 
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i

 

 are often linearized near
the global minimum of (1), after which one can use the
LSM theory for linear models to draw certain conclu-
sions on the quality of the theoretical fit (for example,
find confidence limits for obtained parameters).

LSM has a reputation of a fairly reliable approach
for solving data smoothing problems, finding unknown
model parameters, and even finding confidence limits
for those parameters. Nevertheless, there are problems
that require much more sophisticated LSM versions,
for example, finding LSM parameters when there are
certain constraints on the values of the model parame-
ters or determining some function of not the values of

 corresponding to a minimum of (1) but of some 
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distributions.
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Below, we propose another approach to finding the
LSM parameters. We call it the integral MLS (IMLS).
In our opinion, this method admits extension of the
standard LSM to a wider class of problems. Of course,

for standard problems, the parameters  found within
ILSM and LSM coincide, and IMLS is only of method-
ological importance for such problems.

2. INTEGRAL LSM

In this section, we develop an approach for deter-

mining the parameters , which is based on the fol-
lowing simple observation: the means of the random

variables 

(6)

calculated from

(7)

coincide with the solution to the system of linear LSM
equations:

(8)

Moreover, the standard deviations ∆βi = , cal-

culated with the distribution density F( |ϕexp), coincide
with the errors of the linear MLS parameters. We do not
present here a proof of the above statements because it
is simple but tedious. Instead, we will consider below
an example of finding the MLS parameters using two
approaches: standard MLS and IMLS.

Of course, the fact the two approaches yield identi-
cal results is not a mere technical coincidence. Indeed,
if we impose k constraints given by Eq. (5), the joint
distribution density of the experimentally observed val-
ues (3) transforms into the distribution density

F( |ϕexp). Because of that, the parameters βi are ran-
dom variables with the joint distribution density (7).
Note that the denominator of Eq. (7) is just a normaliz-
ing factor.

One can consider the distribution density (3) as a
maximum likelihood function [2, 4]. Here, we deal with
a particular case where the maximum likelihood func-
tion coincides with the distribution density of random
variables βi. Generally, such a statement is incorrect
(see, e.g., [2]), and ILSM might yield biased estimators.
To stress the connection of the distribution density (7)
with the maximum likelihood function, we will use the
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notation F( |ϕexp), which is usually reserved for likeli-
hood functions.

In the general (nonlinear) case of the LSM, the pro-
posed method ILSM can produce biased estimators,
which differ from the estimators corresponding to the
global minimum of Eq. (1). Note however that there are
no arguments justifying the optimality of the estimators
produced by the global minimum of Eq. (1) in the case
of nonlinear LSM. For instance, there is no guarantee
that the global minimum of Eq. (1) gives least-variance
estimators. On the contrary, it may happen that the esti-
mators produced by ILSM are not only unbiased but
also have substantially smaller variances than those of
the conventional LSM estimators.

We summarize the above discussion with the fol-
lowing statement: there is a joint distribution function
of the parameters βi of non-linear LSM models, which
allows one to calculate any means of these parameters,
including their functions, under any restrictions on the
domain of existence of the parameters βj. These restric-
tions simply determine the domain of integration for
the distribution densities (7), including the normaliza-
tion range. In the case of nonlinear LSM models, the
ILSM data require a separate analysis.

Below, we consider a simple example where the
estimators for the model parameters within the standard
LSM and ILSM coincide. We will also consider an
example where the standard deviation of the parameter-
estimation errors is comparable with the expected val-
ues In this case, the standard deviations found accord-
ing to the well-known recipe is incorrect because it is
computed by averaging random variables that can take
any values from the interval (–∞, ∞), while the model
parameters may have physical constraints (βmin, βmax).
For instance, the peak amplitudes in spectroscopy must
be only nonnegative. In such cases, it is not difficult to
obtain better confidence intervals within ILMS by find-
ing the bounds (a, b) satisfying the following equations
(for the 95% confidence level)

(9)

3. NUMERICAL RESULTS

In this section, we consider two numerical examples
of applying ILSM. The first example demonstrates the
coincidence of the ILSM and LSM data for models lin-
ear in parameters. The second example shows the capa-
bilities of ILSM in the presence of constraints on the
model parameters.
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For the first example, we chose two Gaussians:

(10)

where ϕ0, i and ϕ1, i are, respectively, the “true” large
and small Gaussian peaks; β0 and β1 are their ampli-
tudes;, i is the channel number; i0 and i1 are the posi-
tions of the large and small peaks; and σ is the peak
width.

To obtain , we distorted the sum of the two
peaks by Poisson noise.

Figure 1 shows the data obtained with the following
values of the parameters: i0 = 40, i1 = 55, β0 = 100, and
β1 = 47. The value of σ correspond to the half-width at
half-maximum (20). The above values were chosen to
ensure a significant overlap of the two peaks. For com-
parison, we also show the peaks recovered with ILSM.
As was expected, LSM [2] and ILSM yield identical

estimates:  =  = 99.33,  =  = 44.13. The stan-
dard deviations of the estimation errors given by ILMS
and MLS coincide: ∆β0 = 1.8 and ∆β1 = 1.6; i.e., the
estimated values are comfortably within the two stan-
dard deviations (≈95% confidence level) from their true
values.

In the second example, we use the same random
variable as in the first one but with the different values
of the parameters. We have changed the following
quantities: i1 = 60, β0 = 800, β1 = 5. Figure 2 shows the
obtained fit. We do not present separate peaks because
the second one is outside of the plot scale.
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Using LSM we obtained the following 68% error

bars for the peak amplitudes:  = 796.6 ± 5.15 and  =
1.131676 ± 2.77. Therefore, even at the 68% confidence
level, the difference between the second peak ampli-
tude and zero is not statistically significant. At the same
confidence level, ILSM yields the following error bars:

 = 795.7 ± 3.4 and  = 2.05 ± 1.44. At a confidence

level of 95%, ILSM yields  = 795.7 ± 6.6 and  =

. Thus, a change in the model parameters may
lead to a situation where the deviation of the estimated

parameter  from 0 is not statistically significant. In
such cases, ILSM give a reliable upper bound for this
parameter. In our example, it suggests that the second
peak amplitude does not exceeds a particular value.
Both examples considered in this section indicate that
ILSM, even in standard problems of finding parameter
values from experimental data, is not worse than con-
ventional LSM.

4. CONCLUSIONS

The numerical computations within the proposed
ILSM are much easier to perform for low-quality
experimental data, i.e., when the measurement errors
are large. It is also possible to combine ILSM with the
conventional LSM. In this case, one can estimate some
of the easier-to-deal-with model parameters using
LSM, while the remaining parameters (where it is nec-
essary to exclude unphysical values of the estimated
parameters) are estimated using ILSM.

Another advantage of the proposed method of
parameter estimation is the possibility of calculating

complicated functions of experimental parameters .
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Fig. 1. Example 1: (+) noisy experimental data, (solid line)
true curve, and the curve components—small and large
peaks; the dotted lines are the peaks recovered by IMLS.

Fig. 2. Example 2: (+) noisy experimental data and (solid
line) the true spectrum.
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