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1. INTRODUCTION

Various methods for finding the best possible fit
within a certain family of (model) functions for a cer-
tain sample of experimental points are based on the cri-
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tal physics: 0 probablhty (3) (or a minimum of (1), i.e.,
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(1)) determines the maximum probability of the exper-
imental values @;.
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ization of the joint density (3). Note that the the-
oretical background of LSM has been developed for
only linear implementation of model (4):

Bk) = ZB]f{’

j=1

O (B Bas - 5)

where the functions f{ constitute the model and their

explicit form is determined by the “physics” of mea-
sured quantities. The models with more complicated
(nonlinear) dependences on [3; are often linearized near
the global minimum of (1), after which one can use the
LSM theory for linear models to draw certain conclu-
sions on the quality of the theoretical fit (for example,
find confidence limits for obtained parameters).

LSM has a reputation of a fairly reliable approach
for solving data smoothing problems, finding unknown
model parameters, and even finding confidence limits
for those parameters. Nevertheless, there are problems
that require much more sophisticated LSM versions,
for example, finding LSM parameters when there are
certain constraints on the values of the model parame-
ters or determining some function of not the values of

ﬁi corresponding to a minimum of (1) but of some f;
distributions.
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Below, we propose another approach to finding the
LSM parameters. We call it the integral MLS (IMLS).
In our opinion, this method admits extension of the
standard LSM to a wider class of problems. Of course,

for standard problems, the parameters [3,» found within
ILSM and L.SM coincide, and IMLS is only of method-
ological importance for such problems.

2. INTEGRAL LSM

In this section, we develop an approach for deter-

mining the parameters B,- , which is based on the fol-
lowing simple observation: the means of the random

variables [_5,-

Bi = [BF(BI¢™")dB, ... dB, (©)
calculated from
efR(ﬁ)
(e R® . dB,dB,...dB,)

coincide with the solution to the system of linear LSM
equations:

OR(By, Bo ..
9B,

F(Blo™) = J- (7

BY _ 5[ g
= = 22[Zﬁjf{—cp?*p]f?=o.<8>

i=1\j=1

Moreover, the standard deviations AR, =

culated with the distribution density F(3 |
with the errors of the linear MLS parame
present here a proof of the above st
is simple but tedious. Instead, wegawi
an example of finding the ML ]
approaches: standard MLS and

Of course, the fact the
cal results is not a me

S using two

al 'coincidence. Indeed,
by Eq. (5), the joint

F(Blo B e Of that, the parameters [3; are ran-
donz les with the joint distribution density (7).
No e denominator of Eq. (7) is just a normaliz-
ing

consider the distribution density (3) as a
maximum likelihood function [2, 4]. Here, we deal with
a particular case where the maximum likelihood func-
tion coincides with the distribution density of random
variables ;. Generally, such a statement is incorrect
(see, e.g., [2]), and ILSM might yield biased estimators.
To stress the connection of the distribution density (7)
with the maximum likelihood function, we will use the
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notation F( |¢®*P), which is usually reserved for likeli-
hood functions.

In the general (nonlinear) case of the LSM, the pro-
posed method ILSM can produce biased estimators,
which differ from the estimators corresponding to the
global minimum of Eq. (1). Note however that there are
no arguments justifying the optimality of the estimators
produced by the global minimum of Eq. (1) in t
of nonlinear LSM. For instance, there is no gu

also have substantially smaller varia
the conventional LSM estimators.

We summarize the above disg
lowing statement: there is a joi
of the parameters [3; of non-li
allows one to calculate any‘me,

odels, which
ese parameters,
restrictions on the
ters f3;. These restric-
main of integration for
(7), including the normaliza-
nonlinear LSM models, the
a separate analysis.

tions simply deter
the distribution densi
tion rang;I e case
ILSM data re

onsider a simple example where the
model parameters within the standard
M coincide. We will also consider an
here the standard deviation of the parameter-
; errors is comparable with the expected val-
this case, the standard deviations found accord-
7 to the well-known recipe is incorrect because it is
puted by averaging random variables that can take
any values from the interval (—eo, o), while the model
parameters may have physical constraints (B, Bmax)-
For instance, the peak amplitudes in spectroscopy must
be only nonnegative. In such cases, it is not difficult to
obtain better confidence intervals within ILMS by find-
ing the bounds (a, b) satisfying the following equations
(for the 95% confidence level)

25% = ”jdﬁl...dﬁk j F(B|9™")dB;,
Bin

5 )

97.5% = J.J.J.dBI...dBk j F(B|o™)dB,.

b

3. NUMERICAL RESULTS

In this section, we consider two numerical examples
of applying ILSM. The first example demonstrates the
coincidence of the ILSM and LSM data for models lin-
ear in parameters. The second example shows the capa-
bilities of ILSM in the presence of constraints on the
model parameters.
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Simulated spectrum
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Fig. 1. Example 1: (+) noisy experimental data, (solid line)
true curve, and the curve components—small and large
peaks; the dotted lines are the peaks recovered by IMLS.

For the first example, we chose two Gaussians:

. . \2
BoeXP{—(l - 12) },
20

. N
el -]
20

tudes;, i is the channel number; i, and i, are

tions of the large and small peaks; and © i
width.

Do, i
(10)

Dy

the two

To obtain ¢;", we distorted thg, s
peaks by Poisson noise.

Figure 1 shows the data obtained e following

half-maximum (20). The
ensure a significant 0
parison, we also s the'peaks recovered with ILSM.
As was expe [2] and ILSM yield identical

estimates: Pd =48, 999.33, B = B, =44.13. The stan-
dard’deviatio e estimation errors given by ILMS
arie Sfcoincide: AB, = 1.8 and AB, = 1.6; i.e., the
esti d values are comfortably within the two stan-

vations (=95% confidence level) from their true
values.

In the second example, we use the same random
variable as in the first one but with the different values
of the parameters. We have changed the following
quantities: i, = 60, B, = 800, B, = 5. Figure 2 shows the
obtained fit. We do not present separate peaks because
the second one is outside of the plot scale.
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Simulated spectrum
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Fig. 2. Example 2: (+) noisy, ime ata and (solid

line) the true spectru

Using LSM we e following 68% error

: B0 =796.6+5.15and f; =

not statistically significant. At the same
, ILSM yields the following error bars:

of 95%, ILSM yields o =795.7+6.6 and B, =

§ _1_55 . Thus, a change in the model parameters may
0 a situation where the deviation of the estimated

parameter [3; from O is not statistically significant. In
such cases, ILSM give a reliable upper bound for this
parameter. In our example, it suggests that the second
peak amplitude does not exceeds a particular value.
Both examples considered in this section indicate that
ILSM, even in standard problems of finding parameter
values from experimental data, is not worse than con-
ventional LSM.

4. CONCLUSIONS

The numerical computations within the proposed
ILSM are much easier to perform for low-quality
experimental data, i.e., when the measurement errors
are large. It is also possible to combine ILSM with the
conventional LSM. In this case, one can estimate some
of the easier-to-deal-with model parameters using
LSM, while the remaining parameters (where it is nec-
essary to exclude unphysical values of the estimated
parameters) are estimated using ILSM.

Another advantage of the proposed method of
parameter estimation is the possibility of calculating

complicated functions of experimental parameters B,- .
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