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Introduction

The study of symmetric and generalized symmetric manifolds play an important role in differential
geometry due to their rich structures and diverse applications in*both mathematics and theoretical
physics. Among the various extensions of, symmetric spaces, the concept of weakly symmetric mani-
folds, which was first introduced by Tamassy,and Binhy[1];thas been a focal point. This concept has
been studied by many geometers (for details, please see [[2-9]).

A non-flat, n-dimensional Riemannian manifold (A1, g) n > 2 is called a generalized weakly
symmetric manifold [10] if its curvature temsor R of type (0,4) is non zero and satisfies the condition:

(VuR)(V,X,Y,Z) = A(U)RVX, Y, Z)+ B(V)R(U,X,Y,Z)+ B(X)R(V,U,Y, Z)
+ D(Y)R(VYX,U,Z)+ D(Z)R(V,X,Y,U) + a(U)G(V, X,Y, Z)
TBEWMGWUIX.Y, 2) + B(X)G(V,U,Y, Z) + v(Y)G(V, X, U, Z)
9 (2)G(V, X, Y, U),
where G(X, Y)Z = ¢(Y; Z)X — g(X, 2)Y, and A, B, D, «, (3, v are non zero 1-forms defined as
follows: A(X) ="g(X,01), B(X) = g(X,¢1), D(X) = g(X,m), a(X) = g(X,02), B(X) = g(X, ¢2)
and (X)) = g(Xgar2), in which 61, ¢1, 71, 02, ¢2 and 7 are associated vector fields of A, B, D, a,
and -y respectively.

Keépitig intune with Shaikh and Patra [11]|, we shall call a Riemannian manifold of dimension n,
hyper-generalized weakly symmetric if it admits the equation:

(VIR)(V,X,Y,Z) = A(U)R(V,X,Y,Z) + BIV)R(U, X,Y,Z) + BXX)R(V,U,Y, Z)
+ D(Y)R(V,X,U,Z) + D(Z)R(V, X,Y,U)
+a(U)(gNAS)(V, XY, Z)+ B(V)(gAS)U,X,Y, Z)
+B(X)gAV.UY, Z) +~v(Y) (g AV, X, U, Z)
+9(Z2)(g NSV, X, Y, U),
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where

(gAS)V, XY, Z) = g(V, Z2)S(X,Y) + g(X,Y)S(V, Z) —g(V,Y)S(X, Z)

(X, 2)S(V,Y), o

and A, B, D, «, 3, v are non zero 1-forms defined as follows: A(X) = ¢(X,0:1), B(X) = g(X, ¢1),
D(X) = g(X,m), a(X) = g(X, 02), B(X) = g(X, ¢2) and y(X) = g(X, m2).

The (H(GWS)),, manifolds exhibit various properties, aligning with different types of symmetric
spaces.

In recent years, Blaga et al. [12]| studied hyper generalized pseudo Q-symmetric semi-Riémannian
manifold. And Bakshi et al. [13] investigated the existence of hyper-generalized weakly symmetric
Lorentzian para-Sasakian manifold.

The concept of an almost para-contact structure was introduced by Sato [14]| as anjanalogue to
the almost contact structure, which has been widely studied in differential geometry. While an almost
contact manifold is always of odd dimension, an almost para-contact manifold camfexist in both odd
and even dimensions, making it more versatile structure in geometric analysis.

Kaneyuki and Williams [15] further developed this idea by investigating the almost para-contact
structure on pseudo-Riemannian manifolds. Recently, there has beén asgrowing interest in almost
para-contact geometry, in particular, para-Sasakian geometry, dueto its connections with the theory
of para-Kdahler manifolds. The study of almost para-contactsand, para~Sasakian structures is also grow-
ing traction because of their applications in pseudo-Riemannian geometry and mathematical physics.
Almost para-contact structures facilitate the exploration ofmew geometric invariants and curvature con-
ditions that difer significantly from their contact countetr partss Inl recent year, Bulut and Insel6z [16]
studied para-Sasaki-like Riemannian manifolds withhgeneralized symmetric metric connection. Ex-
tending this, we study para-Sasakian manifold, whose curvature tensor satisfies the hyper-generalized
weakly symmetric condition.

Golab [17] extended the concept of semi-symmiefric connection by introducing the notion of a
quarter-symmetric connection within differentiable manifolds equipped with an affine connection. This
idea was subsequently explored furtheruby researchers such as Mondal and De [18]|, Rastogi [19, 20|,
Yano and Imai |21], among others,

A linear connection V on an f-dimensional Riemannian manifold (M, g) is defined as a quarter-
symmetric connection |17], if 4ts, torsien‘tensor 1" of the connection V, given by

T(U,V)=VyV - VyU - [U, V],
satisfies the condition

wheren 18 'a 1-form/iand ¢ is a (1,1)-tensor field.

In special case, where ¢U = U, the quarter-symmetric connection reduces to the semi-symmetric
connection [22,23|, thus showing that the concept of a quarter-symmetric connection generalizes the
idea of thefsemi-symmetric connection.

When a quarter-symmetric connection V satisfies

(Vug)(V,W) =0,

it is known as a quarter-symmetric metric connection. Otherwise it is referred to as a quarter-symmetric
non metric connection.

The structure of this paper is as follows: in Section 2, we define para-Sasakian manifold and present
some known results of para-Sasakian manifold. Then in the next section, we discuss hyper-generalized
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para-Sasakian manifold and derive some relations of the 1-forms. In the next two sections, we discuss
the conditions under which a hyper-generalized weakly symmetric para-Sasakian manifold admitting
Codazzi type of Ricci tensor and recurrent tensor becomes an n-Einstein manifold.

1 Para-Sasakian Manifold

Consider M as an n-dimensional almost para-contact metric manifold admitting an almost para-
contact metric structure (¢, &, 1, g), where ¢ is a (1, 1) tensor field, £ is a vector field, 7 is a 1-form and
g is a Riemannian metric. Then [24]

o*’U=U—nU)E, n() =1, ¢¢=0, n(eU) =0,

9(oU,¢V) = —g(U, V) +n(U)n(V), g(¢U,V) = —g(U,8V), g(U,§)= (),

for all vector fields U, V on T M.
An almost para-contact manifold is called a para-Sasakian manifold if

(Vug)V = —g(U, V)¢ +n(V)U,

dn=0 and Vy&=—-9¢U.
In a para-Sasakian manifold equipped with the structure (¢, £,7, g), the folloWing relations also hold [24]
(Vun)V = g(U,¢V);
n(RU, V)W) = g(U,W)n(¥) — gV, W)n(U),

R, U)V = —g(U, V)¢ +m(V)U,

R(U, V)& =nU)Vi= n(V)U,
SU) = —(n— 1n(U),

for all U, V' € TM, where Sfis the Riccitensor, R is a Riemannian curvature tensor.
Let us consider a quarter-symmetFic metric connection V on a para-Sasakian manifold [25] given
by
VuV =VuV +0(V)eU — g(oU, V)E. (2)

The curvature tensor Rwassociated with the quarter-symmetric connection relates to the curvature
tensor R of the Levi-Civita connection by [26]:

RUWV)WI= R(U, V)W + 3g(oU, W)oV = 3g(¢V, W)U + [n(U)V — n(V)U]n(W) 3)
— gV, WnU) — g(U,W)n(V)J¢,

which yields

SV, W) =S(V,W) +29(V,W) — (n+ )n(V)n(W) — 3treg(oV, W),

where S and S are Ricci tensor of V and V, respectively.

Definition 1. A para-Sasakian manifold M is said to be an 7-Einstein manifold, if its Ricci tensor
S is of the form
SX, Y)=ag(X, Y)+Bn(X)n(Y)

for any vector fields X and Y, where o and /3 are constants. If 8 = 0, then the manifold M?"*! is an
Einstein manifold.
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2 Hyper-Generalized Weakly Symmetric Para-Sasakian Manifolds

A para-Sasakian manifold is considered to be hyper-generalized weakly symmetric if it satisfies the
following curvature condition [11]

(VuR)(V, X, Y, W) =A
+D

U)R(V,X,Y,W)+ B(V)R(U,X,Y,W) + B(X)R(V,U,Y, W)
Y)R(V,X,U, W)+ D(W)R(V, X,Y,U)
a(U)(g NSV, X, Y, W)+ B(V)(gAS)(U, X, Y, W) (4)
+BX)(gA SV, UY, W) +~y(Y)(g A SV, X, U, W)
TW) g A SV, X, Y, U),

—_ o~

where g A S is defined in (1).
By applying (1) and then contracting it with U and V' in (4), we obtain

(VusS)(V, W) =A )

RU,W)V) + a(U)[(n —2)S(V,W) + rg(ViW)

V)l(n —2)S(U,W) + rg(U, W)] +~(W)[(n <2)
)
)

U)S(V,W) + B(V)S(U, W) + D(W)S(U, V) + BER(U W)
]
S(U, V) +rg(U, V)] (5)
W) —

+ﬁ( )
+B(U)g(V, ;
+7(U)

W)+ BU)S(V,W) - B(V)S B(V)g(U, W)
U)g(V, W)+~

(0
(U)SV, W) =3IV, U) —~(W)S(V,U).
By further contracting the above equation, we get

dr(U ) rA(U) + 2B(U) + 2D(U) $2(n — Dra(U) + 2(n — 2)[3(U) + 7(U)]

2[B(U) + (U], )

where B(U) = S(U, ¢1), D(U) = S(U,wn), B(U) = S(U, ¢3) and 3(U) = S(U, m3). Assuming that
the scalar curvature of a hyper-generalized weakly symmetric para-Sasakian manifold is a non-zero
constant (to avoid flat manifoldyand to preserve the para-Sasakian Structure), equation (6) reduces to

r[AU)#2(n — 1)a(U) +258(U) + 2v(U)]

~ 3 - 7
= 72B(U) —2D(U) —2(n - 2)[3(U) +7(U)]. g

This leads to théyfollowing result:

Theorem Iy Let ‘WL be a hyper-generalized weakly symmetric para-Sasakian manifold with non-zero
constant scalar ecurvature. The 1-forms are then related by the equation (7).

Putting V= ¢ in (5), we get

(VuS)(EW) = —(n = DAU)n(W) + B(¢ )5 W) = (n=1)DW)n(U) + B(£)g(U, W)
+ ) (U) = (n = 1)(n = 2)a(U)n(W)
+rn(W)a(U) + (n = 2)B(E)S(U,W) +rB(£)g(U W) — B(€)g(U, W)
+ —( (

8
n—1)BU)NW) = BE)SU,W) +7 )

Un(Ww)
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Setting W = £ in (5), we have

(VuS)(V,€) = =(n = DJAU)n(V) — (n = HYB(V)n(U) + D()S(U, V) + B(V)n(U)
— B(U)n(V) + D(&)g(U, V) = DU)n(V) — (n )
+ra(U)n(V) = (n = 1)(n = 2)B(V)n(U) +r5(V)n(U) + vy
+(n = 2)7()S(U, V) + BU(V) — (n = )BU)n(V) = BV)n(U

+ (n = DBV )nU) +3(U)n(V) = (n = Dy (U)n(V) = 3(E)n(V)
=S, V).

Replacing V' = W in the above equation, we obtain

!
=
B
!
[\
Q

~—

(VuS)(W,§) = —(n - DAU)n(W) — (n = )BW)n(U) + D(E)SU, W) + B(Won
— BU)n(W) + D()g(U,W) = DU)n(W) = (n — 1)(n — 2)a(U)n(W*
+ra(U)n(W) — (n = 1)(n = 2)5(W)nU) + rBW)n(U)t r(§)gl, W)
+(n = 2)y(SUW) + BU)NW) — (n = 1)BU)né),— B )n(U)

+ (n=DBW)n(U) +3(U)n(W) = (n = Dy (U)n(W )= (W)
—7(ESU,W).

Comparing (8) and (10), we have
[B(&) + (n = 3)B(§) = D(§) — (n — 1)¥ (]S (U W)
=[(n = 2)D(2) + (n = 2)*3(W) = ry(W )y (n = QB(W) + (n — 1)(n = 3)B(W) +rB(W)  (11)
= BW)In(U) + [B(6) = (r + 1)BE) + rv() |3 (&)1g(U, W).
Putting U = £ in (11), we get
(n—2)D(W) + (n — 2)29(0) w5 (W) — (n — 2)B(W) + (n — 1)(n — 3)3(W)

+rB(W) = W= [l — 1)B(E) + (n — 1)(n = 3)B(§) — (n — 1)D(€) (12)
= (n = 1)*1(BQ) H F1BE) +rv(€) = F(E)n(W).
Substituting (12) in (1)} we deduce
[BE)= (n —3)B8(§) — D(§) — (n = 1y (]S(U, W)
=f(n =1)B(&) + (n— 1)(n = 3)5(§) — (n = 1) D()
— (n = 1)*7(&)B(E) — (r + 1)BE) + (&) = HEOn(U)n(W)
+1)

+[B() = (r+ 1)BE) + (&) — H(O)g(U, W).

Thus, we can state the following theorem:

Theorem 2. A hyper-generalized para-Sasakian manifold is an n-Einstein manifold if

B(§) + (n=3)B(&) # D(&) + (n — 1)7(8).

We can also observe that,

(Vx9)(Y,§) = =(n —1)g(X, ¢Y) + S(Y, ¢ X). (13)
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From (9) and (13), we derive
( Dg(U,¢V) + S(V,6U)
—(n=DAWU)NV) = (n = 1)B(V)n(U) + D(E)S(U, V) + B(
- B(U)n<V) +D(€)g(U, V) = DU)n(V) = (n = 1)(n = 2)a(U)n(V

)
L ra(U)(V) — (n— 1)(n — 2B(VIn(U) + rB0)(U) + r(€)a(U.V) 1)
T (n—20OSW.V) + BUMV) — (n— DBU V) — BV In(U)
T (n— DBV IU) + A0V — (n— Dy@)n(V) — 5En(V) —1E)ST. V)
Setting U =V = £ in (14) yields
(n— IA©) + B(E) + D(E) + (n — 2)a(e) + (n — 2)8(6) + (n — 2)3(&)] )

—rla(§) + B() +~(&)] = 0.

The above equation expresses a relationship between these functions along £f(reeb vegtors), indicating
how the curvature properties interact under hyper-generalized weak symmetric. Hence, the following
theorem can be stated:

Theorem 3. In para-Sasakian manifold with hyper-generalized Wweakly symmetric curvature condi-
tion, the relations (15) holds.

8  Codazzi Type Of Riceindensor

A Ricci tensor is of Codazzi type when its covariant derivative is symmetric with respect to its
indices, i.e, for any vector fields U, V, W it satisfies

(VuS)(V, W) =(Mw S)(V, U), (16)

where V is the Levi-Civita connection of the manifold’s metric.
In view of (5) and (16), we have

0 = [A(U) 4.D(U) + (n+ 2)a(U) = (n = 4)y(U) + BU)]S(V, W)
+ [D(W) + (i —BHy(W) — A(W) — (n — 2)a(W) — B(W)]S(V,U)
+ [ra(@) £ BUY+ 29(U) — ry(U)]g(V, W) (17)
+[m( ) =A(W) — ra(W) = BW) — 5(W)]g(V,U)
B(R(U, V)W) + 2D(R(U,W)V) — B(R(W,V)U).

Now by substitutingy /"= ¢ in (17), we obtain

0="—(n - D[AU) = D(U) + (n = 2)a(U) — (n — 4)y(U) 4 BU)|n(V)
+[D(§) + (n = 4)y(§) — A(§) — (n = 2)a(§) — BE]IS(V,U)
+ra(U) + AU) + 23(V) — 2 (O)]n(V) )
+[ry(€) = 7(&) = ra(€) = BE) = A(E)]g(V, )
= B(V)n(U) + BU)n(V) = 2DU)n(V) +2D(&)g(U, V)
+ B(§)g(V,U) = B(V)n(U).
Putting U = £ in (18), we get
B(V) = B(&)n(V). (19)
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Replacing V = ¢ in (18), we deduce
(n = D[AU) = D(U) + (n = 2)a(U) = (n—4)y(U) + (U)]
— [ra(U) + B(U) +25(U) = ry(U)] = B(U) +2D(U)
={-(n—=DID(E) + (n —4)(§) — A(§) — (n — 2)a(&) — B()]
+ [ry(€) = 23(6) = ra(€) = B(€) = B(&) + DE)}n(U).

Using (19) and (20) in (18), we obtain
[D(E) + (n — 1(€) ~ AE) -
— {~(n - D[DE) + (n— 9)

(20)

(n —2)a(§) - BEISWU, V)
( ) —

§) — A(§) — (n = 2)a(§) — B(E)]
+ [r(€) = 25(6) — ra() = B(€) — B(&) + DEONn(U)n(V)
= [r(8) = 23(8) = ra(§) = B(€) = B(€) + D(E)]g(U. V).

From this, we can present the following theorem:

Theorem 4. A hyper-generalized weakly symmetric para-Sasakian manifoldiis n-Einstein if it admits
Codazzi type of Ricci tensor, provided that

D(&) + (n —4)v(§) = A(§) + (n — 2)a({)+ Bl&):
4 Recurrent Ricci Tensor

If the hyper-generalized weakly symmetric paraéSasakian manifold has a recurrent Ricci tensor then
(VuS)(V.J) = ME) SV, W). (21)
In view of (5) and (21), we have
AO)S(V, W) =AU)S(V,W)+ B
+ D(R(U,W)V) +
+ BV)l(n = 28(UW) +rg(U, W) +~(W)[(n —
+ B0 g (VW )t BW
+7(U )V, W) (U
Placing W = ¢ in (22), we.obtain
—(n —DA@Y) = —(n = DAU)(V) — (n = 1)B(V)n(U) + D(§)S(U, V)
+B(V)n(U) = B(U)n(V) + D(§)g(U, V) = D(U)n(V)
—(n=1)(n=2)a(U)n(V) + raU)n(V) + (U)n V)
+rB(VIn(U) + (n = 2)7(§)SU, V) + ry(§)g(U, V
= (n = DBW)(V) + (n = DBVInU) = BV)n(U)
+AU)n(V) = (n =1y (U)n(V) =3()g(V,U) = 7(§)S(V,U)
—(n=1)(n=2)(V)n(U).

)+ B(R(U, V)W)

(W)SU, W) + D(W)S(U,
( W)

|4

al)(n—2)S(V,W) 4+ rg(V,

2)S(U, V) +rg(U,V)] (22)

)S(V, W) —B(V)S(U, ) BV)g(U,W)
)S —y(W

(V,W) =3(W)g(V, )S(V,U).

3

(23)

q\/

(
)
Putting U = £ in (23), we have

—(n=2)B(V) = (n—1)(n = 3)8(V) +rB(V) = B(V)
= [=(n =DAE) + (n = DA(E) + (n = 1)D() + B(§) + (n — 1)(n = 2)a(§) —ra(§)  (24)
— (n—=1)(n = 2)7(€) — (&) = B(€) + (n = 1)BEIn(V).
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Considering V' = £ in (23), we get

(n=1AU) = (n = DAU) + BU) + D(U) + (n = 1)(n — 2)a(U)
—ra(U) + (n = 1)B(U) = B(U) = 3(U) + (n = 1)y(U) (25)
=[—(n=2)B(§) — (n = 2)D(§) — (n—1)(n —2)58(£) +rB(£)
— (n = 1)*4(&) + (&) = B(&) = H(O)n(V).
Now, setting U =V = £ in (23), we deduce
— (n = 1[A(&) + B(&) + D(§) + (n = 2)a(§) + (n — 2)B(§) + (n — 2)7(8) ~AE)]
(26)
+r[a(§) + B(&) + (] = 0.

Putting the value of (24), (25), (26) in (23), we obtain

[D(&) + (n—3)7(&]S(U, V)
= [B(§) + (n—3)D(&) — (n — 1)(n — 3)y(§) +.(n — 1)B() +#5(&)|n(U)n(V)
—[D(€) + (r = Dv(]g(U, V).

Theorem 5. In a hyper-generalized weakly symmetrie, para-Sasakian manifold, if the Ricci tensor
is recurrent then the manifold becomes an 7-Einstein, provided that

D(§) # (mmd)(6)-

5 Hyper-generalized Weakly Symmetric Para-Sasakian Manifold Admitting a Quarter-Symmetric
Metric Connection

For a [(H(GWS)),, V]|kl], we have

(VuR)(V, X, Y, W) A@NR(V,X,Y,W)+ B(V)R(U,X,Y,W)+ B(X)R(V,U,Y, W)
D(Y)R(V,X,U, W)+ D(W)R(V,X,Y,U)
(U)(g ASYV, X, Y, W)+ B(V)(gAS)U,X,Y,W) (27)
+B(X)(gAS)(V,U Y, W) +~4(Y) (g AS)(V, X, U, W)
+y(W)(g A S)(V,X,Y,U),

for all X,Y,U,V,W € TM. Making use of (2), we can find

(VuR)(V,X,Y,W) = (Vo R)(V, X, Y, W) + n(R(V, X)Y)g(¢U, W) — n(V)R(¢U, X, Y, W)
—n(X)R(V,¢U, Y, W) = n(Y)R(V, X, U, W) — n(Y)R(V, X, Y, ¢U)
+ g(oU, V)R(&, X, Y, W) 4 g(¢U, X)R(V,£,Y, W)

+g(oU,Y)R(V, X, &, W) + g(¢U, W)R(V, X, Y, €).
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Now, using (3) in the foregoing equation, we have

(VuR)(V,X,Y,W) = (VuR)(V,X,Y,W) + 3(Vug)(¢V,Y)g(pX, W)
+39(6V,Y)(Vug)(¢X, W) = 3(Vug)(¢X,Y)g(¢V, W)
—3g(¢X,Y)Vug)(eV, W) + (Vo) (V)g(X, W)n(Y)
+n(V)g(X, W)(Vun)(Y) — (Von) (X)g(V, W)n(Y)

(Vo) (W) = g(X,Y)(Von) (V)n(W)

(X)g(V, W)
—9(X,Y)n(V)(Vun)(W) + g(V, Y )(Vun)(X)n(W)
(VY )n(X)(Vun)(W) — [( (V,X,Y))—W(V)Q(XY)

+39(oU, 0Y )g(o X, W) — 39(¢V, Y)g(W, W) — n(X)g(oUW )n(X)

—n(X)g(eU, Y )n(W)] = n(X)[R(V, U, Y, W) (28)

+39(oV.Y)g(oU, oW) — 39(oU, Y )g(oV, W) + n(V)g(@U, W)n(Y)

—n(V)g(oU,Y)n(W)] = n(Y)[R(V, X, pU, W) + 3g(dV, oU)g(¢X, W)

—39(¢X, pU)g(oV, W) — n(V)g(X, oU)n(W) = n(X)g(V, oU)n(W)]

—n(W)[R(V, X, oU) + 39(¢V,Y)g(¢.X, 9U)

—39(¢X,Y)g(oV,0U) — n(V)g(X, oUNE) = n(X)g(V,oU)n(Y)]

+9(oU, V)[R(E XY, W) + g(X, Wn(¥) — g(X,Y)n(W)]

90U, X)[R(V, &, Y, W) 19X W)1(K) = g(V, W)n(X)]

+ 90U, Y)[R(V, X, & W) +g(X, Wa)n (V') — g(V, W)n(Y)]
+9(U, W)[R(V, X, Y7§) — g(X¥ )n(V) + g(V.Y)n(X)].

A hyper-generalized weakly symmetric para-Sasakiaifmanifold with quarter-symmetric metric connec-

tion V simplifies to a hyper-generalized weakly symmetric para-Sasakian manifold with a Riemannian
metric connection V, provided the folléwing condition is satisfied:

(VUR)(V,X,Y,W) = (VyR)(V, X,Y,W). (29)
Using (3), (27) and (28) in (29)yit yields
A(§) + B(§) + D(§) =0,

for U = X =Y =& From the above, we can state the following:
Theorem 6. By[(H(GW S)),, V] is a [(H(GW S)),, V], if the following relations hold

A(§) +B(§) + D(§) = 0.
Conclusion

In this paper, we have explored the geometric properties of hyper-generalized weakly symmetric
(H(GWS)) para-Sasakian manifolds. We have shown that, under certain conditions, (H(GWS)) para-
Sasakian manifolds can reduce to simpler forms, such as 7-Einstein manifolds, when specific relations
between their 1-forms are satisfied. The study also highlights the role of quarter-symmetric metric
connections, showing how these connections influence the manifold’s curvature and overall geometric
behavior. This work not only advances the understanding of para-Sasakian geometry but also pro-
vides a framework for exploring further extensions and applications of weakly symmetric manifolds in
differential geometry and theoretical physics.
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