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Abstract

In this paper it is established that in an infinite angular dom@ififor Diiehlet problem of
the heat conduction equation the unique (up to a g¢onstant factor,nonetrivial solution
exists, which does not belong to the class of summable funétions with the found
weight. It is shown that for the adjoint boundamyvaltle problem the unique (up to a
constant factor) non-trivial solution exists, which belongs to'the class of essentially
bounded functions with the weight fodnd in the workalt is proved that the operator
of a boundary value problem of heat®€ondugtivity in an infinite angular domainin a
class of growing functions is Noetheridn with apn,index which is equal to minus one.
MSC: Primary 35D05; 35K20; secopldary45005
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1 Introduction

Different kind§ of processés of mass and heat transfer lead to solving boundary value prob-
lems for paraboliciequations in a domain with a moving in time boundary (non-cylindrical
domain). These processes are the most important factor that affects, for example, the re-
liabilityof various contact systems. Due to the increased speed-in-action of the electrical
¢ontacts, that is, because of the short duration of the process, it is experimentally impossi-
ble to determine accurately the temperature field of the contact system and the dynamics
ofits change in time. Therefore, the study of boundary value problems of heat conduction
in’domains with moving boundary and the degeneracy at the initial time is actual. Con-
sideration of a wide range of issues of mathematical physics [1, 2], in particular, the solving
of boundary value problems in the heat equation degenerating domains leads to the need
to study the singular integral equations of Volterra type when the norm of a integral op-
erator is equal to unit. These problems have a direct connection with the theory of loaded
equations [3, 4]. It turned out that these issues have a close connection with the problem
of establishing the classes of uniqueness from [5-8], which have been further developed
in [9-16] and other works.

2 On classes of uniqueness

Let us give a brief overview of some works on uniqueness classes for parabolic equations.
In the domain Q = R” x (0, T') for the boundary value problem
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us(x, ) — Aulx, t) = 0, u(x,t)]4=0 =0

the following classes of uniqueness are established: u(x,t) < C - exp{k|x|*(In|x|)*}, o €
[0,1] (Holmgren [5]). u(x, t) < C - exp{ar|x|*} (Tikhonov [6]). u(x,t) < C - exp{|x|h(|x])},
floo % = 0o (Técklind [7]). For the boundary value problem in Q = R” x (0, T):

ut(x, t) +Au(x1 t) = 07 u|t=0 = 07

where A is the linear elliptic operator of orders 2p, the following classes of uniqueness
established: "
u(x,t) < C - exp{k|x|%-1} (Ladyzhenskaya [9] for one equation with coeffici
depending only on ¢).
ulx,t) < C- exp{k|x|%} (Oleinik [10] for systems of parabolic

coeflicients depending on x and ¢; [11] for the Cauchy-Neu
unbounded domain, arbitrarily ‘tapering’ at infinity).

We also note works of Oleinik and Radkevich [12], G@idze [13],K vnikova [14-16],

and others, devoted to the establishment of classes of @niq ss for parabolic equations
and systems.
3 VP Mihajlov’s example on the existence -trivial solution for the

homogeneous Dirichlet problem in rate domain
Let Q C R? be the domain bounded by a

origin of coordinates and the poin

ve I': x2 = —2¢Int, passing through the
and symmetrical with respect to the axis

0t. The boundary value problem [

ut(x; t) - uxx(xv t) = 07
has a non-trivia
( 2 1en©
u(x, —— - .
4t >

e note that although u;, u,, ¢ L,(Q), the following inclusions hold:

Ely(x,1), (1, 1) € Lr(Q).
4 Statement of the boundary value problem L
In the domain G = {(x;£) : —0o <t < 0,0 < x < —t} it is required to find a solution to the heat
conduction equation

(%, 1) = @ty (%, 1), 0]

satisfying the boundary conditions

lim u(x,t) =0, u(x,t)|x=0 = 0, u(x%,t)|x=—s = 0, (2)

t——00
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where u(x, t) has to belong to the class

V(x: t) : u(x, t) S LI(G)i (3)

when
2
y(x,t):max[—ﬂexp{ X }1+ xp{—H—xHEZ {x,t} € G.
t+x 4a? a? <

It is required to show that problem (1)-(2) has not in the class (3) non-trivial solutio
We note that the functions

52
ui(x,8) = &% + 2a’t, uy (%, t) = (1) 2 exp{ —— |,
4a’t

uz(x, t) = exp{x + azt}, (x,t) € G,
satisfying (1), do not belong to (3).

Boundary value problems of the form (1)-(2) arise ir‘d
mophysical processes in high-current electric arc of thewdi

ematical modeling of ther-

e developed section of the arc column
act spot as a mathematical point. The
e law which is defined by the conditions
of the bridging contact. At th, : al time the contacts close and the solution do-
main of the problem degenératejFrom a mathematical point of view, problematic nature

presence of a moving boundary and degeneracy of the solu-
1 time. It should be emphasized that the boundary value

orm the solution of the heat equation to the motion of the border line of
sport domain.
ition, the finding of a nonzero solution of the homogeneous problem (1)-(2) allows
ong to define precisely the uniqueness classes.

et us consider the boundary value problem (1)-(2).

5 Reduction of problem L (1)-(2) to an integral equation
We are looking for a solution of boundary problem (1)-(2) as the sum of the heat potentials
of the double layer [17]

2

x
u(x, t) = 3\/_/00 o r% xp{—4a2(t_r)}v(t)dr

—X—-T (x+‘[)2
ﬂ3\/—foo = T)z XP{—m}(p(t)dr. @
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Using conditions (2) and the properties of heat potentials, we have the following system
of integral equations for the unknown densities v(¢) and ¢(¢) [17, p.480]:

2
0=29 7 [ iy oxpl-gam e dr,
(t-t
0=-59+ 77 f _1)1 eXp{ Ete(r)dr )
4a3\/—f -~ 3 exp{- 4a2(t T)}V(T)d‘f

Excluding from system (5) v(¢), we find

0=z | ool e
e Mlﬁ /Oo (t_lm ex p{ }«a(f)dr
4a’m / / -0 -]} f)(r—rl)] J
Xexp{ T az(t_n)} (w)dnd ?)
We introduce the following notation:
10= o [ mptren) ®)
where

ex ¢ ! dt
P 4a’(t-1) 4a%(t - 1)

{ (t+‘L’1)2 }
T eXpy - (-

— Tl)i 4!ﬂ2(t — Tl)
He d substitution z = _/ f:—; in integral I(¢, 71) and the known equality [18,

o0
1
@/(; exp{—,uz2 - ziz } dz = 3 in exp{-2./un}.
Substituting the value of the integral I(¢, 1) into (8) we have

t+1 (t+m)? }
—_ dr.
70 = 2w_/w e { ppnae (UL 9)
In view of (8)-(9), we rewrite (7) in the form
o(t) — /t K(t,t)p(t)dt =0, -oco<t<O, (10)
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where

K(t,1)=

1 t+T (t+1)? 1 t—-1
2aﬁ{_(t- 03 eXp<_4ﬂ2(t— f)> T e-h exP<_4—az> '

We note that the kernel K (¢, ) has the following properties:

(1) K(t,7) = 0 and is continuous on —c0 < T < t < 0;

(2) Timy—s g0 J, K(t,7)dT = 0; <
(3) limg, oo f; K(t,t)dt =1, —00 <ty < t < 0.

Indeed, properties (2) and (3) follow from the following equality:

t 2t E+t, JE= T
/ K(t,t)dt =exp{——2} ~erfc<—i) +erf( 0),
f0 a 2a./t -ty 2a

where ty, t satisfy a condition —oco < £y < £ < 0.

To prove (3) we note that the first summand of this equality tendgito hen'ty — —o0,
since for large —t, for the exponent we have the inequality:

J

2t (t+1t)?

O<——<——"—.
a2 4a?(t-ty)

Here we have used the asymptotic formula [17, $:71 ula 3].

6 Investigation of the integral equ

In the homogeneous integral equati sform its kernel. Using the relations

t+t=2t-(t-1),

we obtain
K(t,1)=k(t _ T (11)
b - 4“2 7
where
it
k(t, - ex {— }
avzt-ni P a-0)

+41 (1+ex {——tt }) (12)
2a 7wt 1)t Tee-of)

It is well known that in order to solve (10) it is sufficient to find a solution of the following
equation:

t
o) — / k(t,t)p(t)dt =0, where ¢(t) = exp{t/(4a2)}<p(t), —00<t<0. (13)
To solve (13) we introduce the following substitutions:

t=-1/y, T =-1/x, dr:dx/(xz), -00<T<Et<O, 0<x<y<+o0.
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As a result, (13) takes the form

3/2 3/2

X—y+y
o(-1/y) + «/_/ 36 x)3/2x2' " .exp{

1/2,1/2

LI RO st 1 H(~1/x)dx=0, 0
- texpl—-————— -1/x)dx =0, <y <00
2am Jo (y—2)'747 Ta6-01)° g
From the latter equation using the next substitution of the required function, <

1 -
_az(y 3 ]go(—l/x) dx

v () =y 25(-1/y),

we obtain
1 L | 1
Jﬁl/f()/)—zaﬁfo (y_x)m|:1—exp{—a2(y_x)}]t/f(x)dx
Y 1 1
_y.(,zﬁ/o (y — x)372 eXp{‘m}lﬂ(x)dx=0, 0 < y&,00. (14)

Applying to (14) the Laplace transform, we obtain

dp 2a./p

that is, we have Q
Adv 1 ch¥
(p) - lIJ O

Av(p) 1 <l—exp< 2@)

dp i 2a./p ' shé (15)
The general solution of différential equation (15) is determined by the following formula:
= const. (16)
T nal of this function, we rewrite it in the form of a series
z ) = ZCZex { @n+ l)f } 17)
< 3 pplying the inverse Laplace transform to (17) we have
V()= aj_ y3/2 Z (2n+1) exp{ (@n +;)2 }, 0<y<oo. 18)

By inverse substitutions ¢ = — %, T = —% and recalling that ¥ (y) = yg%(i)(— %) equality (18)
takes the form

@) = Z(2n+1)exp{( nt 1) t}, —c0<t<0, (19)
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that is, for (10) a non-trivial solution is given by

nn+1)

C oo
w(t):m;(2n+l)exp{ — t}, —00<t<0. (20)

Thus, (19) defines a solution of the homogeneous integral equation (13) and (20) defines
a solution of the homogeneous integral equation (10), respectively.

However, the solution #nom(*, ) (4) of problem (1)-(2) defined by the function ¢(t)
does not belong to class (3), defined by the inclusion of

v, £) - ulx, t) € Li(G),
when ®

e x2 t+x
) t)= - (7 1 . ’ , L ’
y(x, t) max|: i exp T + exp s {x, ¢}
that is ’
¥ (%, 2) - thom (%, £) € L1(G).
For violation of condition (3), it is sufficient w ibfor the solution upem(x,1) (4),

is constant. Violation of condition
alue problem L (1)-(2) in class (3) has

corresponding to the first term of the su

(3) really takes place, the homogeneous

only the trivial solution.
Thus we have established the fol @

Proposition 1 For the boundaryyalue problem L (1)-(2) in class (3)
dim{Ker{L}} = ¢

7 Statement of the adjoint boundary value problem L*
In the do % =4(;t): —00 <t < 0,0 <x < —t} we consider the following problem: it is

requized on-trivial solution to the heat conduction equation
Q) = a'u, (% 1), (21)
@‘

atisfying the boundary conditions:
w0 =0, w8t =0, (22)
where u*(x, £) has to belong to the class
[y 0] - u*(x,0) € Loo(G) (23)

and

V-t 2 t
y (%, t) = max| ——— exp x ;1 +exp i >2, {xt}ed.
t+x 4a’t a?
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It is required to show that problem (21)-(22) has in class (23) only one non-trivial solu-
tion.

We note that the functions

* * - x2
ul(x,t) = x* — 2a’t, ui(x,t) = (—1) 2 exp{m},
uy(x,t) =exp{x—a’t}, (xt)€G,
satisfying (21), belong to (23).

8 Reduction of problem L* (21)-(22) to an integral equation

We are looking for a solution of boundary problem (21)-(22) as the sum of t -
tials of the double layer [17]
1 o x x?
* ’ t = - * d
W 4a3ﬁ/t (-0} e"p{ 4z~ 1) }” (e

(x+1)2

1 /‘0 —x-T
+ expl —————
4a®m )y (v -1)} P 4a?(t -

“( (24)

Using conditions (22) and the properties of heat'petentials; we have the following system

of integral equations for the unknown de * d ¢*(t) [17, p.480]:

0] 1 0 ¢ ;
=52 1 4a3ﬁft —(T_t)% €

0
0] 1 0
0=¢ /;

242~ 43 m (25)
1 0 ¢
+4a3ﬁft
(t=
Excluding from th 25) v*(¢), we find
(¢ " e [ i } “(z)dt (26)
v Xp3 — ,
¢ (t—1)3 i ey i
° 1 Tt
* ———¢*(r)dt - J(t) =0, 27
where
0
10 =1 [ et @it ndn, (28)
a’m J,
and

1 1 t2 ‘Elz
. ~ _ d
I(t,71) /; [(‘E—t)(tl—t)]% exp{ 4a2(t —t) 4a2(r1—r)} T

t t)?
=2am nr 3exp{— (121+ ) }
tTl(Tl—t)7 da (rl_t)
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Here we have used the substitutionz = _/ ::T i
[18, p.321, 3.325]

/(;exp{—uzz—z%}dz——%exp{ 2/mn}.

Substituting the value of the integral (¢, 7;) into (28), we have
T+ t { ('(1 + t)2 <
exp

J0 =5 f / —. —4a2(,1_r)}¢*<n)dn.

In view of (28)-(29), we rewrite (27) in the form

0
" (0) / K*(6,1)¢"(2)d =0, 3

where

K T+t (r +1)? 1 Tt
b e L G Fees e S

We note that the kernel K*(t, T) has the follow operties:
(1) K*(¢,7) > 0 and is continuous on — <
(2) lims—y—0 ftto K*(t,1)dr=0,t) <¢
(3) limy_o [ K*(t,7)d7 = 1.
Indeed, taking into account th e have

2t to— 3t Vit —t
= expy — ¢ erfc A 0 .
a? 2a./ty -t 2a

From the last equality, the validity of properties (2), (3) of the function K*(t, t) follows.

9 Unvestigation of the integral equation (30)

n important feature of (30) given by property (3) of the kernel K*(¢, t) is expressed by the
fact that the corresponding non-homogeneous equation cannot be solved by the method
of successive approximations.

We note that boundary value problems for spectrally loaded parabolic equation are re-
duced to analogous integral equations when the load line moves according to the law x = ¢
[19-21].

In the homogeneous integral equation (30) we transform its kernel. Using the relations

(t +1)? tt Tt

T+t=(t-1)+2¢ = + ,
( ) da’(t —t) a*(r—-t) 4a?
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we obtain
K*(t,7) = k*(t,r)exp{—%f } (31)
where
t it
k*(t,t) = - -
= |-
+;(l—ex {—L}) (
2aﬁ(r—t)% P a(r-t)])

It is well known that to solve (30) it is sufficient to find a solution of the followinge

tion:
0
() — / k*(t,T)¥*(t)dt =0, where v*(¢) = exp{—t/( * (33)
t
10 Solving the characteristic equation J
To study the integral equation (33) we allocate its characte art, namely
0
vr(e) - / ko, D)y (v) d = £ (2), (34)
t
where
P 0
k(6 = exp| N f0= [ Koo 69
0 ay/m(t - £)3 % A g
and
N B a 3 tt
Kt t)= \ exp{ 7512(1:—1,‘)})'

aracteristic equation for (33) since

0
(t,t)dr =1; lim ki(t,t)dr = 0.

t—>-0 J;

ing that the right side of (34) is known, we will find its solution, that is, the solu-
tion to the characteristic equation.

Similarly, as in [22, 23], (34) will be reduced to an equation with a difference kernel. To
this end, performing in (34) the substitutions

t=-1/y, T =-1/x, dr:dx/(x2), —00<t<1<0, O<y<x<oo,
VO =y Y1), B0 =y A1), (36)
we have
3/2,3/2

—X y

* 1 oo

1
exp{—ﬂz(x ) }1//*(—1/90) dx =f*(-1/y),
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or, further,

7% 1 * 1 1 7% _ ¥
P02 [ el ag oy P @eno. y0 ©7)

The homogeneous equation corresponding to (37) has the unique solution ¥/*(y) = C;

(C1 = const); a solution of the non-homogeneous equation (37) is a function

[o¢]
) =f () + / r-(y—x)f5(x)dx+ C;  (C; = const), (
y
where (see [24, p.86, according to the (1.2.56)] for A =1) Q
r_(-60) = n-exp{——}, 6 >0.
aJmo? Z; a*0
After substitutions inverse to (36) we obtain the soILJ- e non-homogeneous equa-
tion (34):
Yr(E) =1 (8) + /0 rt, T)ff () dt + G (39)
1 . ’ 1 J_’
where
tt
t,7)=— —_— I 40
r(t,7) az(r_t)] (40)

11 Reducing (33) t
Using (39)-(40)(for
(35) for thedunction f(t), we obtain

Q G

0 0
3 ki, T)y*(r)dt + / r(t,r)(f kf(t,rl)l/r*(tl)dtl) dt + J——_t

0 T
* * * Cl
@ :/t {kl (t,7) +/t r(t, r)ki (rl,r)dtl}t// ()dt + «/——_t’ —00<t<O. (41)
Q We now calculate the inner integral in (41). We have

Jit,7) - / H(t, TR (1, 7) d
t

ian equation

ion of the characteristic equation (34) and taking into account

S ——
=- n | ————exp{-n*——
27 = )i (03T a*(t; — t)

Tt R
X <l—exp{—m}>dn=—2a—2n2n.ln(t,t), (42)
n=1
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Y S N S S
I"(t'r)_/t (rl—t)%ﬁeXp! " az(rl—t)}

and

We calculate the integrals I,(,D(t; 7) and Iﬁ,z)(t; 7). Making the gubs

find
= 2
I}g‘l)(t;t)z_gexp{_ nett }, J
ntN/t —t a*(t —t)
2 (P +Dtr) (> 72
@ 5T)=— _ / - ——tdz.
n (67) Tt exp at(t-t) ) Jo R a’(t —t)z? z

For the integral 12(6;7) using the equa

fowexp{ ~uz __}dz-l @

we obtain
1D(50) (n+1)%tt
5T)=— -
" a’(t —t)
So, we

t1)-19(t)

- aym { n’tt } { (n+1)2tr}
__nt«/r—t<eXp a2t —t) — P a2t -t )

bstituting the value [,,(¢; 7) in (42), we obtain

> n’tt (n+1)%tt
= t)z<e { t)}"”"pi' 2 -1) D

n=

1 tt
B 2a/7(t - t) exp{—az(t —1) }

Thus, (41) takes the form

. 1 [y, G
w(t)—zaﬁ t mdr—ﬁ, -00<t<O0.

(43)
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Thus, the integral equation (33) is reduced to (43) which is a non-homogeneous Abelian

integral equation of the second kind.

12 Solving the Abelian equation (43)
We will find a solution ¥*(¢) of the Abelian equation (43), corresponding homogeneous
equation (33) (for simplicity, we assume a constant C; equal to unity).

The solution of the Abelian equation (43) is determined by the formula [25]

Direct verification [24] shows that the function (44) is indeed a sol
We note that after the multiplication of (44) by exp{¢/(4a®)} {i.e.
after (33)), we obtain the solution ¢*(¢) of the homogeneous eq

ith th: itution
ponding to
the initial equation (30) ,

1 t JT -t
*(t) = — — — 1 fl — 45
(0 «/—teXp{4a2}+2a|: +er<26l) (45)
We prove (44) using a representation of t & t1 f the Abelian equation (43) by us-

ing the convolution of the fundamental sol he form of the Mittag-Leffler function
[22, p.33, (1.90)]

with the right pdrt o h C; =1and @ = 1/2, by the following Hille-Tamarkin formula
[23, p.93]:

v :__t</toi F(k1+1)<Jf)kj—t_r>

R 1 eNE

Here we use the replacement 7 = ¢sin® 6. To reduce solution (46) to (44) we use the fol-
lowing formula [18, p.383, 3.621.3, 3.621.4]:

(k=1)1

‘/n/z cos¥0do = % T %fk ?s an even number, 7)
0 Sl if k is an odd number.

Page 13 of 21
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In view of (47) from (46) we have

JT 1T & @k-2)n [ -\
v = T _+Z;[F(k)(2k—l)!!<4_az)

k-1 -\ Z}
" F(k+1/2)(2k)!!<4a2> 2
L1 Jm L[ 2l e\
VAN I ;[(Zk—l)!!(Zk)!! (472>
n 2k k-1 [ -t \F
T2 k- @R (W) }

S 2%k e\ a1\
Z[zm (32) z—z(r)]

k=0

It remains to transform the first sum in (48):

i 22kk| —_t k—1/2_ L +i 22kk‘
4q? Ve 2a(2k)! \ 4a2.
1

1 9] 22k+1 k+1/2
V-t oat= (2
1 1 k + 2)" k+1/2
= — 4+ — —_—
—t M2k + 1) <4a2)

—t k+1/2
1\ 4a2

since we have t position [18, p.320 3.321 (1)]

Z 2k+1‘
(2k + 1)”

>
"O

econd sum of (48) is equal to

n -t
| — = ——eX
2a L k! 4a2 22 P\ g2

Thus, the solution presented using the convolution from (46) coincides with the solution
(44).

13 Solving the initial boundary value problem (21)-(22)
Now we can find the solution of the homogeneous boundary value problem for the heat

conductivity equation in an infinite angular domain,

u;(x,t) + azu* L1 =0, u* (%, )| x=0 = O, U™ (%, 1) |x=—z = 0,
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which has a nonzero solution #*(x, £), defined by the formula

2

(1) 1 /‘0 x x
u*(x,t) = expl—
4atym )y (v -1)} P 4a2(t -t

1 0 _x—1 x+7)% ),
+ 4ﬂ3ﬁ/t (t B t)% exp!—m }(p ('L')d'L', (4'9)
where <

2
vi(t) = - }(p*(t)dr,

)}v*(t)dr

1 / R ox {
207 )i -03 "1 4 -0)
and the function ¢*(¢) is determined according to (45).

14 Estimate of non-trivial solution (49)

To find the class of the non-trivial solution u(x, t) (49) we find the ra imate on its
order of growth J

u*(x,t) = ui (%, £) + 15 (%, £), (50)
where

" 1
*(t) = J_t 4a2 + —|erf =@ () + 3 (8).
We estimate the second su ave for ¢;(¢)
(x+71)2 T d
ex ex — tdt
3/2 p Cda(t —t) t) = P12z

[

where we use the substitution y = —%. Further,

1 x?
*(1)
w0)= 2a%\/-t eXp{4a2t}’
2 00
@) x 1 2.2
(x,2) = 3f { aZt}/O s exp{—a z }dz

< 1 ex » /Ooex { 2zz}afz
—_— —o
T 2437w Plaae 0 P
1 /-t { x> }
. exp

222 “t—x d4at |’
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Since ¢;(7) < 4, —00 < t < T < 0 we have for the function ¢;(t)

ol S ) e

*
)t B
uzz(x ) = 43 «/_ £)3/2 exp 4a’(t —-t) | 2a 2a
1 (% _x_1 (x+1)? «/_
- _ d 1y (%, 1),
= 4a* ), (r—t)3’ZeXp{ 442(1—15)} R
1 O x—1 (x + 1)
T (0 f) = - 14
w0 4w ) oo exp{ 4a2(f—f>} '
1 —t-x /Oo i-x 1
= ex €Xpy— +
a2y p a? 1 P 2a 4 2ay

+
s ‘b‘
where we use the substitution y = ~/_
. 1 —t a
Uny (%, 8)]x=0 = Y exp{ = } erfc<7>,

_Lexp{ﬂ}eﬁc(t«;
ﬁ

ﬁ;z (xr t) |x=ft 2 erf

Thus we have
|u*(1 (x8)] < Cg—_ exp x,t)| < C4 —c {4a2t}
(51)

|us, (x,8)| < Csexp

The first two inequalities cambbe replaced by the following one:

|u21( @ - ex

first summand in the function u*(x, ) (50) we have

—— 1+, since — < —,V-t>x>0. (52)
4a’t

il e e

x2

5 - 1 o %
o= 4a3ﬁ/t (t 1" e"p{_w(r ~0)

}v* (tr)dr.
We express the function v*(¢) as the sum

V() = v (@) + v3(0),

where

2

T *
vi(t) = 2aff P 3 exp{—4a2(r_t)}<p1(t)dr,

72 .
0= 2af/ (r_t)zexp{_z}a?(r—t)}%(”dr'
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We have

1 o /7T tt
vi(t) = / 577 CXP) — 7 dr
2am J; (t-1) 4a’(t —t)
_ 1 WLexpt_y J d—y>
J_—m o l+y 4q? 2a V-rt Jo
22 4 -tz .G
- Jt 1+ z2 4a? 2a )~ J=¢
where we use the substitution y = —. Further, since ¢5(7) < “/—, we have
1 o ¢ 72
_ * t — _ *k d
0= 5= (t—t)%exp{ 442(r_t)}“’2(’) ' Q
1 o ¢ . 72
— ——ex
T2 ), (r-p)3 Pl 22 -0
JoE [P ty*
=— p{ }d«)

a’ Jo (L+y%)32 & 4a%(1 +y?)

RGN e N 4
2 J, [ @+y)2 T @+ y2)pn Y
V=t [ t(z* - 1)? ' t1-¢%)?
T2 exp{ 4az? } 4 l 4ag? } %
-t
< \;—2_ exp{-t/(24%)} + 1/22)} dz
e a ) JT
= — —t = —.
a2 exp{ /[2a N { ( )} .
Here we use followin titations:
= ty? ot _ 2tydy
’= 1+9% C149? 1 +y2)?’
an
(1 +y2)l/2’ C _ (1 +y2)—l/2.
hus we obtain
- () < \/_ —v5(t) < Cs. (53)

Using (53), we estimate the following summands of solutions u]; («, ) and u}, (x, t):

1 0 2
(%, 0) = — / Y expl-—2 Vi(r)dr
u dad/m J; (v -1t)3? 4a2(t —t) | 1

< & / x ex L dr
Tdadym )y J-Tt(r-1)32 P 4a?(t - t)
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Cofx [ { xyz}d
7N mm 12 |

G x2 00 X x(=ty2 — x)
-azr_mexpim}/mexplw-ff-x)}d(—m_—t )

C7 / d C7 1 x2
= exp exp{-2?}dz= = - ——expl — 1,
2a2./—t 4a2t Nz ol 2a%> /-t Plaaz
where we use the substitution y =, / .

Further we have

—ujy (%, t) = —

1 o x?
4z / (z — 12 e"p{_w(r ~p) }

x2
=82 / (r - t)g‘/2 = 4a*(t - t) } v

_G/T 2 2
2 '—ﬁfl exp{ %yz}d@iy =
a b = a a

_ 1
where y = =t
Thus we have ¢

. 1 x?
|u1(x,t)| <|[Cy+Cyp- ——exp T

~

Estimates for the functions (in thé ord
and u},(x,£) (51), (52), and (54) de @
lu*(x,t)| < C-y(x (55)
where

(56)

I ey eXp{ 4a2t }! {x1 t} € Gl;
L+exp{-%}, {xt}€GUS;

where

= {{x,t}eG _£x p{4—} —1+exp[—t;—2x}];
G = {{x,t}eG) [ }>1+exp=—t;—2x”;

G, =G\ {G US).

The following is established.


http://www.boundaryvalueproblems.com/content/2014/1/213

he Jenaliyev et al. Boundary Value Problems 2014, 2014:213 Page 19 of 21
http://www.boundaryvalueproblems.com/content/2014/1/213

Proposition 2 For problem L* (21)-(22) in class (23)

dim{Ker{L*}} = 1.

15 The main result. Classes of uniqueness
Theorem (The main result) The boundary value problem L (1)-(2) is Noetherian, i.e.
ind{L} = dim{Ker{L}} - dim{Coker{L}} =-1

From the above it follows that the classes of uniqueness for the boundary value proble
(21)-(22) are determined, for example, by the following proposition.

Proposition 3 Classes of uniqueness are
|u*(x 0] < C-relxt), yelx8)>2,0<e<1,

where

EERiaT
Ye = Max expy —
—t—-x

Analyzing the previous expression for the fun€tion . (®,f) we obtain:

Lyl t) <y0), {xt} € G
2. 3G, C G, meas{G.} > 0: y.(x, t) < ¥ Q
16 Conclusion
To summarize, the following isfest
- In an infinite angular d or the homogeneous Dirichlet problem for the heat
exist

conduction equation e of a unique (up to a constant factor) non-trivial

solution, which, 1, 'does not belong to the class of summable functions with the
weight fou
- For the bound ue problem adjoint to the Dirichlet problem, the existence of a

stant factor) non-trivial solutions, which belongs to the class of

roblem is equal to minus one.
ight classes of uniqueness for the boundary value problem considered in the work
re found.
roblems in non-cylindrical domains, similar to those considered in this paper are highly

relevant not only for modeling the processes of electrical contact apparatuses but also in
the related field of the designing plasma torches. Similar problems arise in creating the
new technologies, the production of crystals, laser technology and in the other branches.
Mathematical modeling these processes allows one to carry out the optimal choice of
parameters and operating modes of technological equipment and maximize economic
and environmental benefits. Finally, we note that the results can be developed for non-
homogeneous boundary value problems of heat conduction, when the data are selected
from the corresponding weight classes.
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