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Darboux transformation and solution of the modified Korteweg–de Vries equation 

Darboux transformation and a comprehensive approach to construct exact solutions of the nonlinear differen-
tial equation are counted. It is applied to construct the explicit solutions of the (2+1)-dimensional modified 
Korteweg–de Vries (KdV) equation. In this work we derive one flod Darboux transformation of the modified 
KdV equation. Using the obtained Darboux transformation, the one-soliton solution is built from the «seed» 
solution. Further, we will construct other explicit solutions for this equation. 

Key words: Darboux transformation, «seed» solutions, (2+1)-dimensional modified Korteweg-de Vries equa-
tion, soliton solutions. 

At the present time for explaining the mystery presence in the challenges of science, nonlinear phenom-
ena has been emerged as a powerful subject. Interplay between dispersion and nonlinearity gives rise to sev-
eral important phenomena in optical fibers among nonlinear evolution phenomena. It includes wavelength, 
conversion, modulation instability, parametric amplification, soliton propagation and so on. Solitons, 
positons and rogue wave has been studied extensively in several areas, such as optics and lasers, hydrodynam-
ics, Bose-Einstein condensate, plasma physics, super fluid, finance, atmosphere and so forth. Inverse scattering 
transformation, Hirota method, bilinear method, dressing method, Backlund transformation and etc.are the 
methods to solve the integrable nonlinear equations. Among all the methods, Darboux transformation (see [1–21]) 
is an efficient way to find different solutions, such as soliton, positon, breathear, rogue wave solutions and 
etc. 

In this work we use this method. Soliton solutions are received by Darboux transformation for the 
(2+1)-dimensional modified Korteweg-–de Vries equation. Furthermore, the pictures for soliton solutions are 
constructed. 

The (2+1)-dimensional modified KdV equation. In this paper we consider the nonlinear differential 
equation, namely so called the (2+1)-dimensional modified Korteweg–de Vries equation (KdV) in the form: 
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where subscripts , ,x y t  denote partial derivatives with respect to the variables, the asterisk symbol denotes 

the complex conjugate. In system (1) ,q p  are complex functions, , ,v w   are real functions,   is real con-

stant and ,   are spectral parameters. Our functions from equation (1) are depending on variables , ,x y t . 

This system (1) is integrable by the Inverse Scattering Method. We can take the corresponding Lax 
replesentation equation (1) in the form 
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where ,A B are the matrix valued functions with polinomial dependence on the spectral parameter :  
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Here 3 0 1 0 1, , , ,A B B B  are . 2 2 . matrices and taking the form 
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In the system (2) function   is a vector: 
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In the formula (4) functions * *= , =r q k p  , where  = 1  . 
One-fold DT for the (2+1)-dimensional modified KdV equation. Darboux transformations are a very 

important tool in the theory of integrable system [15–30]. In this section, considering the particularity of the 
Lax representation, we construct the Darboux transformation of the (2+1)-dimensional modified KdV equa-
tion (1). Furthermore, we will find some solutions of the (2+1)-dimensional modified KdV equation using its 
Darboux transformation. 

We consider the following gauge transformation of linear function  1 ( , , , )x y t   
[1] ( , , , ) = ( , , , ) ( , , , ),x y t T x y t x y t    

where ( , , , )T x y t   is a 2 2 matrix 
( , , , ) = ( , , , ),T x y t I M x y t     

where ,I M  are matrices and taking the form 

11 12

21 22

1 0
= , =

0 1

m m
I M

m m

  
  

   
and M matrix is unknown. The new function [1]  satisfies the next system 
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where [1]A  and [1]B  depend on [1]q , [1]v , . [1]p ., [1] , [1]w  and  . Then the matrix T  can be proven to satisfy 
following equations 
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2 [1]= 4 .t yT TB T B T     (6.2) 

From the above identities, after simplifications and comparing coefficients of i  from equation (6.1) we get 
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After this system we derive condition *
21 12=m m  for attractive interaction case which is «if = 1  «. 

From system (6) we are taking *
22 11=m m , then comparing different power coefficients of i  of the two 

sides of the equation (6.2) gives us 
[1] * * *

12 12 11 11 12 12

[1]
11 22

= 4( 2 2 );

= 4 = 4 ;

y y y y

y y

v v m q m q im m im m

w w im w im

   

 
(8)

2 2 * * *
[1] 11 12 12 11 12 11

2 * 2
[1] 11 12 12 11

* * 2 *2 * *
*[1] 11 12 12 11

(| | | | ) ( ) ( )
= ;

( ) 2 ( )
= ;

( ) 2 ( )
= ,

m m pm m p m m

p m p m m m
p

p m pm m m
p

        


      

      

W

W

W

(9)

Ре
по
зи
то
ри
й К
ар
ГУ



G.Kemelbekova, K.Yesmakhanova, et a

100 

where 
W

One-soliton solutions. As far a
soliton solution of modified KdV eq

= 0v , = 0p , = 0w , =1 . Hence, 
form 
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(2+1)-dimensional modified KdV equation (1): 
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Figure. One-soliton solutions 
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Furthermore, we can use the above presented for two-fold and N-fold Darboux transformations, in the 
same way we can get the N-soliton, periodic, positon, breather and rogue wave solutions of the (2+1)-
dimensional modified KdV equation (1). 

The project supported by grant funding research Kazakhstan Republic, title project «Research of the 
generalized nonlinear Schrödinger equations and their integrable reductions.» 2015–2017 yy. 

References 

1 Solli D.R., Ropers C., P.Koonath P., Jalali B. Optical rogue waves // Nature. — 2007. — Vol. 450. — P.1054–1057. 
2 Zaviyalov A., Egorov O., Iliew R, Lederer F. Rogue waves in mode-locked fiber lasers // Phys. Rev. A. — 2012. — Vol. 85. — 013828. 
3 Moslem W.M., Shukla P.K., Eliasson B. Surface plasma rogue waves // Euro. Phys Letter. — 2011. — Vol. 96. — No. 2. — 25002. 
4 Bludov Y.V., Konotop V.V., Akhmediev N. Matter rogue waves // Phys Rev. A. — 2009. — Vol. 80. — No. 3. — 033610. 
5 Chabchoub A., Hoffmann N.P., Akhmediev N. Rogue Wave Observation in a Water Wave Tank // Phys. Rev. Letter. — 

2011.— 106. — 204502. 
6 Hamner C., Chang J.J., Engels P., Mark A.Hoefer. Generation of Dark-Bright Soliton Trains in Superfluid-Superfluid 

Counterflow // Physical Review Letters (Impact Factor: 7.51). — 02/2011. — 106. — No. 6. — 065302. 
7 Rogers C., Schief W.K. Bäcklund and Darboux Transformations Geometry and Modern Applications in Soliton Theory // 

Date Published, 2002. — 432 p. 
8 Stenflo L., Marklund M. Rogue waves in the atmosphere // Journal Plasma Phys. — 2010. — Vol. 76 — No. 3, 4. — P. 293–295. 
9 Efimov V.B., Ganshin A.N., Kolmakov G.V., McClintock P.V.E., Mezhov-Deglin L.P. Eur. Phys. Journal Spec. Top. — 2010. — 

Vol.185.— P.181. 
10 Ablowitz M.J., Clarkson P.A. Solitons, Nonlinear Evolution Equations and Inverse Scattering. J.Fluid Mech. — 1992. — Vol. 244. — 

P.721–725. 
11 Tonoglu G. Hirota Method for Solving Reaction-Diffusion Equations with generalized Nonlinearity // International Journal of 

Nonlinear Science. — 2006. — Vol.1. — P.30–36. 
12 Kakei S., Sasa N., Satsuma J. Bilinearization of a Generalized Derivative Nonlinear Schrodinger Equation // Journal of the 

Physical Society of Japan. — 1995. — Vol.64.— P.1519–1523. 
13 Doktorov E. V., , Leble S. B. A Dressing Method in Mathematical Physics. Springer. — 2007. 
14 Hugo D. Wahlquist and Frank B.Estabrook. Bäcklund Transformation for Solutions of the Korteweg-de Vries Equation // 

Phys. Rev. Lett. — December, 3, 1973.—Vol. 31. — 1386. — P.1386. 
15 Chuanzhong Li, Jingsong He, Porsezian K. Rogue waves of the Hirota and the Maxwell-Bloch equations // [arXiv: 1205.1191]. 
16 Chuanzhong Li, Jingsong He Darboux transformation and positons of the inhomogeneous Hirota and the Maxwell-Bloch 

equation // [arXiv:1210.2501]. 
17 Jieming Yang, Chuanzhong Li, Tiantian Li, Zhaoneng Cheng. Darboux transformation and solutions of the two-component 

Hirota-Maxwell-Bloch system // Chin. Phys Lett. — 2013. — Vol.30. — No.10. –P.4201. arXiv:1310.0617. 
18 Jingsong He, Shuwei Xu, Porseizan K. N-order bright and dark rogue waves in a Resonant erbium-doped Fibre system // 

[arXiv:1210.2522] 
19 Wang L.H., Porsezian K., He J.S. Breather and Rogue Wave solutions of a Generalized Nonlinear Schrodinger Equation // 

[arXiv:1304.8085] 
20 Shibao Shan, Chuanzhong Li, Jingsong He. On Rogue wave in the Kundu-DNLS equation // [arXiv:1305.1858] 
21 Chen Chi, Zhou Zi-Xiang. Darboux Tranformation and Exact Solutions of the Myrzakulov-I Equations // Chin. Phys. Lett. –

2009. –Vol. 26. —No.8. — 080504. 
22 Lakshmanan M. The fascinating world of the Landau–Lifshitz–Gilbert equation: an overview // Phil. Trans. R.Soc. A. — 2011. — 

Vol. 369. — P. 1280–1300. 
23 Lakshmanan M. Continuum spin system as an exactly solvable dynamical system // Phys. Lett. A. –1977. –Vol.61. — No.1. — 

P. 53–54. 
24 Takhtajan L.A. Integration of the continuous Heisenberg spin chain through the inverse scattering method // Phys. Lett. A. — 

1977. — Vol. 64. — P. 235–238. 
25 Senthilkumar C., Lakshmanan M., Grammaticos B., Ramani A. Nonintegrability of (2+1)-dimensional continuum isotropic 

Heisenberg spin system: Painleve analysis // Phys. Lett. A. — 2006. –Vol.356 (4, 5). — P. 339–345. 
26 Myrzakulov R., Martina L., Kozhamkulov T.A., Myrzakul Kur. Integrable Heisenberg ferromagnets and soliton geometry of 

curves and surfaces // In book: «Nonlinear Physics: Theory and Experiment. II». World Scientific. — London, 2003. — P. 248–253. 
27 Myrzakulov R. Integrability of the Gauss-Codazzi-Mainardi equation in 2+1 dimensions // In «Mathematical Problems of 

Nonlinear Dynamics», Proc. of the Int. Conf. «Progress in Nonlinear sciences». — Nizhny Novgorod, Russia. July, 2–6, 2001. — 
Vol.1. — P.314–319. 

28 Zhao-Wen Yan, Min-Ru Chen, Ke Wu, Wei-Zhong Zhao. (2+1)-Dimensional Integrable Heisenberg Supermagnet Model // 
Journal Phys. Soc. Jpn. — 2012. — Vol.81. —No.9. 

29 Zhao-Wen Yan, Min-Ru Chen, Ke Wu, Wei-Zhong Zhao. Integrable deformations of the (2+1)-dimensional Heisenberg fer-
romagnetic model // Commun. Theor. Phys. — 2012. — Vol. 58. — P. 463–468. 

Ре
по
зи
то
ри
й К
ар
ГУ



G.Kemelbekova, K.Yesmakhanova, et al. 

102 Вестник Карагандинского университета 

Г.Keмелбекова, К.Есмаханова, С.Taпеева, Д.Tунгушбаева 

Дарбу түрлендіруі жəне модифицирленген Кортевег-де Фриз  
теңдеуінің солитондық шешімдері 

Дарбу түрлендіруі сызықты емес дифференциалдық теңдеулер дəл шешімдер табу үшін кешенді тəсіл 
болып есептелінеді. Бұл түрлендіру (2+1)-өлшемді модификацияланған Кортевег-де Фриз (KдФ) 
теңдеуінің нақты шешімін құру үшін пайдаланылады. Мақалада модификацияланған КдФ теңдеуіне 
Дарбу түрлендіруін бір рет қолданамыз, сондай-ақ бір солитондық шешімді КдФ теңдеуінен аламыз. 
Болашақта осы теңдеудің «seed» шешімдерінен басқа нақты шешімдерін құрамыз. 

 

Г.Keмелбекова, К.Есмаханова, С.Taпеева, Д.Tунгушбаева 

Преобразование Дарбу и солитонные решения модифицированного  
уравнения Кортевега-де Фриза 

Преобразование Дарбу — комплексный подход для построения точных решений нелинейного диффе-
ренциального уравнения. Оно применяется для построения явных решений (2+1)-мерного модифици-
рованного уравнения Кортевега-де Фриза (КдФ). В статье получили однократное преобразование 
Дарбу для модифицированного уравнения КдФ. Используя полученное преобразование Дарбу, 
построили односолитонное решение с помощью «seed» решения. Далее будут построены другие яв-
ные решения для этого уравнения. 
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